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1 | INTRODUCTION

| Chokkalingam Ravichandran?® |

| Kishor D. Kucche*

Abstract

In our article, we are primarily concentrating on approx-
imate controllability results for fractional Sobolev type
Volterra-Fredholm integro-differential inclusions of order
1 <r<2. By applying the results and ideas belongs to the
cosine function of operators, fractional calculus and fixed
point approach, the main results are established. Initially,
we establish the approximate controllability of the consid-
ered fractional system, then continue to examine the system
with the concept of nonlocal conditions. In the end, we
present an example to demonstrate the theory.

KEYWORDS
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Fractional calculus, as a significant area of Mathematics, was initiated in 1695. It was nearly simulta-
neously as classical calculus. Recently, the ideas about fractional calculus became effectively applied
to different regions, and the investigators progressively found that the fractional calculus can well por-
tray several non-local events in the areas of natural science and architecture. Presently, the mainstream
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areas of fractional calculus containing rheology, liquid stream, diffusive transport likened to disper-
sion, dynamical cycles in self-comparable and porous structures, viscoelasticity, and, optics, etc. The
effective utilization of the fractional systems in these areas has incited several researchers to contem-
plate their mathematical estimate strategies, as the diagnostic arrangements are commonly hard to get.
For interesting results related to fractional dynamical systems, the readers may refer to the books [1—4]
and the articles [5-19].

Control theory is a significant region of utilization situated in Mathematics which manages the
structure and examination of control frameworks. Recently, controllability concerns for different sorts
of nonlinear dynamical frameworks in infinite dimensional spaces became examined in numerous
research articles by utilizing various types of techniques. A broad list of these distributions can be
discovered in [6, 9, 11-16, 18-24, 43, 44-50]. The studies about existence and controllability related
to fractional evolution system of order 1 < a <2 attracted many researchers and one can review the
articles [10, 17, 25-33]. The study related to approximate controllability results for fractional Sobolev
type Volterra-Fredholm integro-differential inclusions having order 1 < r <2 have not been discussed
yet and it gives the additional motivation for writing this article.

Motivated by the theory developed in the works mentioned previously, our objective in this article
is to discuss the approximate controllability of Sobolev type Volterra-Fredholm integro-differential
inclusions of fractional order r € (1, 2) of the form

0 c
D, (Jz(0)) € Az (0)+B x (0)+E <o,z(0) / e(0,5,2(s)) ds,/ h(o,s,z(s)) dS> , 0€V=10,c,
0 0
(1.1)

20) =z, 7 0)=z1€ ¥, (1.2)

where z(-) takes values in % and % is a Hilbert space; D}, represents fractional derivative in Caputo
sense of order r € (1, 2), and the control function x(-) € L*(V,%), a Hilbert space of admissible
control functions. A is the infinitesimal generator of a Cp— cosine family {C(¢0)},50 on % . B is a
bounded linear operator from % — % . Here D = {(0,s)€VXV:s<o}l,e,h : DX Y — Y are
continuous, and E : VXY XY X ¥ — 27\ {ﬂ} satisfying some conditions.

The arrangement of our article as follows: In Section 2, we recollect several fundamental defini-
tions and few well-known results belong to fractional calculus and multivalued maps. In Section 3, we
present the approximate controllability of (1.1)—(1.2) and in Section 4, we examine the system with
concept of nonlocal conditions. In Section 5, the theory is validated with suitable example.

2 | BASICFACTS

We now recollect few well-known results and definitions for proving our main results of this article.

Assume that C(V,%) : V — % be the Hilbert space of continuous functions along with
lizIl =sup,evllz(o)ll, z € C(V, % ). Denote D(A), R(A) be the domain and range of A. p(A) stands for
the resolvent set of A and we define the resolvent as follows:

RAA) =N A" e L (¥Y).

A measurable function g : V — % is Bochner’s integrable provided ligll is Lebesgue. Let
L’ (V,%) (p>1) be the Hilbert space of measurable functions endowed along with

lgll, = ( /V lg (o) ||Pdo>”.
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We now present the linear operators A : D(A) C ¥ — % andJ : D(A) C ¥ — ¥ satisfy the
following properties established in [34]:

(E1) D(J) € D(A) and J is bijective.

(E2) The operators A and J are closed linear operators.

(E3)J™! : ¥ — D(J) is continuous.

Additionally, because of (Eq) and (E;), J~! is closed, by (E3) and by referring the closed graph
theorem, AJ™! : % — ¥ is bounded. Denote ||J~!|| = Jy and 7] = I.

By referring [1], we introduce definitions and remarks belongs to fractional calculus.

Definition 2.1 The integral of fractional order v for the function f : [0, c0) > R with
lower limit zero is given by

U O G 20
I1O=rq /0 -

Definition 2.2 The R-L derivative of order v for the function f: [0, 00) - R having
lower limit zero is given by

0>0, veR".

