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1. Introduction

The generalization of traditional calculus to arbitrary order is
fractional calculus; It has attracted several researchers with great
potential in the current scenario because it is reliable and grow-
ing, employing both theoretical and applied concepts. Valuable
tools investigate the hereditary property and memory descrip-
tion of various materials and processes from fractional calculus.
The fractional derivatives were developed in the past epoch by
Riemann-Liouville (R-L), Griinwald-Letnikov, Riesz, Erdélyi-Kober,
Caputo, Hadamard, Hilfer, and others. In recent years, fractional
differential equations have been considered as a beautiful, rich
domain to be studied because of its applications in life sciences
and to engineering, as is witnessed by blossoming literature. Sev-
eral researchers expressed the natural derivatives of arbitrary or-
der characterized by Riemann-Liouville and Caputo’s sense. One
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can find the results [5,8-10,15,16,19,20,29,34,37,43-47] and mono-
graphs [1,13,18,21,24,26,48].

Recently, generalizations of both Caputo and R-L derivatives are
introduced and reflected on equations of probability or mathemati-
cal physics. The same was achieved with Hilfer definition proposed
by Hilfer [13,14]. Shortly, it behaves as interpolator between Ca-
puto and R-L derivative [3,11,17,30-32,35,36,38-41]. Hilfer parame-
ter produces many types of stationary states and gives more de-
grees of freedom related to an initial condition. It reacts to theo-
retical simulation in glass-forming materials. To solve generalized
fractional systems, Hilfer et al. [14] introduced applied operational
calculus. Besides, Gu et al. [11], Furati et al. [7], investigated the
nonexistence, existence, and stability sequels of nonlinear prob-
lems with Hilfer derivative.

Control theory generally deals with dynamic system behavior
and becomes one of the essential tools in the method of mathe-
matical control. Controllability defines the control system in terms
of qualitative property and plays a significant role in the theory
of control. Controllability deals with problems on optimal control,
pole assignment, stability employing the corresponding system is


https://doi.org/10.1016/j.chaos.2021.110915
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2021.110915&domain=pdf
mailto:n.sooppy@psau.edu.sa
mailto:ksnisar1@gmail.com
mailto:ravichandran@kongunaducollege.ac.in
https://doi.org/10.1016/j.chaos.2021.110915
Administrator
Highlight

Administrator
Highlight


K.S. Nisar, K. Jothimani, K. Kaliraj et al.

controllable. It is a tool used to drive the system from its arbitrary
initial to the final state. The contribution of controllability by sev-
eral researchers may be referred to [4,6,20,22,23,33,34,44,46], and
references. The above articles refer to the investigation of control-
lability on Cy-semigroup with a dense operator that trivially meets
Hille condition. To overcome real-life situations, one may go with
non-dense operator, as suggested in Prato and Sinestrari [27]. On
the other hand, optimal control of differential equations and inclu-
sions with integer order is of interest for space technology and avi-
ation. It also plays an important role in robotics, power plants, con-
trol of chemical processes and movement sequence of sports. Prac-
tically, optimization process can no longer be adequately modelled
by integer order differential equations; instead differential equa-
tions of fractional order are employed for their description. For in-
stance, the memory and hereditary properties of blood flow, elec-
trical circuits, bio-mechanics, signals can be well predicted and de-
scribed by some fractional differential equations. One can refer to
the results in Bahaa [2], Harrat et al. [12], Pan et al. [25], Qin et al.
[28].

In the year 2016, Yang and Wang [42] discussed the approx-
imate controllability of Hilfer nonlocal differential inclusions of
fractional order. Continuation of this in 2018, Du et al. [4] pub-
lished an article regarding the controllability of nonlocal Hilfer
fractional inclusion. In 2019, Vikram Singh [33] derived some re-
sults on the controllability of non-dense Hilfer equation of frac-
tional order.

