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ABSTRACT
Aim:Aim: Medicinal plant research is becoming increasingly prevalent since it is devoid of pollution, toxins 
and adverse effects. In recent years, it has come to light that a variety of ailments can be treated 
with plant-derived compounds from fruits, seeds, leaves, bark, etc. Aegle marmelos (Bael tree) is 
an important medicinal as well as a sacred tree with diverse therapeutic values. This review is to 
present current knowledge on the ethnomedicinal applications, nutritional composition, bioactive 
constituents and pharmacological activity of A. marmelos to validate its therapeutic potential. 
Materials and MethodsMaterials and Methods: : Out of 120 articles identified, 62 met the inclusion criteria, forming the 
basis for synthesizing data on ethnomedicinal uses, bioactive constituents and pharmacological 
activities of A. marmelos, contributing to a holistic understanding of its therapeutic potential. 
The study employed a robust methodology, including a comprehensive literature search across 
prominent databases using keywords related to Aegle marmelos and also its medicinal properties. 
ResultsResults: : These research and review articles provided about the pharmacological properties of A. 
Marmelos.  It has been utilized to treat several health issues in ancient medicinal system, including 
diarrhea, diabetes, fever, ulcers, inflammations and bacterial infections. The bioactive metabolites 
including alkaloids, terpenoids, saponins, pectins, steroids, flavonoids, tannins, carotenoids and 
phenolics. ConclusionConclusion: : Based on our studies, in vitro as well as in vivo investigations revealed 
that A. marmelos has therapeutic benefits such as antioxidant, analgesic, anti-inflammatory, 
antidiarrheal, cardioprotective, anticancer and antimicrobial properties that proved its historical 
uses.
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slender, slow-growing, tough tropical tree. It grows 
to an elevation of  1200 m in the western Himalayas 
and is found on Andaman Island and it is dispersed 
across deciduous woods of  India.[2] A. marmelos is 
endemic to Northern India, although it can also be 
found in Bangladesh, Ceylon, Burma, Indo-China and  
Thailand.[3] Hindus often regard this tree as sacred 
because they offer its leaves when they worship Lord 
Shiva. Different parts of  this tree at various stages 
of  maturation are utilized as ethnomedicine to treat 
a variety of  human as well as animal diseases. As far 
back as 800 B.C., this tree is recorded in prehistoric 
literature. It is planted all over India because of  its 
mythological significance and is primarily grown close 
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INTRODUCTION
Aegle marmelos (Linn.), belongs to the family Rutaceae, 
which is one of  the prominent and underutilized 
aromatic medicinal trees of  Indian heritage.[1] It is 
popularly known as the Bael fruit tree and the other 
common names include Indian quince, Bengal quince, 
golden apple and holy fruit. It is a moderate-sized, 
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to temples.[4] In this review, we have summarized the 
botanical description, therapeutic uses, non-therapeutic 
uses, phytochemistry and pharmacological activities 
of  A. marmelos. Figure 1 represents the taxonomic 
classification of  A. marmelos.

MATERIALS AND METHODS
Literature Search Strategy

A broad search was executed across multiple online 
databases, comprising Scopus, Web of  Science, PubMed 
and Google Scholar. The search strategy involved 
keywords related to Aegle marmelos, ethnomedicinal 
applications, nutritional composition, bioactive 
constituents and pharmacological activity.

Eligibility criteria

Eligibility of  articles was determined based on predefined 
criteria for inclusion and exclusion. Inclusion criteria 
encompassed studies focusing on ethnomedicinal 
uses, phytochemical composition and pharmacological 
properties of  A. marmelos. Only peer-reviewed articles 
written in English were taken into consideration.

Data Extraction

Data relevant to ethnomedicinal applications, 
bioactive constituents and pharmacological activities 
of  A. marmelos were extracted from selected articles. 
Information on methodologies, results and conclusions 
was systematically recorded to ensure accuracy and 
completeness. The compiled data were synthesized 
to offer a holistic perspective into the ethnomedicinal 

applications and pharmacological prospects of   
A. marmelos. Data synthesis involved categorization based 
on the types of  bioactive compounds identified and the 
observed pharmacological activities. The findings were 
critically analyzed to validate the therapeutic potential 
of  A. marmelos and identify areas for further research.

RESULTS
The exploration of  Google Scholar, Web of  Science, 
PubMed and Scopus resulted in the identification of  
120 articles. Following the assessment of  eligibility, 62 
articles were identified as meeting the inclusion criteria 
and were thus included in the review. These articles 
collectively provided comprehensive insights into the 
ethnomedicinal applications, nutritional composition, 
bioactive constituents and pharmacological activities of  
A. marmelos.

Nutritional Properties

The nutrients of  A. marmelos are particularly 
advantageous to human health, as evidenced by 
numerous research investigations. Recent studies have 
examined the nutritional advantages of  A. marmelos 
as well as its low-cost manufacturing and marketing 
to promote environmental health. The major part of   
A. marmelos is water, ranges from 60% to 65%, followed 
by carbohydrate, sugars, fibers and other compositions 
includes vitamins, minerals, amino acids and various 
fatty acids.[5] Bael helps prevent rancidity and colour 
loss since as it holds a significant quantity of  vitamin 
A, B and C all and these can serve as antioxidants.[6]  

Figure 1:  Taxonomic classification of A. marmelos.
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A. marmelos, like other fruits, provides varying nutritional 
contents based on the maturation stages. Bael seed 
contains a greater percentage of  fat (14.94%).[7]

PHYTOCHEMISTRY
The GCMS profiling of  alcoholic extract of  A. marmelos 
leaves showed the existence of  the bioactive compounds 
such as p-cymene, 1-dodecanol, Cyclooctasiloxane, 
Dotriacontane, Phthalic acid, Hexadecanoic acid, 
Cyclodecasiloxane, Oleic acid, Octadecanoic acid, 
Alpha-Neodene, Phenol, Nonahexacontanoic 
acid, Nonacosane, Benzoic acid, 13-docosenoic  
acid, Retinoic acid and Farnesyl acetone.[8] The fatty  
acid- derivatives like decanoic acid, methyl ester, 
octanoic acid ester, Pentadecanoic acid, methyl ester, 
9-Hexadecanoic acid, methyl ester, Octadecatrienoic 
acid, ethyl ester, Eicosanoic acid, methyl ester were 
reported in A. marmelos seed oil.[9] The hydro-alcoholic 
extract of  A. marmelos unripe fruit contains gallic 
acid and quercetin.[10] The study done by Shakya war 
et al.[11] concluded that the phytochemicals such as 
tannins, alkaloids, proteins, carbohydrates, starch, resin, 
coumarins, tannins, phlobatannins, polyphenols, vitamin 
C, steroids and glycosides have existed in the different 
parts of  A. marmelos fruits such as pericarp and pulp.

PHARMACOLOGICAL ACTIVITIES
The pharmacological potential of  A. marmelos, 
encompassing antioxidant, inflammation-suppressing, 
hypoglycemic, anti-cancer, insecticidal, anti-diarrheal 
properties, offers a multifaceted approach to therapeutic 
interventions (Figure 2).

ANTIOXIDANT EFFECTS
The methanol extracts of  leaves, seeds, ripe fruit and 
half-ripe fruit of  A. marmelos were found to scavenge 
DPPH and Nitric oxide radicals in a dose-dependent 
manner. Maximum DPPH radical scavenging activity 
(IC50=251.2 µg/mL) was shown by a methanol extract 
from a half-ripe fruit.[12] From the earlier research, it was 
able to draw the conclusion that A. marmelos enhances 
the antioxidant state in the tissues of  diabetic rats. It 
may be suggested that the mechanism of  action of  A. 
marmelos seems to be similar to glibenclamide action.[13] 

Furthermore, in an effort to discover an alternate form 
of  treatment for different ailments, the therapeutic 
value of  this plant is being investigated extensively.[14] 
A previous work revealed that A. marmelos showed a 
neuroprotective effect against STZ-induced oxidative 
imbalance and cognitive deficits in male rats, which has 
proven its anti-oxidant activity.[15] According to Surolia  

Figure 2:  Pharmacological activities.
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dependent anti-bacterial activity.[24] The A. marmelos leaves 
methanolic and acetone extract revealed substantial 
anti-bacterial action against tested microorganisms. 
Serratia marcescens exhibited the highest sensitivity among 
the tested organisms, as indicated by significant zones 
of  inhibition across all four A. marmelos leaf  extracts.[19]

Interestingly, the bactericidal property of  the synthesized 
nanoparticles was effective against the microorganisms 
like Staphylococcus aureus, Escherichia coli, Aeromonas hydrophila, 
Pseudomonas aeruginosa and Streptococcus pyogenes.[25]  

The extraction of  A. marmelos leaves and fruit was 
carried out using ethanol, hexane and distilled water 
respectively. This study elicited that the ethanol extract 
had effectively inhibited the multi-drug resistant 
Escherichia coli than the aqueous and hexane extracts.[26]

ANTI-FUNGAL EFFECTS
The acetone, aqueous, methanol and chloroform extract 
of  A. marmelos fruits exhibited fungicidal activity against 
Candida albicans (MTCC-227) and Aspergillus brasiliensis 
(MTCC-1344).[23] The essential oil extracted from the  
A. marmelos leaves possess anti-fungal activity, which 
was proven by the zone of  inhibition with a diameter of   
30 mm formed against the test organisms such as Candida 
albicans and Aspergillus niger respectively.[22] Significant 
fungicidal activity was exhibited against the Fusarium 
oxysporum, followed by Pestalotia foe dans and Paecilomyces 
variotii by the various concentrations (25, 50 and 75 µg/
mL) of  A. marmelos leaves extract.[28] A. marmelos extract 
completely inhibited the mycelial formation of  Pythium 
debaryanum at the concentration of  1 mL concentration 
and so the methanol extract of  A. marmelos leaves and 
fruits were recorded with a maximum inhibition of  
fungal growth.[29] The previous reports of  Sriramulu 
and Sumathi[30] demonstrated the fungicidal effects of  
Iron oxide nanoparticles synthesized from A. marmelos 
against the phytopathogen Fusarium solani (12±0.53 
mm), isolated from soil.

ANTI-VIRAL EFFECTS
The Seselin isolated from A. marmelos showed 
promising antiviral activity against (BmNPV) Bombyx 
mori nucleopolyhedrovirus.[31] In silico studies by Andleeb  
et al.,[32] revealed the good binding affinity of  Quercetin, 
catechin and marmenol found in A. marmelos towards 
the HN Protein of  NDV (Newcastle Disease Virus). 
The compound seselin of  A. marmelos demonstrated the 
strongest receptor interaction with spike protein, main 
protease and its free enzymes of  SARS CoV-2.[33]

et al.[16] A. marmelos pulp pectin has the highest percentage 
of  DPPH radical inhibition when compared to  
A. marmelos shell and seed pectin at all concentrations.

ANTICANCER EFFECTS
The anticancer activity against gastric cancer cells was 
studied previously by Sampath et al.[17] showed an IC50 
value of  40.33 µg/mL that concluded the synthesized 
AgNPs from A. marmelos can act as a novel anticancer 
agent. The anti-cancer potency of  the A. marmelos 
fruit pulp (aqueous extract) was evaluated using an 
MTT assay, which shed light on the inhibitory activity 
(IC50=47.92 µg/mL) against the Breast cancer cells 
(MCF-7). The study provided promising guidelines 
regarding the potential uses of  A. marmelos as an 
anticancer agent.[18] The substantial anti-cancer benefits 
of  methanol and acetone extracts from A. marmelos on 
HEp-2 and MDA-MB-231, while protecting normal 
Vero cells.[19] The ethanol extract of  fruit pulp of   
A. marmelos exhibited remarkable anti-oncogenic 
effects against the DMBA-induced breast cancer mice 
model. This study also demonstrated that the pulp had 
considerably reduced the size of  the mammary tumour 
along with a significant decrease in biomarkers in serum 
like malondialdehyde, glucose and TNF-α level.[20]

Topical application of  A. marmelos bark extract resulted 
in a considerable increase in the average latent period 
of  tumour development, a significant decrease in 
tumor volume, tumour frequency and the overall 
number of  papillomas and also a substantial reduction 
in the concentration of  glutathione, were observed in 
7,12-dimethylbenz[a]anthracene-induced skin papilloma 
mice model.[21] The results of  the study carried out 
by Kumar et al.,[22] demonstrated the anti-ocnogenic 
property of  the leaves of  A. marmelos extracted using 
methanol against MCF-7 cells. The therapeutic 
effectiveness of  an anticancer drug depends on its 
capacity to prevent the growth of  tumours both in their 
early and later stages of  formation.

ANTI-BACTERIAL EFFECTS
A. marmelos plays a vital in herbal medicine and is far 
more beneficial and secure than synthetic compounds. 
The A. marmelos fruits extracted using various solvents 
inhibited the growth of  Bacillus subtilis, Escherichia coli 
and Staphylococcus aureus.[23] The methanol as well as 
chloroform derived leaves extracts showed excellent 
bactericidal effects against the gram-positive as gram-
negative bacteria. The study suggested concentration-
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ANTI-ULCER EFFECTS
A. marmelos have been shown to possess antiulcer activity 
against experimentally induced ulcer models. The anti-
ulcer activity of  an aqueous extract of  A. marmelos leaves 
was examined in Wistar rats with ulcers induced using 
indomethacin. The effects of  175 mg/kg and 350 mg/
kg of  A. marmelos extract on gastrointestinal volume, 
acidity as well as ulcer index were noted, which was 
statistically significant (p<0.01) than the control group.[34]  
The ulcer protection percentage of  ethanolic extract 
of  A. marmelos leaves was found to be 56.33% in the 
ethanol-induced gastric ulcer model, which was higher 
than the standard drug Omeprazole (50.44%).[35]  

A. marmelos fruit extract has protective effects against 
the Aspirin-Induced Gastro-Duodenal ulcer in Albino 
mice Model.[36] The findings of  Sharma et al.[37] showed 
the anti-ulcer action of  aqueous and methanol extract 
of  A. marmelos seed against the Indomethacin Induced 
and Stress-induced Ulceration models respectively.	

ANTI-GLYCEMIC EFFECTS
Patients with Non-Insulin Dependent Diabetes Mellitus 
who were taking sulfonylurea at a dose of  5 or 10 mg/
day had a decrease in their blood and urine glucose 
levels after taking A. marmelos extract for eight weeks.[38] 

Furthermore, the previous study of  Arumugam et al.,[38]  
also evidenced the potent anti-diabetic activity of  A. 
marmelos extract. Significant reductions the glycemic 
index were achieved in streptozotocin-induced diabetes 
in rabbits treated with extracts of  A. marmelos leaves 
and calluses. Moreover, the bark extract of  A. marmelos 
also showed anti-diabetic activity in the diabetic rats.[40]  
Likewise, the fruit extract of  A. marmelos exhibited 
hypoglycemic activity in alloxan-induced diabetes in 
Male Sprague Dawley rats.[41] An aqueous extract of   
A. marmelos fruit administered orally two times a 
day for four weeks at a dosage of  250 mg/kg body 
weight effectively lowered the blood glucose levels 
of  streptozotocin-induced diabetic rats. Comparing 
this dosage to the usual medication glibenclamide, the 
findings were effective.[42]

ANTI-DIARRHEAL EFFECTS
Many medications are prepared using fruit, roots, bark, 
leaves, ripe fruit rind and flowers. A. marmelos has been 
employed historically for a variety of  ethnobotanical 
uses. Based on the data gathered, it appears that A. 
marmelos has anti-diarrheal properties.[43] A. marmelos 
decoction proved beneficial in treating a range of  
infectious diarrheal diseases brought on by Vibrio 

cholerae, Shigella flexneri, Enteropathogenic Escherichia coli, 
Enter invasive Escherichia coli, Heat-labile toxin producing 
enterotoxigenic Escherichia coli and, to a lesser degree, 
rotaviral infections and giardiasis.[44]

ANTI-INFLAMMATORY EFFECTS
A. marmelos root bark aqueous extract significantly 
decreased inflammation in paw edema induced by 
carrageenan and granuloma induced by cotton pellets, 
with the percentage of  inhibition of  46% and 9.2%, 
respectively.[45] Young (2 and 3-year-old) roots from 
Gujarat and young (1-year-old) roots from Odisha 
displayed the maximum anti-inflammatory effects by 
inhibiting pro-inflammatory cytokines and enhanced 
the anti-inflammatory cytokines like IL-2. A. marmelos 
extracts’ anti-inflammatory properties were found 
to be similar to those of  mature stem and root barks 
when tested in vivo on roots, stems and leaves.[46] The 
phytocompound Marmelosin, from the A. marmelos 
elicited anti-inflammatory effects.[47] The study by 
Kumari et al.[48] demonstrated that the dried flowers 
extract of  A. marmelos displayed a notable increase in 
the infiltrating of  peritoneal cells in rats, reduction 
of  Nitric oxide generation by rat peritoneal cells and 
suppression of  urticaria on the rat’s skin following 
histamine injection.