1 d" S ACN0))
Lpv = /7611, >0, n—1<v<n velR".
f(@) F(Vl _ \/) d@” 0 (0 _ l)v+1—n 0

Definition 2.3 The Caputo derivative of order v for the function f having lower limit
zero is given by

n—1 .
CDVf(o)zLD"<f(o)—Zﬂ;,(md>, 0>0, n—1<v<n, veR"
=0 7

Remark 2.4 (1) If f(o) € C"[0, 00), then
1 A0

l"(n_ V) 0 (0_l)v+l—n

(2) The above integrals are considered in Bochner’s sense if the function g is abstract with

values belonged to % .
(3) The Caputo derivative of a constant function is equal to zero.

“DYf () = di=I"f" (), 0>0, n—1<v<n.

Definition 2.5 [35] The operator {C (¢) YoeR - Y — ¥ is called a strongly continuous
cosine family if and only if

@) Ci+0)+Cl—0)=2C1)C(p), forall 1, o €R;

(b) C(o)z is strongly continuous on R for every z € ¥ ;

() C(0)=1.

Assume that the sine family associated with {C(O)}QGR is {S(Q)}geR’ where

4
S(o)z=/ Czd;, z€¥Y, o€eR. 2.1
0
Further, if

d2

<AZ =——C(o)z| , forall z€ D(A),
d() 0=0

where

DA ={ze¥ :C(0zeCR.Y)}.
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Determine
G={ze¥ : Clo)zeC' R, ¥)}.

Clearly, A is a closed dense operator in % , there exists a constant P > 1 if || N (o) ||z, (y) < P, where
0>0. Letus fixa = % for r € (1, 2) which is discussed in [25, 33].

Definition 2.6 The upper semicontinuous (u.s.c) operator X on % provided for all
20 € ¥ and K (zp) is a nonempty closed subset of %, for each open set € of % including
K (z0), there exists an open neighborhood W of z; with

KW)C®E.

Definition 2.7 K is completely continuous if X (&) is relatively compact for each
bounded subset € of % . If K is completely continuous and nonempty, then K is u.s.c.,
if and only if & has a closed graph. K has a fixed point such that there exists z € % such
that z € K (2).

The fractional system (1.1)—(1.2) is similar to the following system

2(0) =J "20J +J ' 21J0

4 1 c
T / (-0~ 'J! [Az(l) +E <l,z(1) / e (1, s,z(S))ds,/ h(i,s,2(s) dS>] di
'@ Jo 0 0
+ L /g (o= 'Y x()di (2.2)
I Jo ' '
In view [36] and using Laplace transform, we introduce the solution of (1.1)—(1.2).
Definition2.8 [36] A functionz € C = C (V, %) is called a mild solution of (1.1)—(1.2)
if 2(0) = z0, 7 (0) = z1,x(-) € L* (V, %) and there exists g € L' (V, %) such that g () €
E(0.2(0). [, e(0.5.2(s))ds, [, h(0,5.2(5))ds) ona.c. o€V and
0
2(0) =J "M (0)Jz0 + I Wa (0) Jz1 + / 0=V Qa0 —1) Bx (1) di
0
4
+/ (=0T Qul0—1g Wi, (2.3)
0
where

0 0 0
M, (o) = /0 Sa(p)C(o"p)dp, W,(0) = /0 M,()di, Q.(0) = /0 apSq (p) S (0“p)dp,

1 oty (1 IV, (vt et T(na+1) .
Se@ =270 (1), G =2 2 Y E D i i), p e 0,00,
a - n!
where S,(-) is a probability density function defined on (0, o) such that

S, (p) >0 where p € (0,0) also / S, (p)dp = 1.
0

Remark 2.9  Clearly for n € [0, 1]

- Y _T'd+n)
/O pSa(p)dp—/O p C(p)d’)—r(uan)'
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Lemma 2.10 [25]. M,(0), W.(9) and Q,(0) satisfy the following properties:
(a) for all >0, M, (0), W,(0) and Q,(o) are linear and bounded;
(b)V z€ Y and forall 0>0, we have

M )2l < PUElL. W ()2l < Plle. Qs (3l < =

(©) {M.(0),0>0}, {W.(0),0>0} and {0*~'0.(0), 0> 0} are strongly continuous.

llzll p;

Lemma 2.11 [35].
(i) If z € G, subsequently S(0)z € D(A), also; dio C(0)z=AS(0)z;

(ii) There exists P> 1, @ > 0 such that [|C () |IL,y) < Pe®”! for all o eR;
(iii) IS (0 +n) = S(0) lly) < P | fo‘”h e®lldy | for all o+ h, o €R.