As per our vast search, there is no article found related to the
investigation on controllability of non-dense HNFD which attracts
us to make a study on the above-said title and followed by the
problem as:

D3P 30) — P(8.5(0))] = A3(0) +Bu(8) + h(B.5(9)), (11)

1575000 = 50+ 96). 6 eT=10al. (12)

Dg"f denotes the derivative of fractional order in Hilfer sense
with @ € (0,1), B € (0,1] as order and type respectively and ¢ =
o+ B —apf. Here A: Dy c Z— Z, the non-densely closed linear
operator, i.e. if we assume the conditions of Hille-Yosida with the
density exception, D4 € Z where Dy, Z represents the domain of A
and Banach space respectively. Also the appropriate functions P, h
are defined as P :[0,a] x Z > Dy c Zand h: ([0,a] x Z) - Dy C
Z. Also we consider the bounded linear operator B:U — Z and
the control function u(-) with the Banach space L2[Z, U] of admis-
sible control functions.

This article is outlined as: 2nd section introduces some nota-
tions and preliminary facts of semigroup theory, Monch fixed point
technique, fractional calculus and formulation of integral solution.
In 3rd section, the uniqueness and controllability of integral solu-
tions for (1.1) and (1.2) are established. 4th section refers to the
existence of optimal control of our system. As a final part, in 5th
section, a numerical analysis is given to compare the results with
graphs.

2. Preparatory discussions

Let C(Z, 2) be the space of continuous functions 3(6) defined
on T = [0, a] provided with ||3|| = sup||3(8)]].
Oez

C1_ 9. 2Z)={3: Z - Z such that 61-%3(0) eC(Z, Z)}, a Ba-
nach space w.r.t. the norm |[3||c, , = sup |01-73(8))].
0<f<a

Here the basic definitions of Caputo_aﬁd R-L derivatives are re-
called:

ar

Rph.z(0) = D

(2(0) * qn—p(9)), (2.1)
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n

d
“Df.z(0) = 1o

where z € C(Z, Z) and * denotes convolution of two functions.

Z(0) * qn_p(0), n-1<p<n, (2.2)

Definition 2.1 (see [13]). Forax e (n—1,n), neN; B € (0,1], we
define the HFD as

5 d _d_aymn— _ _
DG RO) = 7P T @) = TP @)
where Igi"*’s) is R-L integral and
ng“”*’g"‘ is R-L derivative.

Lemma 22 (see [7]). If hecCl  [r.r;] is such that DY he
Ci_plry. 2] then

13,0y, h =15, D% and DY, 79, h = DI,
where o € (0,1), e (0,1] and ¥ = + B — apf.

Lemma 2.3 (see [7]). If heCi_glri.r2] and I} "heClry.m]
then,

Z37h(ry)
r'@)
where @ € (0,1), 9 €[0,1).

1Y, DY, h(0) = h(6) — O -1’1, VO e (r, 1],

.
Remark 2.4 (see [11]).
(i) For =0, @ € (0,1), Dg‘f corresponds to classical R-L deriva-

tive: DY°h(0) = L1)-°h(6) = *-1Dg, h(6).

(ii) fx € (0,1), 8 =1, Dg‘;r] corresponds to classical Caputo deriva-
tive:
DY h(O) =17 Lh(6) = D, h(O).

Lemma 25 (see [10]). We define k() =

inf{€ > 0, Q has finite € — net in Z},
measure which satisfies:

the Hausdorff noncompact

(1) k(21) <k (K23), for all bounded subsets 21,2, of Z provided
Qq € Qy;

(2) k(2) =0 if and only if 2 is relatively compact in Z;

(3) foreveryy € Z, k({y} U 2) = k(2), where Q2 C Z is nonempty;

(4) (21 +2) <Kk (27) +£(27), where Q1+ Q2 =
(Y1 +y2:91 € Q1,¥2 € Qa};

(5) for any A € R, kK (A2) < |A|k(2);

(6) K (S21 U Q) = max{x (1), k£ (22)}.

Proposition 2.6. Let Ay C A generate a strongly continuous semi-
group {9(6)}y=o on Zo where Z, = D, satisfies Agy = Ay.

Lemma 2.7 (See [16]). Let T be the set [0, a], {za}neq be a Bochner’s
sequence from T to Z satisfying |z,(0)| <m(0), 0 e T with n>
1, as m e L(Z,R*). Moreover, the function G(0) = K({Z;—,(@)}zi]) in
L(Z,R*) fulfills

0 0
K({/O zn(s)ds :n > 1}) < 2/0 G(s)ds.

Consider 2y = D, and let Ay be the characteristic element of A in
Zg defined as

Dp, =1{y € Da 1 Ay € 2o}, Aoy = Ay.