INSECTICIDAL EFFECTS
The essential oil extracted from the A. marmelos showed 
insecticidal effects against the stored grain pests.[49] 

Interestingly, the ovicidal, larvicidal, adulticidal and 
repellant effects of  the essential oil from the A. marmelos 
leaves were examined against the insects Aedes aegypti 
and Culex quinquefasciatus.[50] Various concentrations of  
the petroleum ether, aqueous, methanol and ethanol 
extract of  A. marmelos leaves dramatically decreased 
the oviposition and adult emergence of  Callosobruchus 
chinensis.[51]

ANALGESIC EFFECTS
The study done by Shankarananth et al.[52] demonstrated 
the analgesic activity of  A. marmelos. The acetic acid-
induced writhing was greatly diminished by the 
methanolic leaves extract of  A. marmelos whereas, the 
analgesic efficacy was significantly increased at doses of  
200 and 300 mg/kg of  methanolic extract of  A. marmelos 
leaves in the tail flick test. The analgesic efficacy of  the 
aqueous extract of  A. marmelos stem bark was found to 
be dose-dependent in acetic acid-induced writhing and 
tail flick test in mice models.[53] The ethanol extract of  A. 
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marmelos leaves (200 mg/kg) and fruit pulp (200 mg/kg) 
demonstrated their analgesic property by the reduced 
number of  writhing and the period was increased in 
Eddy’s hot plate method.[54]

CARDIOPROTECTIVE EFFECTS
Methanol extract of  A. marmelos leaves pre-treated mice 
model showed a substantial reduction in serum indicators 
like creatinine phosphokinase MB, serum glutamate 
oxaloacetate transaminase and serum glutamate 
pyruvate transaminase in a dosage-related manner, 
indicating cardiac protection. Histopathological findings 
also further confirmed the cardioprotective effects and 
benefits of  A. marmelos.[55] Likewise, the aqueous extract 
of  A. marmelos leaves exhibited excellent cardioprotective 
action against the Isoproterenol induced Myocardial 
injury in adult male Albino Wistar rats.[56] The research 
of  Jagetia and Venkatesh,[57] also confirmed the 
cardioprotective activities of  the hydroalcoholic extract 
of  A. marmelos against the Doxorubicin hydrochloride-
induced cardiotoxicity in mice.

HEPATOPROTECTIVE EFFECTS
Methanolic extract of  A. marmelos leaves also 
confirmed its hepatoprotective benefits against 
Carbon tetrachloride-treated albino Wistar rats.[58]  

A. marmelos treatment significantly reduced the 
impacts of  paracetamol in a dose-related manner. The 
maximum hepatoprotective action of  A. marmelos was 
observed at 100 mg/kg.[59] Interestingly, another work 
by Rathee et al.[60] demonstrated that the hepatotoxicity 
was dramatically reversed in the carbon tetrachloride-
treated Wistar rat models by the oral administration of  
the substantially low dose of  A. marmelos (25 mg/kg) 
combined with piperine.

WOUND HEALING EFFECTS
The methanolic extract of  A. marmelos was applied 
topically twice daily for 12 days in a row, the excision 
wound area in mice was dramatically decreased 
(0.03±0.02 mm2) and healed.[61] The report of  Gautam  
et al.[62] evidenced the remarkable wound-healing potency 
of  the 50% ethanolic extract of  A. marmelos fruit pulp 
in the excision, incision and dead wound models.  
A. marmelos treated groups showed complete constriction 
and epithelization of  wounds on the 20th day, which was 
observed on the 24th day for the control group.

CONCLUSION
The above evidence shed a light on the folklore uses and 
various therapeutic potential of  A. marmelos. It has been 
enriched with immense phytochemicals like alkaloids, 
tannins, coumarins, saponins, terpenoids, etc., The whole 
tree or any of  its parts like stem, leaves, flowers, fruits, 
etc. can be used for several health ailments like diabetes, 
microbial infection, inflammation and as painkillers. 
Based on its relevance in folk medicine and the promise 
it has shown in preliminary studies, the A. marmelos fruit 
can also be consumed as a functional food, which merits 
a wide range of  health advantages. A. marmelos continues 
to be a crucial natural medicine for a variety of  health 
ailments since many of  its traditional uses have been 
supported by research over time. However, a significant 
amount of  work is still necessary to comprehend the 
role of  A. marmelos in various therapeutic mechanisms 
and also to isolate the specific lead compounds effective 
against a variety of  serious and chronic disorders.
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IL-6: Interleukin-6; TNF α: Tumour Necrosis Factor 



Mrudhulla, et al.: A Systematic Review on Biochemical and Pharmacological Properties of the Active Phytochemicals Present in Aegle marmelos

256� Asian Journal of Biological and Life Sciences, Vol 13, Issue 2, May-Aug, 2024

alpha; MTT: 3-[4,5-dimethylthiazol-2-yl]-2,5 diphenyl 
tetrazolium bromide.

SUMMARY
A. marmelos (Bael tree) holds significant therapeutic value 
in traditional medicine, addressing ailments like diarrhea, 
diabetes, fever and bacterial infections. This review aims 
to consolidate current knowledge on its ethnomedicinal 
applications, nutritional content, bioactive constituents 
and pharmacological activities. The work utilized an 
extensive search in major databases using A. marmelos-
related terms. Out of  120 publications found, 62 
were eligible, laying the groundwork for investigating 
the pharmacological properties of  A. marmelos. 
Phytochemical screening revealed diverse compounds, 
including alkaloids, flavonoids and terpenoids. In vitro as 
well as in vivo studies underscore its antioxidant, analgesic, 
anti-inflammatory and antimicrobial properties, 
validating its historical medicinal uses and highlighting 
its potential for future therapeutic interventions.
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Abstract: Obesity has become a major health issue worldwide and obese individuals possess higher
levels of adipose tissue when compared with healthy individuals. Obesity is highly associated with
the development of different chronic diseases, such as diabetes, cardiovascular diseases, hypertension,
cancers, etc. Previous studies established that anthocyanin compounds play an important role in
attenuating obesity-related consequences. Among various anthocyanin compounds, cyanidin-3-O-β-
glucoside (C3G) is the most important component and is widely distributed in various colored edible
plant materials, especially berries, cherries, black rice, purple corn, etc. In recent decades, several
studies have reported the therapeutical properties of C3G. C3G has various biological properties
and health benefits, such as antioxidant, antimicrobial, anti-inflammatory, antidiabetic, anti-obesity,
neuroprotective, anticancer, etc. In this review, we summarized the in vitro and in vivo studies in
relation to the role of C3G in obesity-related complications. Several mechanistic studies demonstrated
that C3G maintains the metabolism of glucose, fatty acids, and lipids by regulating different genes and
signaling pathways. It could be concluded that the consumption of C3G protects healthy individuals
from obesity-related issues by maintaining body weight and regulating their metabolism and energy
balance. This review provides some important signaling pathways/targets of C3G to facilitate the
prevention and treatment of obesity, leading to the development of important food supplements.

Keywords: anthocyanin; cyanidin-3-O-β-glucoside; cyanidin-3-glucoside; obesity; adipogenesis;
adipocyte

1. Introduction

Obesity is one of the most important health problems worldwide with considerable
illness and mortality. According to the WHO, more than 2.8 million deaths occur every year
due to obesity-related consequences. In 2016, approx. 1.9 billion adults were obese [1,2].
If secular trends continue, it is estimated that 38% of the world’s adult population will be
overweight by 2030 and an additional 20% will be obese exclusively in underdeveloped
countries [3]. Genetic mechanisms, endocrine, appetite disorders, and diabetes-associated
diseases are major factors that trigger obesity [4,5]. Obesity is a high-risk factor for de-
veloping numerous chronic diseases, including diabetes, heart disease, liver disease, and
hypertension [6]. Lipid and energetic metabolisms comprise a sequence of biosynthetic
and oxidative reactions required for the energy supply and differentiation of adipocytes. In
these, lipogenesis activates mitochondrial biogenesis, the production of reactive oxygen
species, and inflammatory responses that are highly correlated with obesity [5]. The major
causative factor for obesity is the consumption of more calories accompanied by the ac-
cumulation of excessive fat. Although lifestyle changes and improving physical activity
are the best strategies for preventing obesity, it can be difficult to continue these activities
in the long term [7]. Some treatment strategies that can be followed to prevent obesity
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are thermogenesis of brown adipose tissue, genetics and epigenetics, physical exercise,
and diet, including foods with bioactive components [8]. Therefore, developing a novel
effective approach to prevent obesity-related complications is essential for the scientific
community [6,7].

Anthocyanins are widely found in colored fruits and vegetables. [4]. They are impor-
tant flavonoid compounds in terms of food as well as medicine due to the availability of
numerous structurally different bioactive components [9,10]. Anthocyanin components
offer potential health-promoting functions due to their strong antioxidant effects [9,11].
Anthocyanin components are rich in colored fruits, vegetables, and cereals, including
berries, cherries, grapes, black beans, purple cabbage, purple corn, black rice, etc. In
addition, anthocyanins are generally treated as colorants in beverages, fruit fillings, and
dairy products. Hence, anthocyanins play a significant role in the diet of humans [5,12].
Diets supplemented with anthocyanin-rich berries can significantly affect gastrointestinal
bacterial communities with respect to obligate anaerobes by decreasing the gastrointestinal
luminal oxygen and oxidative stress [13]. In particular, cyanidin and its derivatives can
exhibit a protective effect on DNA cleavage [14]. The administration and consumption of
cyanidin glycosides are effective in reducing reactive oxygen species (ROS)-mediated cell
and tissue damage [15,16].

In recent times, there has been significant attention in the research of anthocyanin
derivatives. Approx. 635 different anthocyanin components have been identified in var-
ious plants. In particular, pelargonidin, cyanidin, delphinidin, peonidin, petunidin, and
malvidin are important aglycones in foods [5]. Among them, cyanidin-3-O-β-glucoside
(C3G) is an important biologically active component (Figure 1). Numerous studies have
confirmed that anthocyanins provide various therapeutic effects, especially C3G, which
significantly increases energy expenditure as well as decreases weight gain [10,17]. Further,
C3G is considered to be the main component in terms of the bioavailability and active form
of cyanidin in human tissues [18]. C3G markedly reduces lipogenesis, oxidative stress, and
inflammation, thereby improving the obesity-mediated dysregulation of metabolism. C3G
has the potential to speed up lipolysis and thermogenesis and to reduce body fat accumu-
lation. A study found that a master regulator of energy metabolism, namely peroxisome
proliferator-activated receptors (PPARs), is activated by C3G [19].
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regarding the role of C3G in obesity-related complications. In this context, the present
review aims to discuss the possible therapeutical properties of C3G for preventing and
treating obesity based on in vitro and in vivo studies. For this purpose, a literature search
was performed in electronic databases using “obesity” as the major term, together with
“C3G”, and mainly comprised articles in English. This review mainly focused on the role of
C3G in obesity with its underlying mechanisms, leading to the development of potent food
supplements for preventing obesity-related health issues.

2. The Occurrence and Color Characteristics of C3G

Anthocyanin content in colored fruits and vegetables varies remarkably, according
to different species. In addition, numerous factors influence the level of anthocyanin
content, such as the cultivar, geographical location, environmental conditions, cultural
practices, harvest time and methods, processing and storage conditions, etc. [20–22]. Berries
are a rich source of anthocyanins, including strawberries, blueberries, blackberries, black
elderberries, bilberries, blackcurrants, chokeberries, redcurrants, and raspberries [22]. In
these, the highest anthocyanin content is found in elderberries (1.4 g) and chokeberries
(1.8 g) per 100 g of product [23,24]. Moreover, purple corn, cherries, plums, pomegranates,
eggplant, wine, grapes, and colored vegetables such as black carrots, red cabbage, and
purple cauliflower contain appreciable amounts of anthocyanin compounds [24,25]. Among
the different anthocyanins, C3G is widely found in colorful berries, blue and red fruits,
and vegetables. In particular, pomegranates, blackberries, bilberries, elderberries, and
mulberries possess a higher bioavailability of C3G. In addition, C3G is commonly found in
black rice, black beans, and purple potatoes [26,27].

The color of the anthocyanin pigments usually ranges from pale yellow to blue, but
are primarily responsible for the red, purple, and blue colors of different plant organs.
In general, C3G is normally found in vegetables and fruits as a red pigment. However,
the pH, light, temperature, and structure play a critical role in the color and stability of
anthocyanins. At an alkaline pH, anthocyanins are blue pigments, whereas they are red at
an acidic pH. However, these pigments are highly unstable and oxidized into dark brown
compounds at alkaline conditions due to degradation [28]. In their structure, the B-ring and
the presence of hydroxyl or methoxyl groups also influence the stability of anthocyanins.
Further, the presence of an oxonium ion adjacent to carbon 2, metal ions, temperature, light,
and oxygen may also influence the stability of the anthocyanin pigments [22,28]. In the
flowers and fruits of some plants, the colors may depend on the combined effect of the
light absorbance of chlorophylls and anthocyanins [29,30].

3. The Chemistry of C3G

Anthocyanins are anthocyanidin glycosides (aglycones). They are formed by a
flavylium cation backbone that is hydroxylated in different positions to produce diverse
anthocyanidins [29]. Cyanidin is one of the extensively distributed pigments in plants. In
these, C3G is the most characterized anthocyanin in edible plants, followed by delphinidin,
pelargonidin, and peonidin glucosides. These aglycones differ according to their B-ring
substitution pattern [28]. C3G is a monomeric anthocyanin and a water-soluble pigment
with a molecular weight of 449.4 g/mol. It is derived from the aglycone cyanidin and is
more hydrophilic than cyanidin. C3G consists of an O-glycosylated anthocyanidin with
two hydroxyls on the third aromatic ring. In acidic conditions, C3G occurs in the flavylium
form. On the other hand, in alkaline conditions, C3G occurs in the carbinol form through
the hydration of the flavylium cation or in the quinoidal form through the loss of a pro-
ton [31]. In plants, C3G is biosynthesized through the flavan-3-ol pathway. Previously,
pharmacokinetics studies in humans demonstrated that >20 kinds of C3G metabolites
have been identified [32]. The main bioactive metabolites of C3G are protocatechuic acid,
phloroglucinaldehyde, vanillic acid, and ferulic acid. Furthermore, the stability of C3G is
improved when it is acylated with lauric acid, owing to its ester group [33,34].
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4. In Vitro Studies on the Role of C3G in Obesity-Related Complications

The excessive consumption of energy-rich foods and an inactive lifestyle are believed
to be the main causes of obesity-related insulin resistance and abnormal glucose metabolism.
Scientific studies confirmed that anthocyanins may lower the metabolic risks linked with
obesity due to their potent antioxidant and anti-inflammatory properties. The dysfunction
of adipocytes is highly correlated with the onset of obesity and insulin resistance. It is
believed that obesity and the improvement of insulin sensitivity can be prevented by
regulating the secretion of adipocytokine and the expression of adipocyte-specific genes.
Table 1 shows the mechanisms of C3G for preventing obesity-related complications under
different in vitro conditions.