Lemma 2.12  Assume that {C(o)}oeR on Y, then
lim Sz =2z
p—>00

forsomez € ¥ .

Lemma 2.13  [35] Suppose {C(0)} . g on ¥ satisfying |IC (0) llry) < Pe”? o € R.
Subsequently for ReA > w, A> € p(A). Additionally

AR (A%A)z= / e °C(0)zdo, R(A*A)z= / e S (0)zdo, for z€ Y.
0 0
We present the essential operators and some useful results as follows:
rs :/ (=00 (c— D) BB I Qi (c—ndi : Y - Y,
0

R(uT) = (u+T5)" ¥ = 7.

where %%, O} (c) stand for adjoints % and Q,(c). Now, we come to an end that ' is bounded.
We start with the following assumption:
Hy uR (y, r 6) — 0 as u — 0" in the strong operator topology.
In view of [22], Hy holds if and only if the linear fractional system

Dy, (Jz(0)) € Az(0) + (Bx)(0), 0EV,
20)=z, 70)=21€ ¥,

is approximately controllable on V.

2.4)

Lemma 2.14 [36]. Suppose BCC (¥ ) be the set of all nonempty, bounded, closed and
convex subset of ¥,V be a compact real interval. Let E be a multivalued map satisfying
E : VXY — BCC(¥) is measurable to ¢ for every fixed z € ¥, u.s.c. to z for every
0 €V, and for every z € C,

P c
Sgz = {gGLl V. %) g(0)€E<0,z(0),/ e(o,s,z(S))ds,/ h(o,s,z(S))dS>,0€ V}
0 0

is nonempty. Suppose M be linear continuous from L' (V, %) — C, then

MoSg 1 C = BCC(C), z— (MoSg)(2) = M (Sg;),
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is a closed graph operator in C — C.

Lemma 2.15  Suppose H be a closed, bounded and convex nonempty subset H of ¥ .
Assume D : H — 2%\ {ﬂ} is upper semicontinuous with closed, convex values such that
D (H) C H and D (H) is compact, then D has a fixed point.

3 | RESULTS ON APPROXIMATE CONTROLLABILITY

We here particularly focusing on approximate controllability of (1.1)-(1.2). Let us introduce the
important assumptions to discuss the primary theorems.

H; For 0 >0, {C(p)} is compact.
H, The function £ : VX Y XY X ¥ — BCC(¥% ) is measurable to ¢, for all z € %, u.s.c. to z,
forall peV,and forall z € C

4 c
Sg. = {g eL'(V.%): g0 GE(o,z(o),/ e(o,s,z(S))ds,/ h(o.s.2(s))ds).0 € V},
0 0

is nonempty.

H; For each (o, s) € D, the functions e (g, s,),h(g,s,:) : ¥ — % are continuous and for all
z€Y,e(-,2),h(-,-,2) : D —> % are strongly measurable.
1
Hy For a >0, z € C along with ||z]|c < a, there exists v € (0, b) and Ly, (-) € L+ (V,R") such that

0 c
Sup{llgll Ig(o)GE(o,z(o),/O e(o,s,z(S))ds,/0 h(o,s,z(s))ds)} <Leu(0),

for almost everywhere o€ V.
Hjs The function 1 — (0 — )%~ ng,a (1) € LY(V,R*) and there exists a constant A > 0 such that

fim inf 0@~ 0" Lea Wl

a—0o a

=A< 4o0.

For discussing the approximate controllability of (1.1)—(1.2), if for all x> 0, there exists z(-) € C
such that

o
2(0) = J "M, (0)Jzo + T ' W, (0) Jz1 + / (0= (0-1gWdi
0
4
+ / (-0, (06— 1) Bx()di, g E Sk, 3.1)
0

x(0) =B Qi(c—0R (1.T5) q(z()), (3.2

where

q@z () =z = I "M, () Jzo — T ' W, (¢) Jz1 — / (c =0 Qu(c =1 g()dr
0

Theorem 3.1 Assume Hg—Hs holds, subsequently (1.1)-(1.2) has a solution on V

provided
~ ~ 2
PJ 1 (PJ,Pg\ c*
— |1+ =) — | A<, 33
I'2a) l M(F(2a)) Za] 3-3)
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where Pg = || % ||.

Proof . The fundamental point is to discover conditions for solvability of (3.1) and (3.2) for u > 0.
Now, we prove R : C — 2¢ determined by

o
R(z) = {ze C;m () =J "M, (0)Jzo + ' W, (0) Jz1 +/ (-0 (0-Dga
0

4
+/ (0—l)“_lJ_lQa(o—l)@x(l)dl,gESE,z}’
0

has a fixed point. We subdivide our proof for simplicity:
Step 1: For all x>0, R(z) is convex for all z € C. Suppose m;,my € C, then there exists g1,
g2 € Sk such that o € V, we have

4
m; (0) = J "M, (0) Jzo + ' W, (0) Jz + / (=0T "Qulo—1g i
0
0
+ / (0—0D""U"Qu(0— 1) BRB*T Qs (c = 0) R (. T) [z = T ' M () Jz0 — T~ W (c) Jzy
0

—/O (€= @) T Qu(c— @) gi (@) dop| () dri = 1,2.