With reference [10], we introduced some assumptions for fur-
ther analysis.

(H1) For couple of constants k € R, M, satisfying (k, +o0) € p(A),
for each n>1 and A > k,
Mo

— -n S —
| (AT —A) ”L(Z) =< sup(h — k)’
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(H2) There exists a constant M7 > 1 such that sup

0¢[0,+00]
i.e. {9%(0)}g.¢ is bounded and uniformly continuous.

Now, for 6 > 0 we define,
T, (0) = af v, (VRO )y,  Py(0) =0T, (0),
0

Sup (@) =807 R,(6).

For v € (0, c0),

Yy (V) = %v(’“%)WX (v 7) >0,

1 kel —ky 1 Dk +1) .
Wy (v) = = ’;:(—l)‘ pkx — sin(kr x).
Also, v, refers to probability density function on (0, c0).

Lemma 2.8. (see [16]). By (H2),

(1) So.p(0), Py (0) satisfy

-1 MOX- 1

F@) 6 > 0.

and

545 0)] < St

(ii) For 6 > 0, T,(0) is uniformly continuous.

P (0)] <

(iii) For 3€ 29, 0 <6 <6y <a, {S, g(0)}g-0 and {Pu(¥)}s-0 sat-

isfy
S0 (01)5 — Sa.p(62)3] — 0 and [Py (61)3 — Pu (62)3] — 0
as 92 — 91.

Lemma 2.9. (see [7]). For 0 € Z, our model (1.1) and (1.2) reduces

as,

1“(19)
F(a)/ (@ —$)* 1[A3(s) + h(s, 3(s)) +Bu(s)]ds. (2.3)

Lemma 2.10. Let ; satisfy (1.1) and (1.2).
Dp. In particular, 30 + ¢ (3) € Dy.

T +P0.500))

.for 6 € T, we have 3(0) €

Definition 2.11. For each 6 € Z and h € Z;, we define the integral
solution of (1.1) and (1.2) as

50) = S0 5 )30+ () — PO 30+ P(0..5(©)) + lim
0
/ Py (6 — $)BLIAP(s. 3(5)) + Bu(s) + h(s. 3(5))]ds, (2.4)
0

where B, = A(Al —A)~! such that B3 =3 as A — oo.
Lemma 2.12. (see [16]). Let D be a closed and convex subset of Z,

OeD. If F:D— Z is continuous and of Ménch type, i.e. F satisfies

the condition 6 < D, 6 is countable and 6 < co({0} UF(6)) =0 is
compact. Then F has at least one fixed point.

3. Discussions on controllability

To ensure the outcomes, the subsequent hypotheses are intro-
duced:

(H3) A function h : (Z x Z) — Z satisfies:
(i). For all @ € Z, h(0, ) : T — Z is continuous, for ; € Z, h(-, ;) :
T — Z is strongly measurable.
1
(ii). For functions my € L4(Z,R"), qe (0,«) and L :
(0, o), nondecreasing and continuous,

[1h (@, 3ONI] = mi @)Ly @ 113O)1D.

th(r):ﬁ;‘l, for each (8,3)eZx 2 and mj =

[0, 0] —

Also lim
r—o0o

{m (&)}

max

1R(0)] < M;.
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(H4) There exists a constant lf* > 0, such that for any bounded D; <
Z,k(f(0,D1)) < lf*Glfﬁx(DQ, almost everywhere 6 ¢ 7.

(H5) P: (Z x Z) - Z is bounded and Lipschitz continuous, which
states that with some constants mg > 0 and £g € (0, 1) it sat-
isfies

IP(0. 50N <mg and |P(0.31(0)) —P(0.52(0))l
< Lgll31 —321|, forall 8 e Z.

(H6) There exists a constant [,* > 0, such that for any bounded D; €
Z, k(P(8,D1)) < 1,*01-Yk (Dy). almost everywhere 6 € 7.
(H7) For any constant M3 > 0 and for all 31,3 €C,

[ (G1) — PGl < Msllz1 — s2lle-
(H8) W : [2(Z,U) — £ defined as:

Wu = lim

A—>+o0

Pa (a —s)B;Bu(s)ds,

is invertible with the inverse operator denoted by W-1 which
takes values in L2(Z,U)|kerW and for M,, My, > 0, provided
that [[BI| < My, W] < M.