Table 1. The effects of cyanidin-3-O-β-glucoside on the obesity-associated mechanisms under in vitro
conditions.

Model Concentration Mechanism(s) Year of
Publication References

Rat adipocytes 100 µM
• Enhanced adiponectin and leptin secretion
• Upregulated adipocyte-specific gene

expressions
2004 [35]

Human preadipocytes 100 µM • Upregulated adiponectin and
downregulated PAI-1 and IL-6

2006 [36]

3T3-L1 adipocytes and
RAW 264.7 cells 10, 50, and 100 µM • Inhibited the release of MCP-1 and MRP-2 2007 [37]

H2O2- and
TNF-α-induced insulin
resistance in 3T3-L1
adipocytes

10, 20, and 40 µM • Inhibited the JNK signal pathway 2008 [38]

Primary brown
preadipocytes 100 µM • Decreased the insulin-induced ROS

production
2010 [39]

3T3-L1 adipocytes 20 and 100 µM • Upregulated the GLUT4 gene expression 2011 [40]

Skeletal muscle cells
and adipocytes from
female KK-Ay mice

10, 50, and 100
µmol/L

• Activated LPL in plasma and skeletal
muscle

• Inhibited LPL in adipose tissue by
activating pAMPK

2011 [41]

Human omental
adipocytes and
3T3-L1 cells.

Human omental
adipocytes—50 and
100 µmol/L; 3T3-L1
cells—10 and
100 µmol/L

• Increased the adipocyte glucose uptake and
GLUT4 translocation

• Increased nuclear PPARγ, adiponectin, and
the GLUT4 expressions

2011 [42]

Preadipocytes from
human adipose
explant tissue

50 µM • Inhibited the expression of ChREBP 2012 [43]

Human HepG2 cells 100 µM

• Increased cellular AMPK activity.
• Induced AMPK downstream target ACC

phosphorylation and inactivation
• Decreased malonyl CoA contents

2012 [44]

3T3-L1 adipocytes 50 µM

• Increased the activity of AMPK and
decreased the activity of GFAT

• Decreased the expression of adipose
triglyceride lipase by attenuating the
O-glycosylation of the transcription
factor FoxO1

2012 [45]
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Table 1. Cont.

Model Concentration Mechanism(s) Year of
Publication References

Preadipocyte
3T3-L1 cells

Black soybean
anthocyanins; 12.5
and 50 µg/mL

• Inhibited the proliferation of preconfluent
preadipocytes and maturing postconfluent
adipocytes

• Reduced the number of viable cells
• Increased epinephrine-induced lipolysis
• Reduced lipid accumulation and suppressed

the expression of PPARγ

2012 [46]

3T3 adipocytes 12.5, 25, and 50 µM • Induced the adiponectin expression and
secretion by Foxo1

2014 [47]

3T3-L1 fibroblasts 5 or 20 µM
• Decreased fat accumulation in 3T3-L1

adipocytes by increasing CPT-1
• Decreased FAS and the SREBP-1c expression

2015 [48]

3T3-L1 adipocytes 20 and 100 µM

• Increased the PPARγ and C/EBPα gene
expressions

• Increased adiponectin secretion, decreased
TNF-α secretion, activated insulin signaling,
and increased the glucose uptake

• Increased the expression of the PGC-1α,
SIRT1, and UCP-3 genes

2015 [49]

Primary human
preadipocytes 100 µM • Decreased the TNFα secretion and increased

insulin-stimulated lipogenesis
2016 [50]

3T3-L1 adipocytes 10 and 50 µM • Activated the PI3K/Akt pathways 2017 [51]

3T3-L1 adipocytes 50 µM

• Prevented adipocyte differentiation, lipid
accumulation, and reduced PPAR-γ activity

• Activated insulin signaling and enhanced
GLUT4 translocation

2017 [52]

3T3-L1 adipocytes 50 and 100 µM

• Increased cAMP levels and the expression of
the mitochondrial genes (TFAM, SOD2,
UCP-1 and UCP-2), UCP-1 protein, and
beige adipocyte markers (CITED1
and TBX1)

2017 [53]

Brown adipose tissue
C3H10T1/2 clone
8 cells induced by
palmitate

Isolated from
mulberry;
100 and 200 µg/mL

• Inhibited the release of adipokines
• Reduced lipid accumulation

2018 [54]

Palmitic acid-induced
3T3-L1 adipocytes

Anthocyanin-rich
extract; 10 and
20 µg/mL

• Inhibited the activation of the NF-κB
pathway

• Regulated the PI3K/Akt, GLUT-1, and
adiponectin mRNA levels

2019 [55]

Macrophage–
adipocyte interaction,
using mono- and
co-culture

1.0 mg/mL of the
anthocyanin-rich
extracts of purple and
red maize or 50 µM
of pure anthocyanins

• Reduced the production of
pro-inflammatory cytokines

• Inhibited the activation of NF-κB and JNK
2019 [2]

Pancreatic lipase and
cholesterol esterase
Caco-2 cells

12.5–100µM

• Inhibited pancreatic lipase and pancreatic
cholesterol esterase activity

• Inhibited the formation of cholesterol
micelles

• Reduced cholesterol uptake
• Suppressed the mRNA expression of

NPC1L1

2019 [56]



Plants 2023, 12, 3889 6 of 19

Table 1. Cont.

Model Concentration Mechanism(s) Year of
Publication References

Pancreatic lipase
activity 50 to 350 µM • Cyanidin—IC50 at 28.29 µM

• C3G—IC50 at 188.28 µM
2019 [57]

Human adipose tissue 25 µM

• Inhibited adipogenesis and downregulated
adiponectin genes

• Induced a higher accumulation of calcium
deposits

• Upregulated the osteocyte-specific gene
BMP-2, Runx-2 expression, and BMP-2
secretion

2019 [58]

RAW 264.7
macrophages and
3T3-L1 adipocytes

Anthocyanin-rich
water extracts
(PMWs) from purple
maize; 1 mg/mL

• Downregulated the production of
pro-inflammatory mediators and improved
insulin sensitivity

2019 [59]

3T3-L1 hypertrophic
adipocytes exposed to
palmitic acid

5–10 µM

• Reduced lipid accumulation and the PPARγ
and NF-κB pathways

• Improved the adiponectin mRNA levels
• Ameliorated adipose tissue dysfunction

2020 [60]

Palmitic acid-induced
proximal tubular cells 2, 10, and 20 µM • Inhibited the activation of NF-kB and the

expression of inflammatory cytokine
2020 [61]

HepG2 cells and
C2C12 myotubes 10 and 50 µM

• Increased glucose uptake
• Induced the rate of hepatic fatty acid

oxidation
• Activated PPARs with the highest affinity

for PPARα

2020 [19]

C3H/10T1/2 brown
adipose cells 10–40 µM • Regulated the UCP1 protein 2021 [62]

Human SGBS
adipocytes and murine
3T3-L1 cells.

1–20 µM • Reduced mRNA levels and prevented
lipotoxicity in dysfunctional adipocytes 2021 [63]

Human amniotic
epithelial cells (hAECs) 20 µM

• In differentially expressed genes, 109 genes
were upregulated and 232 were
downregulated.

2021 [64]

3T3-L1 preadipocytes 50–200 µM
• Reduced the formation of insulin fibrils
• Attenuated insulin fibril-induced

cytotoxicity
2022 [65]

3T3-L1 preadipocytes 30–100 µM
• Downregulated PPARγ, C/EBPα,

adiponectin, and aP2
• Inhibited adipocyte formation

2023 [66]

Pancreatic lipase
inhibitory assay 0.05 to 0.35 mg/mL • C3G inhibited pancreatic lipase at

IC50—0.268 mg/mL
2023 [67]

3T3-L1 preadipocytes 5 and 10 µM
• Reduced the C/EBPβ, PPARγ, FAS

expressions, and activated the AMPK
pathway in the early phase of adipogenesis

2023 [68]

An excessive amount of circulating free fatty acids has been proven to be potentially
associated with obesity, insulin resistance, and diabetes. In this context, lipolysis inhibition
is the main target for reducing free fatty acids and improving insulin sensitivity. A study
reported that C3G effectively suppressed the release of free fatty acids and glycerol from
3T3-L1 adipocytes during hyperglycemia. C3G treatment downregulated the hexosamine
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biosynthetic pathway by increasing the AMP-activated protein kinase activity, decreasing
the glutamine:fructose 6-phosphate aminotransferase activity (GFAT), and reducing the
production of cellular UDP-N-acetylglucosamine. Furthermore, C3G downregulated the
adipose triglyceride lipase expression by attenuating the forkhead box O1 (FoxO1) tran-
scription factor [45]. C3G efficiently improved insulin resistance in 3T3-L1 adipocytes by
upregulating the expression of the glucose transporter type 4 (GLUT4) gene [40].

C3G markedly inhibited basal adipocyte lipolysis in differentiated human fat cells. A
mixture of docosahexaenoic acid and C3G reduced the tumor necrosis factor-α (TNF-α) se-
cretion and enhanced insulin-induced lipogenesis [50]. Matsukawa et al. [49] demonstrated
that C3G treatment differentiated the 3T3-Ll cells into smaller adipocytes by upregulat-
ing the gene expressions of PPARγ and C/EBPα, increasing the adiponectin secretion,
decreasing the TNF-α secretion, activating insulin signaling, and increasing the glucose
uptake. Further, C3G effectively upregulated the expression of PGC-1α, sirtuin-1 (SIRT1),
and the uncoupling protein (UCP)-3 genes in C2C12 myotubes. Jia et al. [19] found that
C3G effectively enhanced the uptake of glucose in HepG2 cells as well as C2C12 myotubes.
Further, C3G stimulated the hepatic fatty acid oxidation rate. The results revealed that
C3G upregulated the main regulators of energy metabolism, i.e., PPARs. In rat adipocytes,
C3G increased the secretion of adipocytokines, such as adiponectin and leptin. Further, the
adipocyte-specific gene expression was upregulated by C3G treatment without PPARγ acti-
vation [35]. In human adipocytes, C3G or cyanidin treatment significantly upregulated the
gene expression of adiponectin as well as downregulated plasminogen activator inhibitor-1
and IL-6. C3G or cyanidin treatment also activated the lipid metabolism-associated genes,
such as uncoupling protein2, acyl-CoA oxidase1, and perilipin [36].

One of the promising approaches for treating obesity is to convert white adipocytes
into brown-like adipocytes. In 3T3-L1 adipocytes, C3G stimulated phenotypic modifi-
cations into white adipocytes, such as higher levels of multilocular lipid droplets and
mitochondrial content. In addition, C3G treatment increased the expression of the mito-
chondrial genes in 3T3-L1. Moreover, C3G improved the differentiation of preadipocytes
by activating the CCAAT/enhancer-binding protein β (C/EBPβ) via increasing the level of
intracellular cyclic adenosine 3′5′-monophosphate (cAMP) [53]. Recently, Han et al. [62]
found that Prdm16 bound to the promoter region (−500 to −150 bp) of UCP1 to stimulate
its transcription with the presence of C3G in C3H10T12 brown adipose cells, thereby facili-
tating brown adipose tissue programming. In differentiated palmitate-induced C3H10T1/2
clone8 cells, C3G suppressed the release of adipokines, such as extracellular nicotinamide
phosphoribosyltransferase and fibroblast growth factor 21 [54].

A study indicated that C3G treatment significantly regulated protein kinase B (Akt)
phosphorylation, the sensitivity of adipocytes to palmitic acid, GLUT-1 and GLUT-4 glu-
cose transporters, and hexokinase-II in palmitic acid-induced human SGBS adipocytes. In
addition, the cells pretreated with C3G exhibited a significant reduction in the mRNA levels
of pro-inflammatory cytokines (TNF-α, interleukin (IL)-6, IL-8, and monocyte chemoat-
tractant protein-1 (MCP-1)) in palmitic acid-induced human SGBS adipocytes [63]. C3G
markedly reduced the accumulation of lipids, PPARγ, and the nuclear factor kappa B
(NF-κB) pathways in palmitic acid-induced 3T3-L1 adipocytes, and enhanced insulin sensi-
tivity via the restoration of the insulin receptor substrate 1 (IRS-1)/phosphatidylinositol
3-kinase (PI3K)/Akt pathway. Moreover, C3G improved the mRNA levels of adiponectin
in palmitic acid-induced 3T3-L1 and SGBS human adipocytes [60]. C3G treatment effi-
ciently triggered the expression and secretion of adiponectin in 3T3 adipocytes through the
transcription factor forkhead box O1 (FoxO1). The authors found that C3G upregulated
FoxO1 by enhancing its deacetylation through silent mating type information regulation 2
homolog 1 [47].

In 3T3-L1 adipocytes, a study found that C3G treatment effectively reverted the insulin
resistance induced by H2O2- or TNF-α via the downregulation of the c-Jun N-terminal
kinases (JNK) signaling pathway [38]. C3G and its metabolite protocatechuic acid im-
proved the uptake of adipocyte glucose and GLUT4 membrane translocation in human
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omental adipocytes and 3T3-L1 cells. Further, these components markedly increased the
nuclear PPARγ activity and the expression of GLUT4 [42]. In macrophage-conditioned
media-treated adipocytes, C3G and pelargonidin-3-O-glucoside suppressed the activation
of the NF-κB and JNK pathways by regulating the phosphorylation of IκBα and JNK, re-
spectively [2]. In 3T3-L1 adipocytes, anthocyanins extracted from colored corn blocked the
adipocyte differentiation and the accumulation of lipids, and attenuated the transcription of
PPAR-γ. In 3T3-L1 cells, black soybean anthocyanins decreased the accumulation of lipids
and inhibited the expression of PPARγ [46]. Further, anthocyanins improved inflammation
induced by TNF-α and insulin resistance in adipocytes by activating insulin signaling and
enhanced translocation of GLUT4 [52].

Further, AMPK plays a key role in preventing hepatic lipid metabolism by regulating
the downstream acetyl CoA carboxylase and carnitine palmitoyl transferase 1 pathways. A
study indicated that C3G regulated hepatic lipid homeostasis through an AMPK-dependent
signaling pathway [44]. In 3T3-L1 preadipocytes, cyanidin treatment suppressed adipoge-
nesis via the downregulation of gene expressions, such as PPARγ, C/EBPα, adiponectin,
and aP2. In addition, intracellular Ca2+ was increased in the cyanidin-stimulated cells [66].
Cyanidin-3-rutinoside (C3R) significantly upregulated the uptake of glucose and the expres-
sion of plasma membrane glucose transporter type 4 (GLUT4) by triggering the PI3K/Akt
pathways [51]. In mesenteric adipose tissue-cultured medium-induced RAW 264.7 cells,
cyanidin and C3G markedly inhibited the migration and production of inflammatory
chemokines, such as MCP-1 and MRP-2 [37]. Zhang et al. [59] investigated the effect
of anthocyanin-rich water extracts obtained from 20 different purple corn genotypes on
RAW 264.7 macrophages and 3T3-L1 adipocytes. These extracts efficiently decreased the
production of the pro-inflammatory mediators, regulated the diabetes-associated key en-
zymes, and improved insulin sensitivity. In the early phase of adipogenesis, C3G exposure
markedly suppressed the expression of (C/EBPβ), PPAR
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Saulite et al. [58] investigated the effect of malvidin, cyanidin, and delphinidin against
adipose tissue-derived human mesenchymal stem cells. The results revealed that delphini-
din suppressed adipogenesis and decreased fatty acid-binding protein 4 (FABP4) and the
adiponectin genes. Malvidin stimulated a higher level of calcium accumulation in the cells.
Further, the osteocyte-specific gene BMP-2 and Runx-2 expression were upregulated in
addition to the stimulation of BMP-2 secretion by malvidin. According to suitable stimuli,
adipocytes can be proliferated and differentiated. The important transcription factor re-
sponsible for lipogenesis is the carbohydrate response element-binding protein (ChREBP)
chiefly found in lipogenic organs. Pompei et al. [43] found that cyanidin diminished the
differentiation by 20% as well as the ChREBP expression in preadipocytes. The authors
suggested that cyanidin exhibited an inhibitory activity on adipogenesis by interfering with
the extracellular matrix [43]. Takahashi et al. [64] reported that C3G showed significant
induction in adipocyte differentiation in human amniotic epithelial cells.