Let 0 < <1, then for each p € V we have
o
(Bmy + (1 = Bymy) (o) = "M, (0) Jzo + T ' W, (0) Jz1 + / (0= 0u(0—1) [Bg1 (©
0
4
+(1=p) g ()]di+ / (0—0" """ Qulo— ) BB T Qi (c = O)R (1. T§) [ze = T ™' Mo (¢) J20
0

—J "W, () Jzy - /0 (c— @) ' T"Qu(c— @) [Bg1 (@) + (1 - B) g2 (@)] dop] (1) 1.

Since Sg is convex, fm; + (1 — f)m, € Sg ;. Hence pm; + (1 — fmy € R(2).
Step 2: On the space C, consider @, = {z€C: |zllc £a,0< 0 <c}, a>0. Clearly, Q, is
bounded, closed and convex set of C. For i > 0, our property is that there exists @ > 0 such that

R (Qq) C Q4.
If not, then for all a > 0, there exists z* € Q,, but R (z%) & Q,, i.c.,
IR %) llc = sup {||m*[lc : m" € (RZ%)} > «a

and

o
m® (0) = J "M, (0) Jzo + ' W, (0) Jz1 + / (0= "0 (0-1g" ()
0

4
+ / (0= Qu(0— 1) Bx" (1),
0

for some g% € Sg .
Using assumptions Hz and Lemma 2.10, we have

Ix* (o) | = 1B* T Qi (c = )R (. TG) gz (D) |l
= [|B* 7' Q4 (c — ) R (1.T§) [ze = T 7'My (c) Jz0 — T Wy () Jzy

- /O (c=D* T Qu(c =) g* Wil
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< MBI (€ = o) IR (1. T5) 1l [ze = I ™' M (¢) Jzo — T~ W (€) Jzy

- /O (=0 (c— 1 g" (di] |l
< Pyl (F(‘;)> %[uzcu + 17 M (©) Jzoll + 17 Wa (0) Tz |
+ /O (="' Qulc =1 g" () lldi]

1 PJ,P ~ ~ ~ o~ P [ .
<~ o [||z¢-||+Jl Faa / (c=0*Lya () ds
0

~uT'(2a)
For such u >0, we prove that

o
a < [[(RZ%) () Il < 17" M, (0) Jzoll + 1T Wa (0) Jzi || + / (0=D"'I"Qule—1g* )|l
0

o
- /0 (0= D'V Qu (0 — 1) Bx™ (1) ||di

PJ ¢ 2a-1
— %L, () d
r2a /o ()] ga (D dl
PJ1PB 2a1 1 J\PPp [ ~ oy Yy
_ et LOPPR LT BT 7,PcT
+ E0P [ o et LIPS [y 4 T + Tl
PJ, 2!
+ o )/ (c— Lga(z)dl]
PJ, ¢ 2a-1
%L, () d
F(Za)/o (0e—1) ga (D dl
1 P.71PB 6‘2 2a—1
7, PJ J.PcT P Lo ()di] .
+1 (F(2)> [+ At +Top et + 22 [ - a0

(3.4)

Dividing the Equation (3.4) by a, applying limit as « — oo to the above inequality and utilizing Hy,

we obtain
T T 2 2a
PJ] 1+l PJ]PB 6‘7 /121’
I'2a) u\TI'QRa)) 2a
which contradicts our assumption. Hence u > 0, there exists @ > 0 such that R maps Q, — Q,.

Step 3: R mapping bounded sets into equicontinuous sets of C.
For all m e R(z) and z € Q,, there exists g € Sg;, we define

o
m (o) =J "M, (0)Jzo + J ' W, (0) Jz1 + / (-0 (0-Dgar
0

4
+ / (00" Qulo— 1) Bx()d.
0

LetO<e<o<o+h<c.
Then,

lm (o +h) —m(o) || < IIJ7" [My (0 + h) — My (0)1Jzoll + 1T [Wa (0 + h) — W, (0)]Jz1 ||
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o+h
+/ (0+h = I Qa0+ h =g () lde
0
o
+/ (0+h=0""N[T'Qulo+h—1)—T"Qu(0—=0] g lldi
0—€
o
+/ [o+h—0"" = (=" IIT7'Qulo—1Dg ) ldi
0—€
0—€
+/0 (0+h=D"" [T Qulo+h—1)=J"Qul0—1] g lldr
0—€
- /O [e+h=0"" ==V "' Qule-DgWlld
o+h
+/ (0+h—D"I"'Qu(0+h—1)Bx ) ||di
4
4
+/ e+h—0 " [T7'Que+h—1)—J "' Qulo—1)] Bx() ||dr
0—€
4
- / [o+h—0" = (=0 " IIT7'Qulo— 1) Bx() ||di
o