(H9) For some L,* >0, such
L*017Pv(z, w)k (z()), a.e i € T with
supfoe v, w)ds = v* < oo.
ez

that k(u(z, p)) <

Here, we model u(é, ;) as:

u@.;) =w-! [zm = Sa.p( @[30 + P () —P(0,3(0)] - P(a, 3(a))

~ lim [ Pu(@ - 9)B1AP(s.5(5)) + h(s. 5(6)1ds | ©)
—00 J(0
with
40 )1 = 1W[s0 = Sup @l +66) ~ PO, 50D - P(@.5(@)

~Jim [ &(a—s)BA[AP(s,us))+h<s,a(s>)1ds]<9)||

= M| ol - 52 lso +9) - PO O] - IP(@.s
@)~ T ||hm/ BLAP(s. 5(5) +hs, zs(S))]dSII]
= M| ol - —”ﬁ?ﬁ) 1~ mg

o—1 a
—%fo [lAllmg + my (s)Ly (sl‘l7||;,(s)||)]ds:|

i Ma’-1 . Ma® M, .
< Mw_”3¢1” - WM —mg — W[”A”mg"‘mlﬁh]
< Mu(G,

9-1 o
where G = |[34l| - “1’1‘}0) M —mg — Mlg(of\;lo[HAng'i‘m?L?.] and

M=l30+¢G) —P(0,3(0)]].
Let us consider the space £ = {3 : 3 € C[Z, Z]} equipped with the
uniform convergence topology.

Theorem 3.1. If (H1)-(H6) hold, then (1.1) and (1.2) has a unique
solution provided that

MGI? 1 MaaMO * % *
) e MMy @) [HAllmg + MpyMwGCy +miLy] < £,

(3.1)
and
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Ma?-1 Ma* Mg 19
T @) T M3t Let —=—— @) [I1All £g +m1 (a)Lpa
Maz? 1
+|: NG M3 + Lo+ ||Al| Lg +my (@) Lpal~ H <1 (3.2)
Proof. Consider B5,(0,&) ={;¢ Z, |3/l <¢}. Then B,(0,&)cC

C|Z, Z] is a closed, bounded and convex set. For n > 0, define the
operator I'; : B,(0,€) — B,(0,&) as

Iy (3(0)) = Sap D)la0 + () = P(0.5(0)] +P(0.5(0)) + lim

0
f Py(6 —5)B; [AP(S, 5(5)) + Bu(s) + h, ;,(s))]ds.
0
Here, we prove the existence and uniqueness by Banach contrac-
tion principle.
Step 1: [';; :

Ty GENI <

maps B, (0, £) into itself. For ; € B,(0, &),

150,430+ $(3) = P0.30)] + P (0. 5(0) + lim

0
x [0 PL(6 — $)B,[AP(s, 5(5)) + Bu(s) + h(s, 5(5))1ds|

Ma?’-1 .
= WM-Q—TTIg
Ma“~
L [ almg ]+ Ay llu(s)] 4G, 5660 s
Ma?’-1 .
= T M+mg
Ma* M
+ F(a)0[||A||mg+/vleng+m’{£f,]
<~

.. Ty maps B,(0, £) into itself.
Step 2: For some 3, w € B,(0, &),

11T ((0)) = Ty (W@ < 11Sa,p(0) (D)) —pW))|
+IPO.56)) — PO, w®))ll

0
+ lim H/ Py (0 —s)By,
0

A—00
[AP(s.5(5)) + Bu(s. 3) + h(s. 5(s))]ds
0
—/ P (6 — 5)B, [AP (s, w(s))
0
+Bu(s, w) + h(s, w(s))]dsH

Ma?~

- Maa_1./\/lo
= Tw

(@)
x[/ ||A||H79(s,3(s))—P(s,w(s))||ds+/a/\/lb
0 0

M3||3 Wil + Lglls — wll +

X | \u(s, 3(s)) —u(s, w(s)) | |ds

; /”Hh@,z(s»h(s,wa»r\ds]

/\/la -
< T /Vl3||5 wi| + Lglls — wl|
Ma* My
+r(a)|:||A||£g+Mwa

Ma 9-1
[ ) M3+ Lo+ ||A||Lg + my (@) Lpa'~ ]