Pancreatic lipase is one of the most essential digestive enzymes for metabolism as well
as for the absorption of triglycerides to monoglycerides and free fatty acids. In the body,
the level of total cholesterol is decreased when inhibiting the lipase enzyme activity [69]. In
this context, different authors investigated the inhibitory potential of C3G against lipase
enzymes. Their studies showed that C3G markedly inhibited the pancreatic lipase activity
with IC50 values of 188.28 µM [57] and 0.268 mg/mL [67]. A recent study demonstrated
that the development of insulin fibrils was attenuated by anthocyanins, such as cyanidin,
C3G, C3R, malvidin, and malvidin-3-glucoside [65]. In another study, the results exhibited
that C3R effectively inhibited pancreatic lipase (IC50 at 59.4µM). Further, C3R showed a
considerable reduction in the cholesterol uptake in free cholesterol as well as mixed micelles
in addition to the suppression of the NPC1L1 expression in Caco-2 cells [56]. Chen et al. [70]
found that C3G from Aronia melanocarpa exhibited the strongest inhibitory activity against
α-amylase and lipase. However, cyanidin 3-galactoside, cyanidin-3-arabinoside, and
cyanidin 3-xyloside did not show any effect on the α-amylase and lipase enzymes. Further,
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Xie et al. [71] suggested that the structures of the B-ring and glycosyl group were mainly
associated with the inhibitory potentials of monomeric anthocyanins.

5. In Vivo Studies on the Role of C3G in Obesity-Related Complications

Similar to the in vitro studies, numerous in vivo studies have been carried out to
determine the effect of C3G on obesity-associated mechanisms (Table 2). The C3G-rich
purple corn color effectively reduced body weight gain as well as the weights of white
and brown adipose tissue in high-fat (HF) diet-induced mice. Further, the purple corn
color downregulated the mRNA levels of the enzymes responsible for the synthesis of
fatty acid triacylglycerol and reduced the mRNA level of sterol regulatory element-binding
protein-1 in white adipose tissue [72]. In another study, the dietary intake of anthocyanin
upregulated the adiponectin expression in white adipose tissue and suggested that the
activation of AMPK was a possible mechanism for these changes [35].

Table 2. The effect of cyanidin-3-O-β-glucoside on the obesity-associated mechanisms under in vivo
conditions.

Model Dose Mechanism(s) Year of
Publication References

HFD-induced
C57BL/6J mice

Purple corn extract;
2 g/kg diet

• Suppressed the mRNA levels of the
enzymes involved in fatty acid and
triacylglycerol synthesis

• Lowered the SREBP-1 level in white
adipose tissue

2003 [72]

HFD-induced C57/Bl6
mice 90 mg/kg/day • Reduced body weight gain and fat

accumulation
2010 [39]

HFD-induced
C57BLK/6J mice

C3G-rich grape pomace
extract; 250 mg/kg b.w.
per day

• Lowered plasma C-reactive protein
levels

2010 [73]

KK-Ay mice 10, 50, and 100 µmol/L;
1 g/kg

• Reduced obesity, the accumulation of fat,
and the plasma triglyceride levels

2011 [41]

HFD-induced C57BL/6
mice

3G-rich black soybean
seed coat extract for
14 weeks

• Suppressed fat accumulation, reduced
the plasma glucose level, and enhanced
insulin sensitivity

• Upregulated UCP-1 in brown adipose
tissue and UCP-2 in white adipose tissue

• Downregulated inflammatory cytokines,
TNF-α, and MCP-1 in white adipose tissue

2011 [74]

Sprague-Dawley
rats—ovariectomized
(OVX)

5% and 10% (w/w)
black berries

• Decreased hepatic NF-κB, and the
cyclooxygenase-2 expression levels

2012 [75]

HFD-fed C57BL/6J
mice and db/db and
db/+ mice

0.2%

• Reduced the white adipose tissue
mRNA levels and inflammatory
cytokines

• Decreased the c-JNK activation and
promoted the phosphorylation of FoxO1

2012 [76]

HFD-fed C57BL/6 mice 40 and 200 mg/kg food
for 12 weeks

• Inhibited body weight gain, reduced
insulin resistance, lowered the size of
adipocytes, and reduced lipid
accumulation and leptin secretion

2013 [77]
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Table 2. Cont.

Model Dose Mechanism(s) Year of
Publication References

HFD-induced rats 100 mg/kg

• Decreased body weight, visceral
adiposity, the average feed efficiency
ratio, triglyceride, total cholesterol, low
density lipoprotein cholesterol, fasting
glucose, and the insulin resistance index

• Normalized the serum adiponectin and
high-density lipoprotein cholesterol
levels

2014 [78]

db/db mice 2 g/kg diet • Restored endothelium-dependent
relaxation of the aorta

2014 [47]

Estrogen-deficient
animals with
diet-induced obesity in
OVX rats

Black carrot extract; 2%
for 12 weeks

• Reduced fat mass and weight gain
• Normalized HOMA-IR
• Prevented the increase in the serum total

and LDL cholesterol and triglycerides
• Upregulated the gene expressions of

CPT-1 and PPAR-α and downregulated
the expressions of FAS and SREBP-1c

2015 [48]

HFD-induced
C57BL/6J mice

Cyanidin-based
anthocyanin-rich
blackcurrant extract;
1% for 8 weeks

• Reduced body weight gain and
improved glucose metabolism

2015 [79]

HFD-induced
C57BL/6J mice

Anthocyanin-rich black
elderberry extract;
20–40 mg and
100–200 mg/kg b.w.
for 16 weeks

• Reduced liver weights, serum
triglycerides, and MCP-1

• Decreased serum insulin and TNFα
• Attenuated the mRNA level of

FAS,PARγ2, and liver cholesterol

2015 [80]

Diabetes model in
KK-Ay mice

C3G-rich aronia juice;
free intake

• Reduced body weights and blood
glucose levels

• Reduced weights of white adipose
tissues

2016 [81]

HFD-induced mice
Purple corn
anthocyanin;
200 mg/kg

• Increased the fecal butyric acid levels,
elevated hepatic SOD and GPx activities,
and decreased lipid peroxidation

• Downregulated the expression levels of
TNFα, IL-6, iNOS, and NF-κB

2017 [82]

db/db mice 1 mg/mL for 16 weeks

• Increased energy expenditure, limited
weight gain, maintained glucose
homeostasis, reversed hepatic steatosis,
improved cold tolerance, and enhanced
BAT activity

• Regulated the transcription of UCP1

2017 [17]

C57BL/6 J mice fed
with a high-fat
high-cholesterol diet

200 mg/kg

• Regulated the activation of brown
adipose tissue and the expression of
adipokines

• Alleviated diet-induced fatty liver

2018 [54]

HFD-induced obese
mice

Haskap Berry; 0.192%
C3G-rich extract

• Decreased body weight gain
• Decreased glucose excursion and

exhibited lower glycemia
2018 [83]
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Table 2. Cont.

Model Dose Mechanism(s) Year of
Publication References

Human primary
myotubes derived from
obese and obese T2DM
participants

10 and 100 µM

• Enhanced glucose uptake
• Downregulated the expression of

AGTR-1, and upregulated the
expression of IRS-1 and GLUT4

2018 [84]

HFD-fed C57BL/6J
mice

AC-rich blend; 2, 20, or
40 mg/kg body weight

• Mitigated obesity, dyslipidemia, and
insulin resistance

• Attenuated increased liver lipid
deposition and inflammation

• Suppressed oxidative stress, NF-κB and
JNK activation, and PTP1B
overexpression

2018 [85]

HF and high-fructose
diet-induced mice 1 mg/mL

• Enhanced energy expenditure and
thermogenic capacity

• Increased the expression of UCP1 and
other thermogenic genes

2018 [86]

Diet-induced mouse
model 0.02 g/kg BW/ day

• Reduced systolic and diastolic blood
pressure

• Reduced the percentage of body fat and
improved glucose tolerance

2019 [87]

HFD-induced
C57BL/6N mice

Aronia melanocarpa
extract (70% ethanol
extract); 50, 100, and
200 mg/kg body
weight/day

• Reduced the serum levels of leptin,
insulin, triglyceride, total cholesterol,
and LDL cholesterol

• Decreased the
CCAAT/enhancer-binding protein,
PPAR, sterol regulatory element-binding
protein-1c, PPARγ coactivator-1,
acetyl-CoA carboxylase 1, ATP-citrate
lyase, fatty acid synthase, and adipocyte
protein mRNA expressions

2019 [88]

C57BL/6 J mice
50 mg/day/body
weight
for 8 weeks

• Reduced plasma and hepatic
triglycerides, glucose tolerance, and
adiposity

2020 [19]

HFD-induced
C57BL/6J mice

Lingonberry (5% w/w)
and its anthocyanin;
C3G for 12 weeks

• Enhanced the plasma lipid and glucose
profiles and reduced the plasma
inflammatory cytokine levels

2020 [61]

HF and high-fructose
diet-induced db/db
mice

1 mg/mL • Increased the expression of the UCP1
gene of BAT 2021 [62]

HFD-induced mice
Purple corn
anthocyanin;
400 mg/kg

• Downregulated the expression of
PPARγ, C/EBPα, and SREBP-1c

• Upregulated the expression of PPARα,
PGC1α, PRDM16, and FGF21

• Promoted the hepatic AMPK activity

2021 [4]

High-fat high-sucrose
diet-indued mice

45.2 mg/kg for
10 weeks

• Attenuated liver steatosis, insulin
resistance, and chronic inflammation

2021 [89]
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Table 2. Cont.

Model Dose Mechanism(s) Year of
Publication References

HFD Sprague-Dawley
rats

Isolated from Aronia
melanocarpa, Haicheng,
China;
100 and 200 mg/kg
bw/day) for 8 weeks.

• Inhibited body weight gain and reduced
serum lipids and fat accumulation

• Decreased the levels of TNF-α, IL-6, and
IL-1β in serum

• Alleviated obesity by promoting the
phosphorylation of AMPK

• Promoted the phosphorylation of STAT3
and suppressed NF-κB p65

2021 [90]

HF-high-carbohydrate
diet-induced obesity
model

0.02 g/kg BW/d
• Downregulated AGTR-1 and

upregulated the GLUT4 mRNA
expression

2022 [91]

High-fat meal in
healthy humans

Cyanidin- and
delphinidin-rich extract
(1 g consisted of 150 mg
bilberry extract, 230 mg
black currant extract,
and 620 mg black rice
extract)

• Mitigated endotoxemia and reduced
increases in plasma LPS and the
LPS-binding protein

• Attenuated plasma glucose and
triglyceride increases, TNFα and NOX4
upregulation, and JNK1/2 activation

2022 [92]

HFD-fed C57BL/6 mice Casein/C3G
nanoparticles

• Ameliorated fat accumulation and liver
oxidative stress

2023 [93]

It is well known that brown adipose tissue burns energy to generate heat. The previous
studies found that C3G can improve the thermogenic ability of brown adipose tissue. Han
et al. [62] evaluated the effect of C3G on the UCP1 gene expression in db/db mice induced
with a HF, high-fructose diet and found that Prdm16 is directly bound to the promoter
region of UCP1. In another study, C3G efficiently regulated the transcription of UCP1
in brown adipose tissue as well as in subcutaneous white adipose tissue by enhancing
mitochondrial number and function [17]. In the diet-induced obesity mice model, the
purple corn cob extract treatment upregulated the M2 markers (ArgI, Fizz1, and TGFβ)
and downregulated the inflammatory mediators (TNF-α, IL-6, IL-1β, and COX-2) by
suppressing NF-kB signaling [94]. Jia et al. [19] reported that the dietary supplementation
of C3G upregulated the PPARs in the HF-diet-induced mice. In the KK-Ay mice, C3G
significantly enhanced obesity and triglyceride metabolism by partly activating lipoprotein
lipase in the plasma and skeletal muscle. The inhibition of lipoprotein lipase (LPL) in
adipose tissue following the activation of pAMPK might have been attributed to the
inhibition of lipoprotein lipase [41]. Guo et al. [76] reported that C3G regulated the signaling
pathway, c-Jun N-terminal kinase/foxO1, and its associated inflammatory adipocytokines.
Ren-Qiang et al. [78] also reported that C3G diminished obesity-related dyslipidemia and
insulin resistance in HF-diet-induced rats by enhancing the level of serum adiponectin.
Biswas et al. [83] reported that C3G supplementation in the diet reduced weight gain, and
improved food intake and metabolism during obesity.

The combination of peptides and C3G markedly improved the glucose uptake with or
without insulin. In addition, this combination suppressed the expression of the angiotensin
II receptor, type 1 (AGTR-1), and activated the insulin receptor substrate 1 and GLUT4
expressions [84]. In diet-induced obese mice, the mixture of C3G and peptides efficiently
decreased systolic as well as diastolic blood pressure. Further, this combination significantly
reduced body fat levels and enhanced glucose tolerance [87]. In diet-induced obese mice,
the combination of C3G and peptides regulated the expression of the genes associated with
glucose metabolism [91]. The administration of anthocyanins from purple corn remarkably
reduced body weight gain, fat mass, total cholesterol, and triglyceride levels in the HF-
diet-induced mice. The data demonstrated that the anthocyanin extract suppressed the
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expression of PPARγ, C/EBPα, and SREBP-1c, subsequently activating the expression of
PPARα, PGC1α, PRDM16, and FGF21 [4].

Titta et al. [39] demonstrated that the anthocyanin-rich extract from Moro oranges
marginally affected the accumulation of fats in C57/Bl6 mice induced with a HF diet.
Anthocyanin black carrots fermented with Aspergillus oryzae inhibited lipid and glucose
metabolism via the activation of hepatic insulin signaling and the AMPK pathways in
OVX rats [48]. A study demonstrated that anthocyanins from black rice, black soybeans,
and purple corn alleviated oxidative stress and inflammation-related obesity in HF-diet-
induced mice by suppressing the expression of TNFα, IL-6, inducible nitric oxide synthase
(iNOS), and NF-κB, and increasing the hepatic superoxide dismutase (SOD) and glutathione
peroxidase (GPx) activities [82]. Blackberries containing 87% of the C3G diet downregulated
the expression levels of hepatic NF-κB and cyclooxygenase-2 in ovariectomized rats [75].
A C3G-enriched Aronia melanocarpa extract inhibited adipogenesis by downregulating the
expressions of the CCAAT/enhancer-binding protein, PPAR, sterol regulatory element-
binding protein-1c, PPARγ coactivator-1, acetyl-CoA carboxylase 1, ATP-citrate lyase, fatty
acid synthase, and adipocyte protein 2 [88]. The anthocyanin-rich extract from aronia fruit
reduced the accumulation of visceral fat and hyperglycemia via the inhibition of pancreatic
lipase activity and the adsorption of intestinal lipids [95]. In HF-diet-induced rats, C3G
isolated from Aronia melanocarpa treatment expressively decreased the levels of TNF-α, IL-6,
and IL-1β in the serum. Further, C3G improved HFD-induced obesity by activating AMPK
and suppressed HFD-induced inflammation by activating the phosphorylation of STAT3
and suppressing NF-κB p65 in the nucleus [90].