—€

o0—€
+/ (0+h=0D""N [T Qule+h—1)=JT"Qul0—1)] Bx)I|ldi
0

0—€
- /0 [(e+h=0"" = (0= IV Qulo—1) BxQ)lldi
12

=)0
i=1

Let b = =— € (—1,0). By applying H;, H3 and Lemma 2.10 for O3, O4, Os, O and 7, we have

Y o+h
s < PJy
T (a) J,

(0+h—1" g |l

o+h
(0+h—1* "Ly, ()i
4

Fi ([ w \
< F(Za) (A (0 +h— l) 1-v dl> ”Lg,a”L% <V,R+)

le HO+DA-)
*tea [e+ o] el vrey

2PJ, ¢ 2a—1
< h— d
'Y< a) . (0+h—=0""|lg |ld:
2P7, [° o
< ra 1) (0+h— 1)Ly (1) di

1-v
2PJ1 o .
< F(2 )</ (0+h—nT dl> ILgall, VR
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2PJ, [e®+ba-» L
*tea [e+ e | el ey

05 <

P.Il ¢ 2a—1 2a—1
) [(o +h=0"" == llg ) lldi
~ 1—v
PJ - 1]
<7 (z‘a)< [0 +h—0*"" — (o] “dz> Wgall, 1 (v )
le 2h(h+1)(1—v) L
=tea |+ ) el (vrey

0—€
O < sup ||J—1Qa(o+h—z)—J—lQaw—z)n/ (0+h—1""g@) |ldi
0

1€[0,0—€]

0—€
< sup V7'Quo+h—1)—J"'Q. (01|l / (0+h—0* "Ly, ()
0

1€[0,0—€]

o—€ i 1-v
< su IIJ‘IQa(o+h—l)—J‘lQa(o—l)H(/ (0+h—1)_1_vdt> ILgoll 1 +
16[0,01:16] 0 ¢ LV(V’R )
1—-v
(0+ h)b+1 _ (h + €)b+1]
< su J'0,0+h=0)—=J"0,(0—1 [ Lol 1 +\»
,e[o,pp_e]” Q. (0 ) Qo= GrD 1L, IIL‘,<V’R)
1 oe 2a—1 2a—1
O < h=0*1—(o=1*"
"< Foa /0 [(e+h—1) (0= lg lldr
P71 ¢ 2a—-1 2a—1
s [0+ h—0" = (0= 1" Lya () di

P, o 2a—1 2a-1175 -
< f ([ ornmr o) bt
PI, [2ne+Da-v)
(b+1)1_v ” ga” (VR)

~ I'(2a)
For O3, Oy, 019, 01, and Oy, using the Hy, H3 and Lemma 2.10
P, [ .
g < m;) (0+h—1 | Bx() |ld:
PiPg [T "
STow | @th=0" k@ ld

PhPg( [ e N
< +h—1)=d
= Tea) </0 (0 ) l> llxl

53 (b+1)(1—-v)
< PIiPs [h ] I

T TQa) |(b+D

2PJ1

°= ' a)
2PJ|PB

= TQa)

/ (0+h=0* " BxO)||d

/ (0+h—1*"x()lldi
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~ 1—v
2PJ1PB< ¢ 21 )
<= (o+h—n=d) x|
I'(2a) o—e
2P7 P eb+D(1-)
<=8 1_v] Y
'Ca) [(b+1)

O < le /0 [(0 h— l)za—l —(0— l)2a—l] 1B x (1) ||di
T TQCa) Joe

"y 4
< ﬁlzl;l; /g_e [0+ h=0*" = (0= ™| Ix @ lld:

PJ\Py ¢ a1 a1 -
<Pt ([ own=o ~ o= ) Far)

—€
< P71PB [2h<b+1)(1_v)] i
IQ2a) | b+ 1D

1€[0,0—€]

0—€
O < sup ||J'1Qa<o+h—:)—J'lQaw—:)u/ (0+h=0*"Bx®) ||
0

0—€
<P sup [[J7'Qu(0+h—1)=J"'Qu(0—1) ||/ (0+h—1*Mx@) |l
0

1€[0,0—¢€]