+my (a)ﬁhﬂ]_ﬁj| 13 — wll
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aﬁ—l

M
114115+ Mo M| 55 M

Maa./\/(o

Maﬁ—l
- [ Mat Lt Ty

@)
+Lg + ||Al|Lg +my (Cl)ﬁhalfﬂ] +my (a)ﬁhalﬁ]:IHg - wl|
< |z —wll,

where

b, s Ma* M
we= Mr({ﬂ) M3+ Lg+ ra(w) 01 [IA]lLg
a17 1

Mb/\/lw[ Ty Ms + Lg+ [|Al|Lg +my (a)Lpal~ 1’]4—

ml(a)Lha1"9].

Hence I'y; is contraction. .. I';, has a unique solution on C[Z, Z]
by Banach contraction principle. O

Lemma 3.2. If the hypotheses (H1)-(H9) hold, T'y : ;€ B,(0,€) is
equicontinuous.

Proof. By Lemma 2.8, S, g(6) is strongly continuous on Z.
For 3 € B,(0,£),0;,0, e Tand € > 0suchthat 0 <€ <6; <6, <
a and there exists a 6 > 0 such that if 0 < |6, — 0] < §, then

I1(Tn3) (62) = (Ty3) (B
< I[P (62.5(62)) = P61, 5(61))] + lim 6

)
/o O — )" ' Tu (63— 5)
0, .
<B; A[P(S, 5(5))]ds — 071 /0 @1 — 9" Tu (61— 5)
0,

<BALP(s.5(s))1dsl |+ [ Jim 671 [ 6, =51 (6, - 9B,

0
x[h(s, 3(5))]ds — 071 /O O1 — )% T (61 — )B; [h(s, 5(5)]ds]|

0

+||A1im9§‘1/0 0

0
=071 [0 -9 T 01 - 5)B, Bus) s

— $)* 1T, (0, — 5)B, [Bu(s)]ds

IA

6
Lell62 — 0111 + Hxlim 92071/ 6y — 51T, (6 — 5)
—00 91

«B, | AP(s. 35(5)) + h(s. 3(s)) + Bu(s) |ds

A
0
+ Alim [920—1 (6 —5)*' —67-1(6, —S)Q_l]Ta (62 —5)
—00 J0
xB; |AP(s, 3(s)) + h(s, 3(s)) + Bu(s) |ds

—> 00

6, —€
+ llm 07~ 1/0 6; —s)*1 [Ta(GZ —8) — Ty (6; — s)]

«B, | AP(s. 35(5)) + h(s. 3(s)) + Bucs) |ds
[
+| sim oyt [ R CEORACED)

«B,| AP (s, 3(s)) + h(s, 3(s)) + Bu(s) |ds||.

Using absolute continuity by virtue of the Lebesgue convergence
theorem and for € sufficiently small |[(T";3)(62) — (I'y3) (61| —
0 as 6, — 0;. Hence I';; is equicontinuous. O

Lemma 3.3. If the hypotheses (H1)-(H9) hold, Ty :y € B,(0,€&) is
continuous provided that
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o o Step 2: I';, is continuous on B, (0, £).
kZ[[Ma M°[||A||mg+m*£;;]+mg][1+ Ma MOMbMWH o1 p 2: 'y ,(0,6)
['(a) (@) Let 34,3 be in B,(0, &), for each k= 1,2, ... provided llim |3k —
K— 00
(33) || >o0and Jim 5.(6) > 5(0), forall <. ..

Proof. Step 1: ', (5,(0, €)) c B,(0, €). llim [[h(8,3(0)) —h(8,35(0)|| — 0.
Suppose if it fails, for all ¢ > 0, and ;' € B,(0, £), 8" € T yields e
L=< 1Ty @9]lc. Using (H1), for 6 € T,

H L H [A— L *
Consider 0 < 6 < 6* such that tlirg =kt 15|z < v, we get 6 — )[R0, 3:(0)) — h(0, 30| < (6 — )*'my ()L

[1l3=3ll] ae s e ©.0).
C< )@l

< sup |:||Saﬂ(9l)[30 +¢G) —P0.500)]ll=z

0<ft<a

+P@". 5 (0=

Also for se (0,0) and 6 €[0,a], (6 —s)* Im, (s)ﬁh[||3k —;,||] is
integrable. Moreover,