Anthocyanins, such as C3G, C3R, and pelargonidin-3-glucoside, isolated from Chinese
mulberry significantly inhibited body weight gain, reduced insulin resistance, lowered
the size of adipocytes, and attenuated the accumulation of lipids and the secretion of
leptin [77]. The supplementation of cyanidin and delphinidin effectively controlled over-
weight, obesity, and type 2 diabetes by modulating the activity of inflammatory mediators,
oxidative stress, and NF-κB/JNK activation [85]. Esposito et al. [79] suggested that the gut
microbiome and the kind of anthocyanin aglycone moiety could influence the preventive
role of anthocyanins in obesity and their associated insulin resistance. The supplementation
of cyanidin- and delphinidin-rich extracts also exhibited beneficial effects on unhealthy
diets [92]. The administration of C3G from Saskatoon berries diminished liver steatosis,
insulin resistance, and chronic inflammation in HF and high-sucrose-induced mice [89].

The improvement in the thermogenesis of brown adipose tissue is an efficient strategy
for alleviating obesity. A study exhibited that C3G improved the energy expenditure and
thermogenesis of brown adipose tissue in mice induced with HF diet obesity. Additionally,
C3G upregulated the UCP1 expression as well as other thermogenic genes in inguinal
white adipose tissue and brown adipose tissue [86]. In db/db mice, C3G treatment restored
the endothelium-dependent relaxation of the aorta [47]. C3G controlled the adipokine
expression in brown adipose tissue in high-fat-cholesterol diet-induced mice [54]. A re-
cent study demonstrated that treatment with casein/C3G nanoparticles ameliorated the
HFD-induced accumulation of fats and liver oxidative stress in C57BL/6 mice [93]. In a
recent study, Meleleo et al. [96] demonstrated that anthocyanins, such as cyanidin, C3G
quercetin, and quercetin-O-glucoside, interacted with planar lipid membranes and formed
conductive units.

6. Conclusions and Future Perspectives

C3G is an important anthocyanin compound and is widely found in various fruits and
vegetables. Previous studies established that C3G supplementation offers numerous health
benefits to the consumer. In this review, we discussed the effect of C3G treatment on obesity-
associated mechanisms under different in vitro and in vivo models. The mechanisms
preventing obesity highly depend on their capacity to control the consumption of food and
energy metabolism and improve inflammatory response, insulin resistance, and glucose
metabolism. In addition, C3G can effectively inhibit the pancreatic lipase enzyme. A
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variety of pathways and gene expressions play a crucial role in preventing obesity-related
consequences. In particular, AMPK is an important pathway, attributed to the prevention
of hepatic lipid metabolism, and PPARs play a key role in energy metabolism. The IRS-
1/PI3K/Akt pathway and GLUT4 gene expression are mainly responsible for insulin
sensitivity and the NF-κB signaling pathway is for inflammatory response. The published
papers clearly showed that C3G could be a potential agent for facilitating the prevention
and treatment of obesity-associated complications owing to its multi-targeted activities.
Although C3G can effectively attenuate obesity-associated complications, further clinical
studies leading to the development of C3G-enriched functional foods are required.

Author Contributions: Conceptualization, S.K.; methodology, S.K. and P.D.; writing—original draft
preparation, P.D. and K.S.; writing—review and editing, M.H., K.S. and S.K. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Acknowledgments: This work was supported by the “Quality characteristics of health function and
development of breeding material lines of purple corn (PJ015140)” from the Rural Development
Administration, Korea.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

ACC Acetyl-CoA carboxylase
AGTR-1 Angiotensin II Receptor Type 1
Akt Protein Kinase B
AMPK Adenosine monophosphate-activated protein kinase
aP2 Adipocyte Protein 2
ATP Adenosine triphosphate
BMP-2 Bone Morphogenetic Protein-2
C/EBPα CCAAT/enhancer-binding protein α

C3G Cyanidin-3-O-β-glucoside
C3R Cyanidin-3-rutinoside
cAMP Cyclic adenosine 3′,5′-monophosphate
ChREBP Carbohydrate response element-binding protein
COX-2 Cyclooxygenase 2
CPT-1 Carnitine palmitoyltransferase I
FABP4 Fatty acid-binding protein 4
FAS Fatty acid synthase
FGF21 Fibroblast growth factor 21 i
FoxO1 Forkhead box protein O1
GFAT Glutamine:fructose-6-phosphate aminotransferase
GLUT4 Glucose transporter type 4
GPx Glutathione peroxidase
H2O2 Hydrogen peroxide
hAECs Human aortic endothelial cells
HFD High-fat diet
IL-1β Interleukin-1 beta
IL-6 Interleukin-6
iNOS Inducible nitric oxide synthase
IRS-1 Insulin receptor substrate 1
IκBα Inhibitor of nuclear factor kappa B
JNK c-Jun N-terminal kinase
LPL Lipoprotein lipase
malonyl CoA Malonyl coenzyme A
MCP-1 Monocyte chemoattractant protein-1
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mRNA Messenger RNA
MRP-2 Macrophage inflammatory protein-related protein-2
NF-κB Nuclear factor kappa B
NPC1L1 Niemann-Pick C1-Like 1
OVX Ovariectomy
PAI-1 Plasminogen activator inhibitor-1
PGC1α Peroxisome proliferator-activated receptor-γ coactivator 1-α
PI3K Phosphoinositide 3-kinase
PPARs Peroxisome proliferator-activated receptors
PPARα Peroxisome proliferator-activated receptor alpha
PPARγ Peroxisome proliferator-activated receptor gammaa
PRDM16 PR/SET Domain 16
PTP1B Protein tyrosine phosphatase 1B
ROS Reactive oxygen species
Runx-2 Runt-related transcription factor 2
SIRT1 Sirtuin1
SOD Superoxide dismutase
SOD2 Superoxide dismutase-2
SREBP-1c Sterol regulatory element-binding protein 1c
STAT3 Signal transducer and activator of transcription 3
TFAM Mitochondrial transcription factor A
TNF-α Tumor necrosis factor alpha
UCP Uncoupling protein
WHO World Health Organization
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Editorial on the Research Topic

Calcium signaling: an early plant defense response against pests
and pathogens

Plants are exposed to biotic stresses caused by interactions with other living organisms.

This leads to adverse effects on their growth, development and productivity. Plants have

evolved sophisticated defense mechanisms to protect themselves, including sensing biotic

cues, signal transduction, reprogramming at transcript, protein as well as metabolite levels

to strengthen their defense status. One important macronutrient for plants is calcium,

which plays a significant role in the early signaling pathways that govern plant-biotic

interactions. Plants produce a calcium signature in response to pest or pathogen attack,

which acts as a signal. In order to activate the defense mechanism, these signals are detected

by calcium sensors and then sent on to downstream signaling components. Our

comprehension of the biochemical and molecular elements of calcium signaling, such as

Calmodulin (CaM), CaM-like proteins (CML), Calcineurin B-like proteins (CBL), Calcium

dependent protein kinases (CDPKs) and their transporters viz Cyclic nucleotide gated

channels (CNGCs), two pore channels (TPCs), Annexins, Glutamate-like receptor

channels, Ca2+/cation exchangers (CCXs), Ca2+-ATPases, Ca2+/H+ exchangers (CAXs),

has advanced recently. Even though a number of cutting-edge studies have been carried

out, little is known about the decoding of the full components of the calcium signaling

pathway and how it interacts with other relevant pathways, such as the Reactive Oxygen

Species (ROS) and Mitogen-Activated Protein Kinase (MAPK) pathways, when a pathogen

and pest interact. Through genome editing and genetic engineering, scientists will be able to

modify the calcium signaling system and its components, which are essential in plant

defense, to create plants that are more resistant to pests and diseases.

In the present Research Topic, Neelam et al. highlighted the critical involvement of

calcium signaling pathways in plant responses to harmful and helpful microorganisms,

illuminating the complex dynamics of these interactions. Defense signaling systems are
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triggered and relayed by modulating calcium signaling, especially by

microbial effectors in pathogenic environments. Since many

different Ca2+ binding and decoding proteins are involved in the

complex process of Ca2+-dependent signaling, it is important to

identify the genes that control the Ca2+ surge, especially when it

comes to agricultural plants. Additionally, authors stress the

importance of calcium signaling in establishing symbiotic

partnerships between plants and beneficial bacteria, particularly

in the development of arbuscular mycorrhizal (AM) and rhizobia

interactions. For nutrient uptake, stress resistance, and general

plant health, this relationship is essential. It has been proposed

that calcium-based fertilizers could be useful instruments to

improve these symbiotic relationships and eventually increase

crop yields.

Similarly, Bhar et al. evaluated the importance of the Calcium

signaling pathway, emphasizing its critical function in the signal

transduction machinery and its significance as a pivotal event in

pathogenic plant biotic interactions. A praiseworthy feature of the

research is how well the authors have explained the notion of

“calcium signature”. The paper focuses on the interactions between

various signaling pathways rather than just explaining the calcium

signaling pathway. This inclusion is essential because it clarifies how

different routes are connected to one another, which eventually

helps to establish an efficient and natural resistance response. The

authors shed important light on the holistic nature of plant defense

mechanisms by expanding on this crosstalk. The work recognizes

the complex relationship between ROS and MAPK with calcium

signaling and addresses this relationship correctly. This study’s

finding highlights the dynamic character of signal transduction

networks and adds to the complexity of plant defense mechanisms.

Furthermore, Hamouzová et al. suggested and reported the role

of Ca2+ signaling in weeds stressed by herbicides. The authors

investigate the potential sensing and molecular communication via

Ca2+ signals in weeds under such stress conditions, and they suggest

that Ca2+signaling may result in transcriptional reprogramming

during herbicide stress. Stress-responsive genes like GSTs and

CYP450s are overexpressed in weeds that are resistant to

herbicides. The authors put forth a theory on the potential for

herbicide resistance to be conferred by a Ca2+-mediated signal

network. The scientists point out how important it is to keep an

eye on Ca2+ signal patterns linked to herbicide stress responses and

speculate that weeds may be affected by Ca2+ signal-regulated

alternative splicing. Herbicide processes and the herbicide stress

signaling network remain poorly understood, despite advances in

our knowledge of Ca2+-mediated signal networks in crops and plants

under a variety of environmental stressors. To clarify the roles of Ca2

+ signaling in weeds under herbicide stress, the authors call for

additional research efforts that include obtaining reference weed

genomes, RNA-seq transcriptome studies, modelling approaches

based on bioinformatics, and gene editing experiments (using

RNAi and/or CRISPR/Cas systems).

Additionally, calcium cyanamide (CaCN2) has been shown by

Xie et al. to have the potential to be a dual-purpose agricultural

agent that serves as a soil cleanser and fertilizer. The capacity of

CaCN2 to reduce Corynespora blight and prevent the establishment

of pathogens in soil derived from plant debris are indications of its

fungicidal activity. Furthermore, one reason for the soil’s efficacy in

suppressing soil-borne pathogens is the conversion of CaCN2 into

hydrogen cyanamide. The fact that CaCN2 lessens pathogens’

prevalence in soil residues rather than totally eliminating them is

one noteworthy finding of this study. With its ability to prevent soil-

borne pathogens as well as soil wastes, CaCN2 may be an important

factor in controlling plant diseases and preserving the health of the

soil. Additionally, it has been found that the combination of CaCN2

and polyethylene film (PE) treatment—specifically, PE—is more

successful in preventing the transfer of disease residues from soil to

the atmosphere. This data implies that a major decrease in

cucumber leaf disease may result from the integration of these

technologies into agricultural operations, particularly in the

growing of protected vegetables.

Plants frequently face both biotic and abiotic stresses at the same

time, and a crucial component of their survival and adaptability is

how they sort and combine these cues. Xu et al. examined the

integration of various stress conditions in signaling responses and

the function of calcium (Ca2+) signals in sensing abiotic

environmental cues while taking into account the various pressures

placed on plants. Abiotic stresses include elements like temperature,

salt, drought, and other environmental variables, whereas biotic

stresses are caused by living things like pathogens and pests. The

report explores new developments that provide insight into the

processes by which plants use Ca2+ signaling to sense and react to

abiotic stressors. Developing solutions to improve crop stress

tolerance requires an understanding of these systems, which is

crucial given the influence of climate change on global agriculture.

This compilation highlights the importance of Ca2+ signaling

during plant-biotic interactions and adds to our understanding of

complex signaling networks. With a deeper comprehension of

Calcium signaling and the elements of the plant defense pathway,

scientists will be able to use genome editing and genetic engineering

to modify the process and increase plant resistance to pests and

diseases. The integration of the detection of various stress situations

and the ensuing signaling reactions that require attention are also

included in this Research Topic. This information may facilitate the

creation of focused methods to control calcium signaling for better

crop protection and strengthened symbiotic connections.
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Abstract

There has been limited success in the usage of exogenous

small interference RNA (siRNA) or small hairpin RNA (shRNA)

to trigger RNA interference (RNAi) in insects. Instead, long

double‐stranded RNAs (dsRNA) are used to induce knock-

down of target genes in insects. Here, we compared

the potency of si/sh RNAs and dsRNA in Colorado potato

beetle (CPB) cells. CPB cells showed highly efficient RNAi

response to dsRNA. However, si/sh RNAs were inefficient in

triggering RNAi in CPB cells. Confocal microscopy observations

of Cy3 labeled‐si/sh RNA cellular uptake revealed reduced

si/sh RNA uptake compared to dsRNA. si/sh RNAs were stable

in the conditioned media of CPB cells. Although in a small

amount, when internalized by CPB cells, the si/sh RNAs were

processed by the Dicer enzyme. Lipid‐mediated transfection

and chimeric dsRNA approaches were used to improve the

delivery of si/sh RNAs. Our results suggest that the uptake of

si/sh RNAs is inefficient in CPB cells, resulting in ineffective

RNAi response. However, with the help of effective delivery

methods, si/sh RNA could be a useful option for developing

target‐specific RNAi‐mediated biopesticides.

K E YWORD S

cellular uptake, RNAi, shRNA, siRNA

Research Highlights

• Colorado potato beetle (CPB) cells do not efficiently

uptake small interference RNA (siRNA) molecules, which
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is the main reason for their lower RNA interference

(RNAi) response.

• Improvement of siRNA delivery into CPB cells increased

RNAi response.

1 | INTRODUCTION

RNA interference (RNAi) is a reverse genetic technique that has been used in functional genomics (Bargmann, 2001),

therapeutics (Setten et al., 2019), and plant protection (De Schutter et al., 2022; Palli, 2014, 2023; Zhu &

Palli, 2020). Double‐stranded RNA (dsRNA) with the sequence complementary to the target gene is delivered to the

cells to trigger RNAi response. Different lengths and structures of dsRNAs could be designed for different purposes.

dsRNA is usually designed at 200–800 p length (Li & Zamore, 2019a). Small interference RNA (siRNA) and small

hairpin RNA (shRNA) are usually designed with the shortest length (19–27 bp) that RNAi machinery can recognize

(Pushparaj et al., 2008). The use of these three different RNAi triggers can vary depending on the target

organisms and the delivery methods. dsRNAs longer than 30 bp activate the immune response in mammals

(Elbashir et al., 2001). This involves induction of the interferon signaling pathway, leading to nonspecific gene

expression inhibition (Wang & Carmichael, 2004). To minimize this immune response, siRNA is normally used

instead of long dsRNA in mammalian systems (Marques & Williams, 2005). Long dsRNAs are routinely used in

insects for functional genomics studies and biopesticide development. Although, dsRNA‐mediated immune

responses have been reported in several insects, including honey bees (Flenniken & Andino, 2013) and silkworms

(Liu et al., 2013). shRNA has been widely used to construct transgenic cell lines or animals in which stably expressed

shRNA enforces stable and heritable gene silencing (Paddison et al., 2002).

In insects, long dsRNAs are used to trigger RNAi. siRNA failed to induce RNAi in the following insects;

Drosophila melanogaster (Saleh et al., 2006), Diabrotica virgifera (Bolognesi et al., 2012; Miyata et al., 2014;

Zhang et al., 2012), and Tribolium castaneum (Miller et al., 2012), and a nematode, Caenorhabditis elegans

(Mcewan et al., 2012; Parrish et al., 2000). Significant knockdown of target genes using siRNAs has been reported in

the following insects; Manduca sexta (Levin et al., 2005), Helicoverpa armigera (Kumar et al., 2009), Plutella xylostella

(He et al., 2012), Acyrthosiphon pisum (Mutti et al., 2006), Bactericerca cockerelli (Wuriyanghan et al., 2011), Bemisia

tabaci (Upadhyay et al., 2011), Apis mellifera (Jarosch & Moritz, 2011), Reticulitermes flavipes (Zhou et al., 2006), and

Aedes aegypti (Abbasi et al., 2020). Other than those reports, the use of siRNA in insects is limited. siRNA often

needs a more complex design and is usually less efficient than dsRNA.