1€[0,0—¢€]

o—¢ 2a—1 1-v
<P sup [[J7'Qu(0+h—1)=J"'Qu(0—1) ||</ (0+h_,)mz,> x|
0

[(0 + h)b+1 —(h+ €)h+1] I-v

<P sup [[J7'Qu(0+h—1)=J"'Qu(0—1l

X[,
1€[0,0¢] b+ D I
PJ; o 2a—1 2a—1
Op < h—0% —(o— 1% | d
o< ool /0 [0+ 5 =P — (o= 2] B x (W l1d
PL,Py [7€ . o
<=L B [0+h=*" = (-] lIx) |

“Ta) J,

Pj p o0—e€ - - lL 1-v
< r(lzal; </O [(0+h—*" = (0— 1] ‘d’> Il

< PJ Py [2R0+D0-)
CQa) | b+ 1D

It is easy to verify O3-Os, O7-019, O12 —0 as h — 0. Additionally, by referring the compactness of
T (0),01,,, 06,y tends to zero. Therefore

|

lm(e+h)—m(o)|| -0

when i — 0 for all z € Q,, which implies R (Q,) C C is equicontinuous.

Step 4: For a >0, fix W, = {z € ¥ : |z| < a}. Clearly, W, a bounded subset in % . To prove for
alla>0and p> 0,

u (0= {/ apJ~' S (p) S (0°p) 2dp, z € Wa}a
0

are relatively compact in % .
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Assume that p > 0 be determined. For every 6 >0, 0 < € < ¢, determine a subset in % by

U s (0) = {S(ea‘”/ ap™'S, (0) S (6p — €98) zdp, 2 € W, }

Clearly for every 0>0, %, (o) is clearly defined. Indeed, referring uniform convergence of
Mainardi’s Wright-type function p € (6, c0) and uniform boundedness of cosine family and, we get for
every z€ Wy,

S (e96)
€40

apJ 'S, (p) S (0°p — €°6) zdp‘ <P |z| / apSa (p) (0°p +€6)dp
1) 1)

~ o 27, P2
<2J,P? a S, (p)dp < =L
<2 |Z|o/5 ap-Sq (p) p_F(Za)

Therefore, . s (¢) is relatively compact because S(¢“6) is compact for €6 > 0.
Additionally,

S (%8 © B e -
% apJ~'S, (p) S (0°p — €°5) zdp — / apJ~'Sq (p) S (0%p) zdp
5 0
S (48 © _ 0 -
<[SE2 [ anr s, 150t = et ado = [ apr 15,005 (') )
0

+

/apJ"Sa(p)S(o“p)zdp—/ apJ"Sa(p)S(o"p)zdp‘
) 0

o0 é
~ S (%6 a a a $7 a
< [ a0 D5 evz-snido+ [ ashs. 015wz dp
5 0

=1 + .
Since 5
aph:S, (p)‘ (€%0) 5 (0%p — €%5) 2 — S (0™p) 2| < 2T\ P*6“ap®Sa () | 2 .
and _
C s 2J
J1S, dp= ————,
/0 ap~J18.(p)dp I+ 2a)

we can see that

® .7 S a6 a a a
/ aleSa(p)’%S(o p—e“8)z—S(0"p) z| dp,
0

is uniformly convergence. Since from the strongly continuous of sine family {S(¢)},>0, wWhere
p € (6, ), by referring Lemma 2.12, we have

‘S(e 9§ (0% - %)z~ S (0°p) 2

< + 1S (0p —€“6)z— S (0"p)z| = 0,

< ‘MS(()“,O —e%%)z—S(0"p—€9)z
£96

when 6 — 0. Therefore, we have

I < / aph1S4 (p) '&?S«ﬂp —e98) 2= S(0"p) 2| dp = 0, as 6 — 0.
0 &¢
However, by f05 ap*71S, (p)dp — 0 when & — 0, we have

5
leJ1P|Z|p“/ ap®S,(p)dp — 0, when & — 0.
0
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Thus, there are relatively compact sets arbitrarily close to % (¢), for all ¢>0. Thus % () is
relatively compact in %, for all o > 0.

Step 5: R has a closed graph.

Assume that " — z* when n— oo, and m" — m" when n — co. We shall prove that m" € R(z").
Since m" € R(Z"), there exists g" € Sg» such that

4
m" () =J "M, (0)Jzo +J ' W, (0) Jz1 + / (0-D"'U"0.(0-1)g" (D di
0
o
+ / (0= 0u(0—1)BRB* Tl (c — O)R (4. T§) [z — ' Mo (c) Jzo
0

— I W)z — / (€= @) Q4 (c~ @) " (9) do] () d.
0
We need to show that there exists g* € Sg - such that forallpe V,

4
m* (0) = J "M, (0) Jzo + T W, (0) Jz1 + / (-0 "0 (0-1Dg"
0
o
+ / (0= 00— 1) BB IO} (c — 0)R (u.T)
0