6
o / (0 —$)*|h(s. 5(5)) — h(s,5(s))||ds — 0 as k — oco. (3.4)
‘ lim / AP, (0" — $)B, P (5, 3 (s))dsH 0

Hence
' 0 6
-‘r‘ ‘ }}Lﬂ;lc A Pa(@‘ _S)BABU(S,@‘)dSHZ ||(Fn3k)(9) _ (Fnﬁ)(G)H < azﬁ‘—l /\lim / (9 _S)aleATa(e —S)
—o0 Jo
01
+‘ lim [P0 - 9B, 3‘(5))dsH } [A[P(s, 5()) = P(5.3(5))]
Ma®-! +[h(s, 5(s)) — h(s, 5(5))]
MRS L _ *
Foy ol + 16611 =g _+m +Bluy, — u,]Jas |
[|Al|Ma* Momgt*  Ma* Mot*mi Ly, ot
w7 T < Yr / 6 -5
Ma“MgMbMW[H I+ Ma?-1
() all ™ Ty [A[P(s,zak(S)) = P(s,5k(s))]
[11soll + 1611 = ms] + mge* (5. 3¢(5)) — h(s.3(5))]
Ma® Mot* +Blu,, —u ]]dsH. (3.5)
W[HAng-}m’{E;] 3 ’
S-1 1 By (3.4) and (3.5),
MO g ML) mg 1 mi )
S TTw T T T g+ Mk (T3 (0) — (Ty3) ()| - 0 as n — oo.
Ma* Mo MpMy Hence T',, is continuous on B,(0, £).
') O
lsall +ML*+mgL* n MaailMOL*[HAllmg—i-m”{EZ] . Theorem 3.4. If the hypotheses (H1)-(H9) hold, then the system
(o) (1.1) and (1.2) is controllable on T provided that
w1 2MMy ;& N1 ZMMoMpMy, «
Dividing by ¢ and taking ¢ — oo, lp 01"k (S) + W(lp *lr 9! 0|:1 - WWI“ Y
a
[ Ma* Mo . Ma® Mo My My / (a—$)*1k(S)ds <r. (3.6)
chl:m[||A||mg+m1£h]+mg+m 0
N Proof. In order to satisfy Monch condition, construct the countable
[mg + Ma* My [1|A|mg + m? £5] subset S of 5,(0,€) and S c co({0} U T, (S)), then we prove « (S) =
g F(Ot) g 1~h 0.
L Ma¥ Mg . Ma* Mo MpMy Let S={3n}3;. By Lemma 3.2, we note that I'y{3n}3>, is
kb|:r @) [Allmg + m1£h][1 R (@) ] equicontinuousnon Z, then !
S cco({0juTy,(S)) is also equicontinuous on Z.
+m [1 N Ma“MoMbMW]
£ T'(a) i (u(®. o))
o [Ma* M . < [W*l[ =S (@30 + —P(0,3(0))] — P(a,3(a)) — lim
<ka e o[”A||mg+m1£h]+mg] = 30— Sap (@0 +$G) —P(0,5(0))] - P(a,5(a)) — lim
a
[1 Ma® MMy My, } x /0 (@—9)"""Ty(a—$)B,[AP(s, {3n($)}py) + (s, {an<s>}z°=1)]ds“
=
NC)) . 2MMoMy
<l V(Q)W
which contradicts the assumption (3.3). Hence for (>0, a ot
I, (B.(0.€)) c B,(0,8). xfo (@—)*""k ([AP(s. {3n()}nzr) + h(s. {3n($)}nzs)])ds
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* 2 w [° o— * *) o1— o0
<y v(@)%/o (a-s) 1(lp +1%)s! 0[(({3,1(5)},1:1)(15

Also by Lemma 2.7,

K (Ty(f3n(0)}ns))
=k {Sa.p (30 + ¢ () — P(0,3(0))]

6
PO @) + Jim [0 -9 160 - 515,
[AP (s, {3n(5)}nz1) + Bu(s) + h(s, {an(s)}nzy) Jds}
[
€ (P(a @) + Jim [* @ =960 -9)
By [AP (s, {3n($)}py) +h(s. {3n(s)}nzy) |ds
0
+lim fo (0 =) Tu (0 — )5, [Bu(s. {3n(s>}i°1)]ds)