Why is siRNA not as effective as long dsRNA? First, siRNA efficiency is highly variable depending on its target

site. Even within the same gene, knockdown efficiency can vary greatly between different sequence sites that

siRNAs target (Reynolds et al., 2004). Since long dsRNAs produce multiple siRNAs targeting different sites of

mRNA, the combined response of siRNAs results in efficient knockdown of the target gene. That is why using

dsRNA is often simpler to knockdown target genes than relying on a single site targeting siRNA. Second, the siRNAs

are not taken up by cells as efficiently as longer dsRNAs (Bolognesi et al., 2012; Miller et al., 2012; Saleh

et al., 2006). Third, since siRNAs have fewer base pairs that can form hydrogen bonds, the strength of a double‐

stranded structure may not be as strong as long dsRNA, where hundreds of nucleotides form complementary

hydrogen bonds (Zhang et al., 2015). The Colorado potato beetle (CPB) cell line exhibits a robust RNAi response to

dsRNA treatment (Yoon et al., 2016, 2018). Using this CPB cell line, we checked the sensitivity of CPB cells to si/sh

RNA treatment. We also addressed reasons siRNA is less effective than dsRNA in CPB cells. Finally, we propose

ways to improve siRNA efficiency in CPB cells.
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2 | MATERIALS AND METHODS

2.1 | Cell line

CPB cell line (BCIRL‐Lepd‐SL1; Long et al., 2002) obtained from the Biological Control of Insects Research

Laboratory (USDA‐ARS) was cultured in EX‐CELL 420 (Sigma‐Aldrich) medium supplemented with 10% fetal bovine

serum (R&D Systems) at 27°C.

2.2 | RNA isolation, cDNA synthesis, and quantitative real‐time polymerase chain
reaction

Total RNA was isolated using TRIzol reagent (Molecular Research Center Inc.). To synthesize cDNA, M‐MLV

Reverse Transcriptase (Invitrogen™) kit was used. One microgram of total RNA, dNTP, random primer, and oligo

primer was mixed in 13 µL. The mixture was incubated at 65°C for 5min. Then, 5× buffer, DTT, and reverse

transcriptase were added to 20 µL. The mixture was incubated at 37°C for 1 h, followed by 70°C for 15min for

enzyme inactivation. Quantitative real‐time polymerase chain reaction (qRT‐PCR) reaction (10 μL final volume)

contained 5 μL of 2× SYBR Mix (Bio‐Rad), 2 μL of fivefold diluted cDNA, 2.6 μL of nuclease‐free water, and 0.2 μL

each of 10 µM forward and reverse gene‐specific primers. An initial incubation of 95°C for 3min, followed by 40

cycles of 95°C for 5 s, and 60°C for 60 s settings were used. A melt curve was generated at the end of the run to

confirm primer specificity. qRT‐PCR reactions were performed in Applied Biosystems Step One Plus™ Real‐Time

PCR System. The relative mRNA levels were calculated using the Delta‐Delta Ct method. Ribosomal protein 4 (RP4)

was used as a housekeeping gene.

2.3 | dsRNA, siRNA, and shRNA synthesis

Total RNA isolated from CPB cells was used to synthesize cDNA. Using cDNA as a template, fragments of the

target gene with 5′ T7 promoter sequence were amplified using PCR. PCR amplifications were conducted in 50 µL

reactions containing 5 µM concentration of each primer (Supporting Information: Table S1), 25 µL of Taq 2× Master

Mix (New England Biolabs), and 5 µL of synthesized cDNA. PCR conditions were 95°C for 3min, followed by 35

cycles of 95°C for 30 s, 57°C for 30 s, and 68°C for 1min, finishing with an extension step at 68°C for 5min. PCR

products were purified using the QIAquick PCR purification kit (QIAGEN). The purified PCR products were used as

templates to synthesize dsRNAs using the Megascript T7 RNA synthesis kit (Life Technologies).

To synthesize siRNA, sense and antisense single‐stranded RNA was synthesized from two different templates.

To generate DNA template for the sense strand, 10 µL of 100 µM Top sense primer (TS), 10 µL of 100 µM Bottom

sense primer (BS), 10 µL of Buffer 3.1 (New England Biolabs), and 70 µL of water were mixed and incubated in 90°C

for 4min and let it slowly cool down in room temperature. DNA template for the antisense strand was prepared

using the same method, usingTop antisense primer and Bottom antisense primer. The Megascript T7 RNA synthesis

kit was used to synthesize single‐stranded RNA using annealed sense and antisense templates. Synthesized single‐

stranded RNAs are complementary to each other and annealed to form dsRNA. siRNA target site was selected using

the BLOCK‐iT™ RNAi Designer website (Thermo Fisher Scientific Inc.).

To synthesize shRNA, the templates were annealed with Top (T) and Bottom (B) oligos using the same method

mentioned above. Megascript T7 RNA synthesis kit was employed to synthesize RNA using the annealed template.

The complementary sequence within synthesized RNA binds to make a hairpin structure with a 9 bp loop

(Supporting Information: Figure S1a). The loop length and sequence were designed based on the information from
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the publications (Mcmanus et al., 2002). Synthesized siRNA and shRNA were checked using 4% agarose gels

(Supporting Information: Figure S1b).

2.4 | Confocal microscopy

To label RNA with Cy3 dye, Cyanine 3‐UTP (enhanced; Enzo Life Sciences Inc.) was used instead of UTP from

Megascript T7 RNA synthesis kit for transcription of RNA. QIAquick PCR purification kit (QIAGEN) was used to

purify the labeled products. One siLuc molecule has 13 uridines in total of 42 nucleotides (31%). One shLuc

molecule has 13 uridines in total of 47 nucleotides (27.7%). One dsLuc molecule has 190 uridines in total of 710

nucleotides (26.8%). The percentage of uridine incorporation into ds/si/sh Luc is similar. Therefore, using an equal

amount (ng) of those RNA molecules should have comparable amount of Cy3 molecules as well. CPB cells were

seeded in eight‐well chamber slides. Cy3 labeled‐dsRNA, siRNA, or shRNA was treated and incubated for 5 h.

Incubated cells were washed with 1× phosphate‐buffered saline three times. Washed cells were fixed with 4%

paraformaldehyde and mounted with DAPI‐containing medium. Leica TCS SP8 DLS instrument was used for

confocal microscopy observations.

Images containing 50–100 cells were used for quantification. The total red intensity of the image was divided

by the total number of cells in the same image to calculate Cy3 intensity per cell. The total red intensity of the image

was measured using ImageJ software. To account for the red background signal, the red intensity from the control

(no Cy3 labeled RNA treated) was subtracted from the red intensity from Cy3 labeled RNA treated cells.

2.5 | Stability assay in conditioned media

CPB cells seeded in six‐well plates containing 2mL medium/well were incubated for 3 days. The medium was

collected and processed by taking supernatant after centrifuging at 5000g for 10min to remove cell debris. One µg

dsLuc, siLuc, or shLuc was incubated with 19 µL of the conditioned medium at 28°C for various lengths.

The products were run on 1% agarose gels for dsLuc and 2% agarose gels for siLuc and shLuc.

2.6 | 32P labeled RNA

32P‐UTP was used in place of UTP in the Megascript T7 RNA synthesis kit to synthesize 32P labeled‐dsRNA, siRNA,

and shRNA. QIAquick PCR purification kit (QIAGEN) was used to purify the labeled products. 0.14 million CPM

(count per million) of 32P‐labeled dsLuc, siLuc, or shLuc was added to CPB cells seeded in six‐well plates. After 48 h

of incubation, the cells were harvested, and RNA was isolated. Three houndred CPM of total RNA was resolved on

8M urea‐16% polyacrylamide gels. The gels were dried and exposed overnight to a phosphorImager screen, and the

screen was scanned in a phosphorImager (Typhoon 9500, GE Healthcare Life Sciences). ImageJ software was used

to process the image.

2.7 | Transfection

FuGENE® HD Transfection Reagent (Promega) was used to help deliver si/sh RNA into CPB cells. In 10 µL of

EX‐CELL 420 media, 0.5 µg of siRNA or shRNA and 0.5 µL of FuGENE were mixed to make the complex. The

complex was vortexed and incubated at room temperature for 15min. Ten µL complex was added to a well of

96‐well plates seeded with CPB cells in 100 µL of medium.
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2.8 | Long dsGFP fused si/sh IAP synthesis

To fuse siIAP sequence into long dsGFP, a modified forward primer with 19 bp siIAP sequence inserted betweenT7

and GFP gene‐specific sequence was designed. The reverse primer was identical to what was used to amplify

normal dsGFP templates. Using these primers, a hybrid template was generated with 19 bp IAP sequence attached

to 5′ of GFP fragment with PCR. The Megascript T7 RNA synthesis kit was used to synthesize long dsGFP fused

siIAP using the amplified template. To fuse shIAP sequence into long dsGFP, a modified forward primer with a

47 bp shIAP sequence inserted between T7 and GFP gene‐specific sequence was designed.

2.9 | Statistics

To compare the means between the two groups (control and treatment), a two‐tailed t test was used. Three

replicates of cells seeded in different wells were processed as individual samples for each treatment. To verify the

normal distribution of the replicates, the Shapiro–Wilk test was performed using a tool from the Statistics Kingdom

website (https://www.statskingdom.com/shapiro-wilk-test-calculator.html). F test with p value of 0.05 was used to

determine equal variance among the treatment. t test and F test were done in Excel Version 2211 (Microsoft).

3 | RESULTS

3.1 | si/sh RNA are inefficient in inducing RNAi in CPB cells

The inhibitor of apoptosis (IAP) gene was used as a target gene to check RNAi efficiency in CPB cells. IAP

knockdown triggers apoptosis in CPB cells (Yoon et al., 2016, 2018). Characteristics of apoptosis phenotype include

cell death with apoptotic body formation. Apoptotic bodies are types of extracellular vesicles that are the remnants

of cells having undergone apoptosis (Battistelli & Falcieri, 2020). When dsIAP (5 ng/µL) was added to the CPB cells,

efficient RNAi response was detected based on the apoptosis phenotype. In contrast, the si/sh IAP‐treated cells

(5 ng/µL) did not show cellular apoptosis (Figure 1a). A higher concentration of si/sh IAP (40 ng/µL) also failed to

affect CPB cells, whereas a lower concentration of dsIAP (0.2 ng/µL) was sufficient to trigger apoptosis (Supporting

Information: Figure S2). It has been reported that RNAi efficiency can vary significantly depending on the siRNA

target site within the gene (Reynolds et al., 2004). To rule out this position effect, we digested 402 bp long dsIAP

with RNase III to produce a heterogeneous mix of siRNAs (18–25 bp). The digested products were run on a gel and

purified to remove long residual dsRNA (Figure 1b). No apoptosis was observed when the digested and purified

heterogeneous mix of siIAPs were added to the CPB cells medium (Figure 1c). These results indicate that si/sh

RNAs are inefficient in inducing RNAi in CPB cells.

3.2 | Uptake of si/sh RNA in CPB cells is not as efficient as dsRNA

Cy3‐labeled RNA molecules can be used to visualize their uptake into the cells using a confocal microscope

(Dhandapani et al., 2019; Gurusamy et al., 2020). We labeled dsRNA, siRNA, and shRNA with Cy3 (Supporting

Information: Figure S3) to compare their cellular uptake efficiency. dsRNA uptake in CPB cells was visualized by the

red signal (Cy3). However, little Cy3 signal was detected in Cy3 labeled‐siRNA or ‐shRNA treated cells (Figure 2a).

Indeed, Cy3 signal intensity per cell was significantly lower in Cy3 labeled‐siRNA and ‐shRNA treated cells

compared to Cy3 labeled‐dsRNA (Figure 2b and Supporting Information: Figure S4). These results suggest that,

unlike dsRNA, si/sh RNAs are not taken up efficiently by CPB cells.
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3.3 | si/sh RNAs are stable in the conditioned media of CPB cells, and si/sh RNAs are
processed by Dicer when entered inside the cell

It is possible that si/sh RNA is not stable in the extracellular conditions, so there were not enough molecules left to

be taken up by the CPB cells. To address this issue, we checked si/sh RNA stability in conditioned media of CPB

F IGURE 1 Insensitivity of Colorado potato beetle (CPB) cells to si/sh RNA mediated RNAi. (a) 5 ng/µL of dsIAP,
siIAP, or shIAP was added to CPB cells. dsGFP was used as a control. Photos were taken 24 h after treatment. Some
of the apoptotic bodies are indicated with black arrows. (b) 402 bp dsIAP was digested with RNase III to make a
heterogenous mix of 18–25 bp siRNAs. Digested products were run on 2% agarose gel, and 18–25 bp gel region
was cut, and the RNA was purified to remove undigested dsRNA. (c) 2 ng/µL of digested and purified siRNA was
added to CPB cells. Photos were taken 24 h after treatment. The scale bar is 50 µm.

F IGURE 2 Inefficient uptake of si/sh RNA into Colorado potato beetle (CPB) cells. (a) Confocal images of
dsRNA uptake. Half ng/µL of Cy3 labeled dsRNA, siRNA, or shRNA (targeting the luciferase gene) was added to
CPB cells. After 5 h incubation, the cells were washed, fixed, and imaged with a confocal microscope. Red dots
indicate internalized Cy3 signal and blue circles indicate DAPI‐labeled nuclei. The fluorescent image merged with
Brightfield is shown at the bottom to confirm that all the Cy3 signals are inside the cells. (b) Quantification of Cy3
signal intensity in cells. Mean ± SE (N = 3) is shown. “*” denotes significant differences between control (dsRNA) and
treatments (siRNA or shRNA) (p < 0.05).
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cells. si/sh RNA was stable for up to 24 h in the conditioned media. This stability was comparable to dsRNA

(Figure 3a). These results confirmed that the reduced uptake of si/sh RNA in CPB cells was indeed caused by the

inability of cells to internalize the molecules.

Even though in a less amount, some si/sh RNA internalization was detected in the confocal analysis (Figure 2b),

we wanted to know what happens to the si/sh RNA internalized into CPB cells. To answer the question, the CPB

cells were treated with 32P labeled si/sh RNA, and the fate of labeled RNA inside the cell was tracked. As

reported previously (Yoon et al., 2018), 32P‐dsRNA treated CPB cells produce 17–21 bp Dicer product.

Interestingly, 32P‐si/sh RNA‐treated CPB cells also showed similar size Dicer products (Figure 3b). These products

are smaller than their original size, represented by 49 and 23 bp bands from naked shRNA and siRNA, respectively,

in urea‐containing denaturing gel. These results suggest that RNAi machinery proteins can process si/sh RNAs once

internalized. The band signal present at the top of the gel in the wells loaded with RNA isolated from si/sh RNA‐

treated CPB cells may be due to nontarget interaction with si/sh RNA and a trace of protein present in

isolated RNA.

3.4 | Improved delivery increases the efficiency of si/sh RNA in CPB cells

Internalization of the si/sh RNA appears to be the major limiting factor that causes inefficient RNAi in CPB cells.

Hence, if we can improve the delivery of si/sh RNA into CPB cells, they may be able to trigger RNAi response.