X

ze =7 My (©) Jz0 = T Wa () Jzi — / (€= @)U Qulc— ) g" (9) d(ﬂ] (1) di,
0

clearly,

o
'(m (0) =T "M, (0)Jz0 — ' W, (0) Jz1 — / (0=D"'U"0u(0—1) BB* IO} (c — 0)
0
() R(u.T) [zc —J "M, () Jzo =T ' W, (¢) Jz1 — / (c—@) U0, (c- ) g" () dfp] 0] dz))
0
(4
- <m (0) = J "M, (0)Jzo — J ™' W, (0) Jz1 — / (0=D""'U"'0u(0—1) BB* IO} (c — 0)
0

() R(u,T5) [zc —J "M, (©)Jz0 =T W, (¢) Jz1 — / (c—@) 0. (c- ) g (9) d<p] ) dz)
0

—0asn— oco.Assume that 7 : L' (V, %) - C,

4
(Tg) (o) = / (0—0"""T"Qu(0—1) [¢" () + BB Qi (c — 0) R(u.T)
0
X (/ c=@) U Qu(c—0) 8" (9) d(P> (l)] di
0
clearly, from Lemma 2.14, that 7 oS . is a closed graph operator. Additionally, by referring 7, we have
4
(m" (0) = J "M (0) Jzo — T Wa(0) J21 — / (0—0"""Qu(0— ) BB I Qi (c — )R (u.T)
0

X |ze ="M, (¢) Jz0 — T 7' W, (¢) Jz1 — / c—@o) Qi (c- ) g" (@) d(p] (1) dr)
0
eT (SE,z”)

Because g" — g*, and by referring Lemma 2.14, we have

4
(m* (o) — T ™'M, (0) Jz0 — ™' W, (0) Jz1 — / (0—0""U " Q0 —1) BB Qi (c — )R (1. T)
0
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X |ze ="M, () Jz0 — T 'W, (¢) Jz1 — / (c— @) T '0.(c— @) g (@) do| (1) d1)
0
€T (Sg.)

Hence, R is closed graph.

Hence, by referring Step 1-5, and applying Arzela-Ascoli theorem, R is a completely continuous
multivalued mapping with compact value and thus R is u.s.c. Therefore R has a fixed point z(:) on
Q,, and in view of Lemma 2.15, z(+) is the mild solution of (1.1)—(1.2). O

Definition 3.2 The system (1.1)—(1.2) is called approximately controllable on V if
R(c,20) = ¥, R(c,20) = {zc (z0:%) : x(-) € L*(V, %)} is a solution of (1.1)~(1.2). [

Theorem 3.3  Assume that Hy — Hs are satisfied. Further, there exists

J el (V, [0, +oo)) such that supl||E(0,2) || £ (o)
€Y
for a.e. o€V, then (1.1)—(1.2) is approximately controllable.

Proof . Consider Z¥ (-) a fixed point of R in Q,. Referring 3.1, any fixed point of R is a solution of
(1.1)-(1.2) with
2 (p) = B Qi (c~ R (u.T5) q ()

and satisfies the following inequality

() =ze+ uR (n.T5) q (7). (3.5)

Further from E and Dunford-Pettis Theorem, we conclude that {g#(1)} is weakly compact in
L' (V, %), so there exists a subsequence, {g# (1)}, that converges weakly to g(1)in L! (V, % ). Determine

V=z.—J "M, (c)Jz0 =T 'W,(c)Jzy — / (c—=0" 110, (c—1gQ)d.
0
Now, we have

lg () =Vl = / (=077 Qe = 1) [5 (124 W) — g 0] dil

o
<supll [ (=D "'Qul0-1[g (12" ®)) —g W] . (3.6)

o€V 0

By Ascoli-Arzela theorem, we can prove

L()— /'(- — )0 =L Wd LNV, Y) > C(V,Y)
0

is compact. Hence, we have
llg (z*) = VIl - 0 when u — 0*.

Furthermore, in view of Equation (3.5), we have

12 (¢) = zell < luR (1, T5) W) I + 1R (u.T5) Nlllg () = VI
< |luR (1. T5) W) 1+ llg () = VI
It follows from Hy and (3.6) that

2% () = zell = 0 as u — 0"
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Therefore the system (1.1)—(1.2) is approximately controllable on V. O

4 | NONLOCAL CONDITIONS

Differential systems with nonlocal conditions have become a very lively field of recent research. Their
investigation is driven by hypothetical enthusiasm as well as by the way that these kinds of issues
normally happen when demonstrating practical applications. For instance, few events in designing,
material science, and life sciences can be portrayed by methods for the differential system subject to
nonlocal boundary conditions, and one can refer [6, 9, 11, 14, 16, 18, 25, 32, 37-41]. Consider the
nonlocal fractional Sobolev type Volterra-Fredholm integro-differential inclusions of order r € (1, 2)
of the type

0 c
“D), (Jz(0)) € Az (0) + Bx(0) + E <o,z(0), / e(0,s,z(s))ds, / h(o, s, 2(s)) dS>, 0€V, 41
0 0

2z +Il(@) =20, 70 =7 € ¥, 4.2)

where the function/ : C([0,c], ¥ ) — ¥ satisfies the following hypothesis:

Hg The function/ : C([0,c], %) — % is compact and continuous, and there exists constants L,
L, such that () Il <L;llzllc + Ly, where z € C(V, %).