IA

ZMMO/a a-1(] % | 1 %\1-0
+ = a-s L"+1¢)s
F@) ( I+ 1Y)

IA

L0k ({30 (0)}ney)

s 2MMoM, w1,
xic ({3n($)}nsy )ds + ——5—=— “T@ /(a 5)
(u(s, {én(s)}rii]))
o 2MMoMyM,y ot
()l )ds + === / (@a—s)

* 2-/\/l-/\/lo a a-1 * * _
x[lu v(s) @) /0 (@& (I," +17)s!
K ({3n(§)}52,)dé |ds
x/a (@a—s)*! [lu*v(s)ZMMo ’

0 0

I'(a)
@& (1" + 1) e ({3n(E) 1y ) dE |ds

2MM
*N1—1 0 * * -0
flp 9] K(S)—FW(IP +lf )01
ZMMoMpMw o | [ e
[1 ~ T@ v ]/0 (a—s)*""k(S)ds.

Using Moénch condition,

k(S) < co({0} U T, (S)) =k (T,(S))
< lp*Q‘*"K(S)—i-ZI/}/(M/)tO U, + 10"
2MMoMpM . . et
[1 S ]f (@—35)"k(S)ds.

Using Grownwall’s inequality, we conclude that x(S) =0. By
Lemma 2.12, we observe that I'; has a fixed point in B5,(0,¢&).
Hence the system (1.1) and (1.2) has a fixed point satisfying 3(a) =
3q. Therefore, (1.1) and (1.2) is controllable on [0,a]. O

4. Results on optimal control

Consider the Lagrange problem (LP): Find a control (3°,u0%)
C;_»([0,b],X) x U,y provided that 7%, u®) < 7. u), for all ue
Uad with

b
TGou) = fo £(0.5(0). u®))do

where U,y denotes an admissible control set. Here ; is the solution
of the system (1.1) and (1.2) corresponding to the control u € Uy.
To analyze the problem (LP) we assume the subsequent hypothe-
ses:
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(H10) (i) The functional £ :J x X x U — R U {oo} is Borel measurable;

(ii) £(t,-,-) is sequentially lower semicontinuous on X x U for
almost all t € J;

(iii) £(t, x, -) is convex on U for each x,y € X for almost all ¢ € J;
(iv) There exist constants d > 0, j > 0, i is nonnegative and u €
LP(J,R) such that

L©O.5,u) = u(©@) +dllslle + jllullg.

Theorem 4.1. If (H1)-(H10) hold, then LP has at least one optimal
pair.

Proof. If inf{7 (3, u)|(, u) € Ci_y U X) x Ugg}
is trivial. Suppose

inf{7 G, w)|G. u) € Gy . X) x Upa} =y < +o0.

= 400, then the proof

By (H6), we get y > —oco. By infimum definition, there exists a
minimizing sequential pair {(3",u")} c Ay, the set of all admis-
sible state control pairs (3, u) such that 7(",u") - y as n — +oo.
Since {u"} c U, for all n e N, it is clear that {u"} is bounded on
LP(J,U). Using the reflexive property, we show that there exists
a sub-sequence, {u®} € LP(J,U) such that {u"} weakly converges to
{u®} in LP(J,U). Since U,y is closed and convex, by Mazur’s lemma,
UO € Uﬂd'
Let {z"} be the solution sequence of the integral equation

3"(0) = Sap@)ls0 + (™) = P(0.5(0)]+ P(0.5"(6)) + lim

0
/0 Py(0 —5)B, [AP(S, 57(s)) + Bu™(s) + hs, 3”(5))]ds.