F IGURE 3 Extracellular stability and intracellular processing of si/sh RNA in Colorado potato beetle (CPB) cells.
(a) si/sh RNA stability in the extracellular environment. dsRNA, siRNA, or shRNA (targeting the luciferase gene) was
incubated with conditioned media from CPB cells for different lengths of time (3, 6, 12, and 24 h). The dsRNA
samples were run on 1% agarose gels and siRNA and shRNA samples were run on 2% agarose gels. (b) Fate of si/sh
RNA in CPB cells. 32P labeled dsRNA, siRNA, or siRNA (targeting the luciferase gene) were added to CPB cells. After
2 days of incubation, total RNA was extracted from the treated cells. 300 CPM of total RNA was resolved on 8M
urea‐16% polyacrylamide gels. The gels were dried and imaged in a phosphorImager.
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When a transfection reagent was used to enhance the delivery of si/sh RNA into CPB cells, the IAP knockdown

phenotype was detected (Figure 4a). Also, the hybrid fusion of siIAP and dsGFP designed to improve uptake

(Supporting Information: Figure S5) showed IAP knockdown phenotype (Figure 4b) with significant knockdown

efficiency (Figure 4c).

4 | DISCUSSION

Consistent with our results, targeting the Actin gene with 60 bp dsRNA only induced a low RNAi response, whereas

200 bp and longer dsRNA caused high mortality in CPB larva (He et al., 2020). In addition, we propose that

inefficient uptake of siRNA leads to inefficient RNAi response in CPB cells. This agrees with previous reports from

other insects. In D. melanogaster S2 cells, length (between 31 and 211 bp) dependent silencing efficiency of dsRNA

was observed. Reduced uptake of 21 bp siRNA was observed, and siRNA failed to induce RNAi response in S2 cells

(Saleh et al., 2006). Confocal microscope observation showed that D. virgifera midgut cells could not take up siRNA

(Bolognesi et al., 2012). In T. castaneum, siRNA injection into larval hemocoel failed to trigger RNAi. When siRNA

was injected into embryos at the syncytial blastoderm stage, where the cell wall has not been formed yet, significant

knockdown of target mRNA occurred. This implies that siRNA cannot go through the cell wall (Miller et al., 2012).

F IGURE 4 Cellular delivery methods to increase the efficiency of si/sh RNA induced RNAi in CPB cells.
(a) Delivery of si/sh IAP into CPB cells using transfection reagent, FuGENE. (b) Enhanced delivery of long dsGFP
fused si/sh IAP into CPB cells. Some of the apoptotic bodies are indicated with black arrows. Scale bar is 50 µm.
(c) IAP gene mRNA knockdown efficiency in CPB cells by dsGFP fused si/sh RNA treatment was quantified with
qRT‐PCR. Mean ± SE (N = 4) is shown. “*” denotes significant differences in the expression levels of IAP gene
between control (dsGFP) and treatments (p < 0.05). CPB, Colorado potato beetle; IAP, inhibitor of apoptosis;
RNAi, RNA interference; qRT‐PCR, quantitative real‐time polymerase chain reaction.
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Although it seems clear that uptake efficiency of siRNA is significantly lower than dsRNA in above‐mentioned

insects, whether siRNA takes different uptake route compared to dsRNA is unknown. dsRNA uptake in insects is

known to be mediated by multiple routes, with clathrin‐mediated endocytosis being the primary uptake mechanism

(Pinheiro et al., 2018; Saleh et al., 2006; Ulvila et al., 2006; Yoon et al., 2016). In A. aegypti, inhibition of clathrin‐

mediated endocytosis was sufficient to suppress the uptake of dsRNA, siRNA, and shRNA, suggesting si/sh RNA

also use clathrin‐mediated endocytosis for cellular uptake (Abbasi et al., 2020). Further research is needed to

determine whether this is also true for other insects.

si/sh RNAs were stable in the conditioned media of CPB cells. Different insects and tissues have different

nuclease activity that degrades dsRNA. Nuclease activity in coleopteran insects, including CPB, is weaker than in

lepidopteran insects (Singh et al., 2017). CPB cells used in our study may not produce sufficient nuclease to

differentiate stability between dsRNA and si/sh RNA. Further studies are needed to verify si/sh RNA stability in

different conditions. Sf9 cells, derived from Spodoptera frugiperda and known to have high nuclease activity against

dsRNA (Koo & Palli, 2023), could be a good cell line for such studies. The stability of siRNA has been analyzed in

B. tabaci feeding assays, and siRNA recovered from the diet 7 days after feeding assays were stable (Borgio, 2010;

Upadhyay et al., 2011). In therapeutics, modification of siRNA with improved stability has proved to increase target

knockdown efficiency (Elmén et al., 2005; Hu et al., 2020). This indicates that the stability of siRNA in the target

system is a crucial factor that determines RNAi efficiency. However, stability does not seem to be the limiting factor

in CPB cells. siRNA was stable for up to 24 h, comparable to dsRNA stability (Figure 3a).

According to the previous report, siRNA designed with a 25–30 bp length was 100 times more potent than

21 bp. This greater potency was suggested to depend on the function of Dicer (Kim et al., 2005). Other reports

showed that in addition to cleaving dsRNA into siRNA, Dicer also plays functions in loading cleaved siRNA into RISC

assembly (Lee et al., 2004; Sontheimer, 2005). These observations imply that RNAi potency can be increased when

siRNA is designed long enough to be processed by Dicer. Our designed siRNA (23 bp, including both 5′ and 3′

overhangs) and shRNA (21 bp + 9 bp loop; Supporting Information: Figure S1a) seem to be long enough to be

processed by Dicer into smaller siRNA, presumably with a length of 17–21 bp (Figure 3b). The size of siRNA

generated by Dicer processing is known to be species‐specific (Santos et al., 2019).

Lipid‐mediated transfection is widely used to deliver siRNA in mammalian cells (Li & Zamore, 2019b).

Transfection of siRNA effectively induced silencing in Drosophila S2 cells (Saleh et al., 2006). We also report that the

transfection agent successfully delivered siRNA into CPB cells (Figure 4a). In another attempt to deliver siRNA into

CPB cells, we used a fusion of siIAP and dsGFP to increase the length of the product (Supporting Information:

Figure S5). The chimeric dsRNA approach has been used to target multiple genes and species with a single type of

dsRNA (Chen et al., 2021; Wang et al., 2021). Chimeric dsRNA was also used to target multiple RNAi pathways

(siRNA and miRNA pathways; Jannot et al., 2008). Our dsGFP fused siIAP approach adds to the proof of concept

that chimeric dsRNA can also be used to enhance the delivery of siRNA targeting a short length of the sequence.

Currently, long dsRNAs are primarily pursued as biopesticides (Christiaens et al., 2020). However, siRNA has

some advantages over dsRNA. First, siRNA is highly specific. Longer dsRNA has a higher risk of nontarget effects

because long dsRNA sequences can contain multiple siRNA matching sites with non‐targets (Chen et al., 2021).

Second, siRNA can minimize the immune response, which can be especially beneficial to nontarget insects.

Although it is underrated, dsRNA does trigger immune responses in insects (Flenniken & Andino, 2013; Haller

et al., 2019; Liu et al., 2013). Similar to what has been observed in the mammalian system, using siRNA may mitigate

insect immune response. Therefore, with the help of effective delivery methods, such as the use of nanoparticles,

siRNA can be a useful option for developing RNAi‐mediated bio‐insecticides.
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Abstract

Let 𝐺 be a simple, un-directed and connected graph. The graph 𝐺 has a pair of sets

(𝑉(𝐺), 𝐸(𝐺)), where 𝑉(𝐺) is nonempty vertex set and 𝐸(𝐺) is an unordered pair of sets with

two distinct vertices 𝑢, 𝑣 in 𝑉(𝐺). A total 𝑘-labeling is defined as a function 𝑓𝑒 from the edge

set to a set {1, 2, 3, … , 𝑘𝑒} and a function 𝑓𝑣 from the vertex set to a set {0, 2, 4, … , 2𝑘𝑣},

where 𝑘 = max {𝑘𝑒, 2𝑘𝑣}. The total 𝑘-labeling is a vertex irregular reflexive𝑘-labeling of the

graph 𝐺, if for every two different vertices 𝑢 and 𝑢′ of 𝐺, wt(𝑢) ≠ wt(𝑢′), where

wt(𝑢) = 𝑓𝑣(𝑢) + ∑𝑢𝑣 ∈ 𝐸(𝐺) 𝑓𝑒(𝑢𝑣). The reflexive vertex strength of the graph 𝐺, denoted by

rvs(𝐺) is the minimum 𝑘 for graph 𝐺 which has a vertex irregular reflexive 𝑘-labeling. In this

paper, we determined the exact value of the reflexive vertex strength of cycle and generalized

friendship graph.
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Highlights

• We study optimal control analysis for the computer virus model in

the sense of the Atangana–Baleanu derivative.

• We employed a fixed-point theorem to analyze the solutions for the

fractional order computer virus model.

• We verified the results numerically and expressed them graphically.

• Simulation results are given to illustrate the effectiveness of the

proposed results.
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The Era of data is transubstantiating into a Big Data model in this technological world in

the early 21st century. In 2005, Roger Mougalas coined a combination of data for this

future world of the human race. The information helps to find specific solutions for any

physical problem under Catastrophic circumstances in high populations such as Covid-

19. To store massive data and historical events in a computer, the possibility of damage

occurred to the complete data. Hence, viruses are a crucial threat to such data worth

millions and billions. For this purpose, we spend enormous costs and efforts to build

defensive strategies to save that information. Analyzing the expansion and extension of

viruses helps to protect data and prevent viruses. In this manuscript, we study optimal

control analysis for the suggested model in the sense of the Atangana–Baleanu derivative

(AB-derivative). We employed a fixed point theorem to analyze the solutions for the

fractional order computer virus model. We verified the results numerically and

expressed them graphically.
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Introduction

Fractional Calculus [1], [2], [3], [4] is a major field in the research of various disciplines.

To overcome some scenarios in our day-to-day life and derive an effective way to utilize

the FDEs proposed. For certain FDEs, we developed numerical and analytical methods to

obtain appropriate solutions. New fractional derivatives are defined to approach real-

world problems. Recently, Abu-Shady and Kaabar [5], [6] studied a generalized fractional

derivative (Abu-Shady–Kaabar fractional derivative) in detail which produces satisfactory

results that are consistent with conventional definitions of fractional derivative such as

Caputo and Riemann–Liouville. There are numerous usages of AB-derivative in analyzing

the solutions [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21],

[22], [23] and applying in the real world problems [24], [25], [26], [27], [28], [29], [30],

[31], [32], [33], [34], [35], [36] which highly help us to describe the approximate

solutions. It leads us to determine and analyze the effectiveness, solutions, severity,

occurrence, and prevention of the problem.
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Abstract In this work, to show the existence and uniqueness solution of functional integrodiffer-

ential equation with nonlocal condition and finite delay function. This article contains continuously

dependence of integral solution and existence of strict solution established by using integrated resol-

vent operator theory with support of Lipschitz continuous. In this article the operator T tð Þð ÞtP0 is

assumed the locally Lipschitz continuous integrated resolvent operator and proved the existence of

strict solution on reflexive and general Banach spaces. Finally an example is given related to this

work.
� 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

In this article is discuss about the existence of integral solution
of below system:

x0 tð Þ ¼Dx tð Þþ R t

0
H t� fð Þx fð Þdfþu t;xt;

R t

0
h t;f;xfð Þdf� �

for t2 0;a½ � ¼ I;

x 0ð Þ ¼/þg xð Þ 2C �r;0½ �;Eð Þ ¼C:

8><
>:

ð1Þ

Throughout this article, E is Banach space(BS), D be closed

linear operator on E and its domain D Dð Þ – E and satisfied

the Hille-Yosida axiom. Let H tð Þ is set of bounded linear
operators in E and D Dð Þ � D H tð Þð Þ from D Dð Þ into E. The
functions u : I� C� E ! E; h : I� I� C ! E are continuous

specified later. Let C �r; 0½ �;Eð Þ represent continuous functions
on �r; 0½ � in E and /; g are defined on C �r; 0½ �;Eð Þ. For x
belongs to the continuous function C �r;1½ Þ;Eð Þ; t P 0, the
function xt 2 C as xt hð Þ ¼ x tþ hð Þ for h 2 �r; 0½ �. The gen-

eral form of (1) as an abstract formation of large number of
partial integrodifferential equation such as electronic circuit,
economic, biological, medical domain and more. The semi-

group and resolvent operator theory are important methods
to find the solutions of integrodifferential equations in space
E. In[31] the author proved about the mild solution, strong
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solution and classical solutions using semigroup theory of evo-

lution system also explained the uniqueness of solution. In the
recent year, many differential systems can be reformed as inte-
gral equations and proved the solutions are obtained by appro-

priate fixed point theorems, which is the common technique to
proving the existence solutions of the integral equations. In
this article used Banach theorem for proving the existence of
solution to nonlocal Eq.(1). Existence and uniqueness of

abstract form Eq.(1) have been established in distinct articles
and different approaches especially the existence of solution
and valid properties of differential equations used by resolvent

operator technique.In many phenomena, the nonlocal initial
conditionds are more effective, realistic and accuracy in the
solutions and uniqueness than the classical one in handing

physical problem. Recent years [9,12,13,25,5] the authours
studied their integrodifferential equation using nonlocal condi-
tions and obtained effective result with support of resolvent
operator theory. The neutral integrodifferential equations are

used in various fields such as electronics, chemical kinetics
and biological science etc. In particular, J.Y. Park et.al [30]
derived impulsive neutral integro-differential delay system for

existence behavior and in [24] the authors proved the results
for infinite delay differential system. Moreover see in
[37,35,2] the authors studied differential system using delay

function with different approaches. Several authors [3,16–18,
6,11,8,28,27,7,10,12,34,19,20,1,4,21,26,32,36,33] have paid
attention on differential equations with different approaches

in Banach spaces. In [23,14] K.Ezzinbi et.al proved the exis-
tence solution of integrodifferential equations support of resol-
vent operator with delay. In [15] the authors proved the
existence and regularity for integrodifferential problem in non-

dense domain. In this article authors used the integrated resol-
vent operator theory for differentiability of solution with
initial function in finite delay. Recently published the article

[38] established the existence of solution in nondensely defined
neutral equations via integrated resolvent operator and
Banach fixed point technique. Also proved continuous depen-

dence with respect to initial data and differentiability of solu-
tions with the nonlocal conditions. Motivated by the above
articles, the novelty and contribution this article is, we estab-
lished this theory with the partial integrodifferential problem

with nonlocal and finite delay. This theory contains integrated
resolvent operator in the existence part of solution and
assumptions of Lipschitz continuous also proved the unique-

ness part with Banach fixed point theory and verified differen-
tiability of solutions and continuously dependence. This article
is summarized as, in Section 2, To provide little preliminary

results and definitions about integrated resolvent operator the-
ory. In Section 3, verify the existence, uniqueness and contin-
uous dependence of solution of Eq. (1). In Section 4, to see the

differentiability of solution of (1) and in Section 5, to given an
application related to our theory.

2. Basic results and definitions

Here, this section contains some results and definitions regard-
ing integrated resolvent operators. Let E is BS and D be closed

linear operator and 0 2 q Dð Þ then D�1 exists. Let Y is BS
D Dð Þ; k � kð Þ and its norm kvk ¼ kDvk þ kvk; 8v 2 D Dð Þ. Let
L Y;Eð Þ be the bounded linear operator Y ! E with the norm

k � k and L Eð Þ when Y ¼ E. Let C �r; 0½ �;Eð Þ represents as the

functions on �r; 0½ � are continuous in E and sup-norm k � kC.
Next we recall few definitions and results about integrated
resolvent operators established in [29] for linear nondensely
defined integrodifferential equations. Consider the below

homogeneous linear integrodifferential system,

v0 tð Þ ¼ Dv tð Þ þ R t

0
H t� fð Þv fð Þdf for t 2 0; a½ �

v 0ð Þ ¼ v0 2 E:

(
ð2Þ

Here, the operators D and H �ð Þ are defined already in Eq. (1).
Then the integrated resolvent operator for Eq. (2) as follows

Definition 2.1([29]) A set of operator T tð Þð ÞtP0 2 L Eð Þ is

an integrated resolvent operator to Eq. (2) if it satisfies.