The mild solution of the nonlocal fractional evolution system (4.1)—(4.2) defined as follows:

Definition 4.1 A function z € C = C(V,%) is called a solution of (4.1)—(4.2) if
20)+1(2) = 20, 7 (0) = z1,x(-) € L?(V, %) and there exists g € L' (V, %) such that
20 €E(0,2(p), [y €(0.5.2(5))ds, [y h(o,5.2(s))ds) onae. o€V and

0
2(0) =T "M, (0)J [20 — L (D] + T "W, (0) Jz1 + / (-0, (06— Bx()d
0
p
+/ (-1 10 (0-DgWa,
0
is satisfied.

Theorem 4.2 If Hi—Hg are satisfied, then the system (4.1)-(4.2) is approximately
controllable on 'V .

5 | EXAMPLE

Let us consider y C RY be an open C? bounded domain. Assume that % = % = L?(y). Let us assume
the fractional integro-differential system

9, (u(0,v) — Au(o,v)) € Au(o,v) + h(o,v)
4 c
+P<o,u(0,z),/ e(o,s,u(o,z))ds,/ h(p,s,u(o,z))ds), 0€[0,1],v ey, é.1)
0 0
u(o,v)=0, o€10,1], veay, 5.2)

u(,v) =ug(v), u' (0,v)=u; (v),ve y. (5.3)
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In the above, 0y, is the partial derivative in Caputo sense of fractional order r € (1, 2). Let us consider
V =0, 1]. Assume that A be the Laplace operator with Dirichlet boundary conditions given as Au = A
and assume A : DA C Y - ¥%,J : D(J) C ¥ — ¥ be the operators defined by Au = A, and
Ju = u— A where each domain D(A) and D(J) is presented by

D@A)=DW)={g€H; (1), Ag€L*(n)}.
It is clear that D (A) = Hé () N H? (). Obviously A gives a uniformly bounded Cy cosine fam-

ily C(p) for 0> 0, refer [42]. Indeed, let 1, = n’z? and v, (v) = \/g sin (nzv), for all n €N are the
orthonormal of vectors of A.

Assume {—1,, y, },~; is the eigensystem of the operator A, then 0 <1y <1 <+ -+, 1, > 00 as n — 0,
and {y, },=, create the orthonormal basis of % . Now
[e5)
Au= Yy v u € DA,
n=1

Ju= Y (1) () i 1 € D).

n=1

Additionally, for z € %, we have

oo

1
J_l = ’ n n»
= e w

n=1

o0

— In
AJ 1I/t= Z(l-i—l ) <u,Wn>Wns

n=1

where (-, -) stands for inner product in % . Accordingly, we now define the cosine family by
Clou= i cos < ln()) <u’ Wn) Yy, UE ?5
n=1
which is connected with sine family S(¢) compact for (¢ > 0) as follows
S()y= ii Sin( an) (UsWn) Wn, UE Y.
n=1 ﬁ

It is not difficult to verify ||C (o) |l () < 1, forall p€R.
Let us assume u(o) = u(o, -), that is, u(p)(v) = u(e, v), 0 € [0, 1], and x(¢) = #(o, -), consider 7 : [0,
11X y — y is continuous. Determine B : % — % by B x(0) (v) = h(g,v). We now define

0 c
E(o,u(o),/ e(o,s,u(S))ds,/ h(o,s,u(S))dS> (2)
0 0
0 c
=P<0,u(0,z),/ e(o,s,u(o,z))ds,/ h(o,s,u(o,z))dS>-
0 0

Therefore, entire needs of Theorem 3.1 are satisfied, hence (5.1)—(5.3) is approximately control-
lable on V.

6 | CONCLUSION

In our article, we primarily concentrated on approximate controllability results for fractional Sobolev
type Volterra-Fredholm integro-differential inclusions of order r € (1, 2). By applying the results and
ideas belongs to the cosine function of operators, fractional calculus and fixed point approach, the main
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results are established. Initially, we established the approximate controllability of the considered frac-
tional system, then continued to examine the system with the concept of nonlocal conditions. Finally,
we presented an example to demonstrate the theory.
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