By using Lemma 2.8, the boundedness of {u"} and follow-
ing Theorem 3.4, {3"} is a relatively compact subset of C;_y (J, X).
Therefore there is a function ;% € C;_y (J,X) such that

"> 3% eCy (L X). (4.1)

Using (H3), (H5), (H7
gence theorem, we get

) and Eq. (4.1) with dominated conver-

0
/ 8Pa(9 —5s)h(s,3"(s))ds — / Py (8 —s)h(s, 3°(s))ds,
0

0
[ 8P,(0 — )AP(s.5"(5))ds — / Pu (6 — $)AP(s. 3°(s))ds,
0
and ¢G") - ¢G").
By above-said terms, we infer that
3"(0) = 3°(0) = Sy 5 (@30 + # (%) — P(0.3(0)] +P(H.5°(0))
0
+ lim / Py (0 —5)B;,
A—o0 Jo
[AP(S, 32(5)) + Bu(s) + h(s, 30(5))]ds,
where 30 represents the solution sequence of the system (1.1) and

(1.2) corresponding to u®. Using (H10) and Balder’s theorem, we
get

b
Gow) — [ £®.56), u@))as
is sequentially lower semicontinuous in the weak topology of

LP(J,X). We conclude that 7 is weakly lower semicontinuous on
LP(J,X). By (H10(iv)), J attains its infimum at u® € U,,, that is,

b b
lim/ c(e,;,"(e),u"(e))dez/ £(6.3°0). u°(0))d6 = y.
n—oo O O

O
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25¢
20}
151 ——a =075, =0
1.0 ——a =05, =0
05} @ =0.25, B =0
0.2 04 0.6 0.8 1.0
Fig. 1. Numerical approximation for R-L (Hilfer with 8 = 0) form.
25¢
20¢t
_~—a=0.75,8=05
15} —a =05, =05
~-a=0.25,8=05
1.0
05}
N oy N N N
0.2 04 06 08 1.0
Fig. 2. Numerical approximation for Hilfer (8 = 0.5) form.
20¢ @ =0.25, B =1
=05, =1
15] @ =0.75, B =1
1.0}
057t
0.2 04 06 08 1.0
Fig. 3. Numerical approximation for Caputo (Hilfer with 8 = 1) form.
25¢
20¢
@ =0.25, B =1
1.5¢
——a=0.25, =05
1.0
0.5¢ @ =0.25, §=0
0.2 04 0.6 0.8 1.0

Fig. 4. Numerical apprpximation for o = 0.25.
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257}
20¢
—a =0.5, B =1
1.5¢ - =0.5, B =0.5
1.0 —a=0.5,8=0
05}
0.2 04 0.6 0.8 1.0
Fig. 5. Numerical approximation for o = 0.5.
25¢
20}
_—a=0.75, B =1
5t ——a=0.75, $=0.5
@ =0.75,8=0
1.0
057
0.2 04 06 0.8 1.0

Fig. 6. Numerical approximation for o = 0.75.

—a =0.75, 8 =1
— @ =0.75,8=05
T~—a=0.75,8=0
—~——a=1, =1

0.4 0.6

0.2

0.8 1.0

Fig. 7. Numerical approximation for o = 0.75, ¢ = 1.

5. Numerical analysis

Consider the problem

. L
oy - SOy gy ) 4 €O, (51)
181700Ply(0) = 1 + cosy, teZ=1[01], (5.2)
Consider  D(A) = {y € c2([0,1],R) : y(0) =y(1) =0}, Ay=y"

where # :C([0,1],R) provided with the uniform topology and
A:DA) CH— H.

A successive approximation of (5.1) and (5.2) is

[1 + cosy + —Sm%o))]t*‘
r'®)

sin(yp_1(t)) 1
Y20 T

J/n(t) =

ft(t _ S)a—] E_SSiI‘l(in,1 (S)) dS,
0

where ¥ =« + 8 — «f and n varies from 1 to 6.

By Remark 2.4, we analyze the numerical approximation for
existence of three types of solutions. Figs. 1-10 represent the
solutions in Riemann-Liouville, Hilfer and Caputo’s forms and
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Fig. 10. Numerical approximation for a = 0.75.
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also the comparison among them for the different values of o =
0.25,0.5,0.75 and 8 =0,0.5, 1.

6. Conclusion

This manuscript illustrates the controllability of neutral Hilfer
fractional derivative with non-dense domain in a Banach space us-
ing semigroup theory, fixed point approach, and fundamentals of
fractional calculus. Our theorem ensures the effectiveness of con-
trollability and optimal control of the system concerned. Finally,
numerical analyses have been done to compare the solution in dif-
ferent criteria of parameters. One can elevate this theory via some
additional inclusions and different fixed point approaches.
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