R1ð Þ 8v 2 E;T �ð Þv 2 C 0;þ1½ Þ;Eð Þ.
R2ð Þ 8v 2 E;

R �
0
T fð Þ 2 Y .

R3ð Þ T tð Þv� tv ¼ D
R t
0
T fð Þvdfþ R t

0
H t � fð Þ R f

0
T rð Þvdrdf;

8v 2 E; t P 0.

R4ð Þ T tð Þv� tv ¼ R t
0
T fð ÞDvdfþ R t

0

R f
0
T f� rð ÞH rð Þvdrdf;

8v 2 D Dð Þ; t P 0.

Definition 2.2([29]) The operator T tð Þð ÞtP0 defined in above

definition is locally Lipschitz continuous(LLC) if
8a > 0; 9Ka ¼ K að Þ > 0 implies,

kT tð Þ �T fð Þk 6 Kajt� fj;wheret; f 2 0; a½ �
Definition 2.3([29]) Assume T tð Þð ÞtP0 is a LLC integrated

resolvent operator and

8v 2 D Dð Þ; t #T tð Þv is differentiable on 0;þ1½ Þ. Further
we applied the below axioms for the Eq. (1),

S1ð Þ D satisfies the Hille-Yosida theorem, let T 0 P 1;w 2 R

then w;þ1ð Þ � q Dð Þ and

k kI�Dð Þ�n0k 6 T0

k� wð Þn0 for n0 2 N; k > w;

here q Dð Þ is resolvent set of D.

S2ð Þ H tð Þð ÞtP0 is set of bounded linear operator on D Dð Þ to
E;D Dð Þ#D H tð Þð Þ; 8t P 0 then the functions H �ð Þv are
bounded variation on 0; a½ �; a > 0 for v 2 D Dð Þ.

Lemma 2.4([29],Theorem 3.2) Suppose S1ð Þ; S2ð Þ satisfied,

then 9 a unique LLC integrated resolvent operator for (2).
Remark 2.5([22],Theorem 2.5) Lemma 2.4 shows that S1ð Þ

characterizes a LLC integrated semigroup when H ¼ 0. Con-

sider the below nonhomogeneous integrodifferential system,

v0 tð Þ ¼ Dv tð Þ þ R t

0
H t� fð Þv fð Þdfþ f tð Þ for t 2 0; a½ �

v 0ð Þ ¼ v0 2 E:

(

ð3Þ
We follow the article see[29], to write the integral solution,
strict solution of Eq. (3) as follows,

Definition 2.6 For f 2 L1 0;1½ Þ;Eð Þ and v0 2 E. A function
v : 0; a½ � ! E is an integral solution of Eq. (3) if.

ið Þ v 2 C 0; a½ �;Eð Þ,
iið Þ R �

0
v fð Þdf 2 C 0; a½ �; Yð Þ,

iiið Þ v tð Þ ¼ v0 þD
R t
0
v fð Þdfþ R t

0
H t � fð Þ R f

0
v sð ÞdsdfþR t

0
f fð Þdf, t 2 0; a½ �.

378 K.S. Nisar et al.



Definition 2.7 A map v : 0;þ1½ � ! E is strict solution of

problem (3) if v 2 C1 0;þ1½ �;Eð Þ \ C 0;þ1½ �;Yð Þ and hold

Eq. (3).
The Lemma 2.8 is very useful results for proving integral

solution and strict solution of (3) used by a variation of con-
stants formula.

Lemma 2.8([29]) Assume that T tð Þð ÞtP0 is LLC integrated

resolvent operator, q Dð Þ– £, so that.

ið Þ If v0 2 D Dð Þ; f 2 L1 0;þ1½ Þ;Eð Þ then 9 a unique integral
solution v �ð Þ of problem (3), then

v tð Þ ¼ T0 tð Þv0 þ d

dt

Z t

0

T t� fð Þf fð Þdf; t 2 0; a½ �: ð4Þ

Further, the following holds,

kv tð Þk 6 C1 kv0k þ
Z t

0

kf fð Þkdf
� �

; t 2 0; a½ �: ð5Þ

iið Þ Suppose v0 2 D Dð Þ; f 2 W 1;1 0; a½ �;Eð Þ and Dv0 þ f 0ð Þ 2
D Dð Þ; 9 unique strict solution v �ð Þ for Eq. (3) and

kv0 tð Þk6 C1 kDv0 þ f 0ð Þk þ
Z t

0

kH fð Þv0 þ f0 fð Þkdf
� �

; t 2 0;a½ �:

Here C1 > 0 is constant.

Remark 2.9 Suppose T tð Þð ÞtP0 is LLC integrated resolvent

operator, from ([29],Theorem 2.7), for v 2 D Dð Þ; t# T tð Þv is
differentiable on 0; a½ �.

Lemma 2.10([29],Theorem 2.6) The set of G tð Þð ÞtP0 2 L Eð Þ
be LLC with G 0ð Þ ¼ 0 then

ið Þ If f 2 L1 0; a½ �;Eð Þ, implies
R �
0
G � � fð Þf fð Þdf 2 C1

0; a½ �;Eð Þ and

kQ tð Þk 6 KT

Z t

0

kf fð Þkdf for t 2 0; a½ �: ð6Þ

Here Q ¼ d
dt

R t

0
G t� fð Þf fð Þdf; t 2 0; a½ �;KT > 0 is Lipschitzian

of G tð Þ : t 2 0; a½ �f g. Further if kf tð Þk 6 K0 , 9K0 > 0; t 2 0; a½ �

kQ t1 þ fð Þ � Q t1ð Þk 6 K0KTfþ KT

Z t1

0

kf fþ sð Þ

� f sð Þkds for t1; f; tþ f 2 0; a½ �: ð7Þ
iið Þ Suppose f : 0; a½ � ! E is strongly bounded variation

then Q �ð Þ is Lipschitz cont. on 0; a½ �.

3. Existence of solution Part:

Here, we have to verify the existence of the solution of problem
(1). The integral solution of (1) with nonlocal condition is
defined as below,

Definition 3.1 For x0 2 D Dð Þ. A function
x 2 �r;þ1½ Þ;Eð Þ is an integral solution to the nonlocal sys-

tem (1) if it satisfies,

ið Þ x 2 C 0;þ1½ Þ;Eð Þ.
iið Þ R �

0
x fð Þdf 2 C 0;þ1½ Þ; Yð Þ.

iiið Þ

x tð Þ ¼
/ 0ð Þ þ g xð Þ 0ð Þ þD

R t
0
x fð Þdfþ R t

0
H t � fð Þ R f

0
x rð Þdrdf

þ R t
0
u f;xf;

R f
0
h f; s;xsð Þds

� �
df; t P 0:

/ tð Þ þ g xð Þ tð Þ; t 2 �r; 0½ �:

8><
>:

Definition 3.2 A function x : �r;þ1½ Þ ! E is strict solu-
tion of Eq. (1) if,

ið Þ x 2 C1 0;þ1½ Þ;Eð Þ \ C 0;þ1½ Þ; Yð Þ.
iið Þ x holds the Eq. (1) on �r;þ1½ Þ.

If x is solution of equation of (1) in �r;þ1½ Þ then

x tð Þ 2 D Dð Þ; 8t P 0. Further / 0ð Þ þ g xð Þ 0ð Þ 2 D Dð Þ and x
is strict solution if either x 2 C1 0;þ1½ Þ;Eð Þ or C 0;þ1½ Þ;Yð Þ.

To establish this theory, solution of existence Eq. (1), we
need the support of the below assumptions.

H1ð Þ The function u : I � C� E ! E holds below axioms, (i)
The map u t; �; �ð Þ : C� E ! E is cont. 8t 2 I (ii) To all
s1; s2ð Þ 2 C, then u �; s1; s2ð Þ : I ! E is measurable. (iii)

The function mu 2 C I; 0;1½ Þð Þ, a cont. non decreasing

map Xu : 0;1½ Þ ! 0;1½ Þ we have

ku t; s1; s2ð Þk 6 mu tð ÞXu ks1kC þ ks2k
� �

for every t

2 I and s1; s2ð Þ 2 C� E:

H2ð Þ The function u : I � C� E ! D Dð Þ satisfies the Lips-
chitz continuous, then 9 a constant L1 > 0 such that

ku t1; s1; m1ð Þ � u t2; s2; m2ð Þk 6 L1 jt1 � t2j þ ks1 � s2k þ km1 � m2kð Þ
for every s1; s2 2 C; m1; m2 2 E:

H3ð Þ The function h : I � I � C ! E holds the below, (i)
h t; s; �ð Þ : C ! E is continuous 8t; s 2 I . (ii) To each

x 2 C; h �; �; xð Þ : I � I ! E is measurable. (iii) 9 a func-
tion mh 2 C I; 0;þ1½ Þð Þ and Xh : 0;þ1½ Þ ! 0;þ1½ Þ is
nondecreasing function implies

kh t; s; xð Þk 6 s0mh sð ÞXh kxkC
� �

; s0 > 0 for every t; s 2 I; x 2 C:

H4ð Þ The function h : I � I � C ! E holds the Lipschitz con-
tinuous and let Lh > 0 then

kh t1; s1; x0ð Þ � h t1; s1; y0ð Þk 6 Lhkx0 � y0k to each t1; s1

2 I and x0; y0 2 C:

H5ð Þ The function g : C I;Eð Þ ! C �r; 0½ �;Eð Þ continuous
then,

kg /ð Þk 6 ck/k þ d for all / 2 C I;Eð Þ:
H6ð Þ The map g : C I;Eð Þ ! D Dð Þ is Lipschitz continuous, let

L2 > 0 then

kg x0ð Þ � g y0ð Þk 6 L2kx0 � y0kC for each x0; y0 2 C:

Remark 3.3 Assume that the Eq. (3) has LLC and
integrated resolvent operator T tð Þð ÞtP0 , q Dð Þ–£. Let u
satisfied H2ð Þ and / tð Þ þ g xð Þ tð Þ 2 C so that / 0ð Þþ
g xð Þ 0ð Þ 2 D Dð Þ. Then Eq. (1) has a unique solution
x �;/ tð Þ þ g xð Þ tð Þð Þ defined on �r;þ1½ Þ. Moreover by the
variation of constant formula.
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x tð Þ ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � þ d
dt

R t

0
T t� fð Þu f;xf ;

R f
0
h f; s;xsð Þds

� �
df; t P 0:

/ tð Þ þ g xð Þ tð Þ; t 2 �r; 0½ �:

(

Theorem 3.4 Let x0 2 D Dð Þ; 0 2 q Dð Þ satisfies H1�H6ð Þ
and 8/ 2 C �r; 0½ �;Eð Þ then the system (1) has at least one mild
solution on �r; a½ � provided,
KTL1a 1þ Lhð Þ < 1: ð8Þ

proof: Let x 2 C �r; a½ �;Eð Þ the restriction of x on
0; a½ �;xj 0;a½ � 2 C 0; a½ �;Eð Þ, for our convenience, we write

g xj 0;a½ �
� �

as g xð Þ. Now we wish to verify the operator solution.

Fxð Þ tð Þ ¼
/ tð Þ þ g xð Þ tð Þ; t 2 �r; 0½ �:
T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �
þ d

dt

R t

0
T t� fð Þu f;xf;

R f
0
h f; s;xsð Þds

� �
df; t P 0:

8><
>:

has a fixed point in ball Br0 ¼ x 2 C �r; a½ �;Eð Þ; kxk 6 r0f g,where r0
is + ve constant. First we claim, F maps Br0 into itself. Every

x 2 Br0 and t 2 �r; 0½ �.
Take F1 ¼ / tð Þ þ g xð Þ tð Þ
F2 ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � þ d

dt

R t

0
T t� fð Þu f;xf;

R f
0
h f; s;xsð Þds

� �
df:

Now,

kF1k 6 k/ tð Þk þ kg xð Þ tð Þk
6 k/k þ ckxk þ d

6 k/k þ cr0 þ d:

Next, let t 2 0; a½ � we get,

kF2k ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � þ d
dt

R t

0
T t� fð Þu f;xf;

R f
0
h f; s;xsð Þds

� �
df

��� ���
6 kT0 tð Þkk/ 0ð Þ þ g xð Þ 0ð Þk þ d

dt

R t

0
T t� fð Þu f;xf;

R f
0
h f; s;xsð Þds

� �
df

��� ���
6 C1 k/k þ kg xð Þk þ R t

0
u f;xf;

R f
0
h f; s;xsð Þds

� ���� ���df� �
6 C1 k/k þ kg xð Þk þ R t

0
mu fð Þ Xu kxfkð Þ þ s0mh fð ÞXh kxskð Þ� �

df
� �

6 C1 k/k þ ckxk þ dþ R t

0
mu fð Þ Xu r0ð Þ þ s0mh fð ÞXh r0ð Þ� �

df
� �

6 C1 k/k þ cr0 þ dþ R t

0
mu fð ÞXu r0 þ s0mh fð ÞXh r0ð Þð Þdf� �

6 C1 k/k þ ckxk þ dþ X r0ð Þs0akmkL1ð Þ:

From above two cases

kFk 6 C1 k/k þ ckxk þ dþ X r0ð Þs0akmkL1ð Þ:
Which implies that kFk 6 r0. Hence F Br0ð Þ# Br0ð Þ.

Next to prove that F has contraction mapping on Br0 .

The mapping F on Br0 is

Fxð Þ tð Þ ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �

þ d

dt

Z t

0

T t� fð Þu f;xf;

Z f

0

h f; s;xsð Þds
� �

df for

t 2 0; a½ �: ð9Þ
The extension ~x : �r; a½ � defined as

~x tð Þ ¼ xð Þ tð Þ; t 2 0; a½ �:
/ tð Þ þ g xð Þ tð Þ; t 2 �r; 0½ �:

	
To show this existence solution using Banach fixed point

theorem, for u; v 2 Br0 , t 2 0; a½ �
k Fuð Þ tð Þ � Fvð Þ tð Þk ¼ d

dt

R t

0
T t� fð Þ u f; ~uf ;

R f
0
h f; s; ~usð Þ

� �
� u f; ~vf;

R f
0
h f; s; ~vsð Þ

� �h i
df

��� ���
6 KT

R t

0
u f; ~uf ;

R f
0
h f; s; ~usð Þ

� �
� u f; ~vf;

R f
0
h f; s; ~vsð Þ

� �h i��� ���df
6 KTL1a 1þ Lhð Þku� vkC :

Let the constant KTL1a 1þ Lhð Þ ¼ c0 < 1, then

k Fuð Þ tð Þ � Fvð Þ tð Þk 6 c0ku� vkC:
Hence F is contraction map on Br0 also F has a fixed point

x �ð Þ. It shows, the problem (1) has a unique solution on �r; a½ �.
Next to see, continuous dependence of integral solution of

(1) with respect to initial conditions as follows,

Theorem 3.5. If k �ð Þ; l �ð Þ are solutions of Eq. (1) with the

initial condition k0; l0 2 D Dð Þ respectively, then the solution

of Eq. (1) continuous depends on this initial values provided

that C1e
L1aL2 < 1.

Proof: Let k �ð Þ; l �ð Þ be the two integral solutions of the

problem (1) and k0; l0 2 D Dð Þ, in this sense we have prove

k~k tð Þ � ~l tð Þk 6 k0kk 0ð Þ � l 0ð Þk for k0 > 0.
Now the extension of solution k �ð Þ and l �ð Þ defined as.

~k tð Þ ¼ kð Þ tð Þ; t 2 0; a½ �
/ tð Þ þ g kð Þ tð Þ; t 2 �r; 0½ �

	
and

~l tð Þ ¼ lð Þ tð Þ; t 2 0; a½ �
/ tð Þ þ g lð Þ tð Þ; t 2 �r; 0½ �

	

Using the estimation of Lemma 2.8,

k~k tð Þ � ~l tð Þk ¼ kT0 tð Þ g ~k
� �

0ð Þ � g ~lð Þ 0ð Þ
h i

þ d
dt

R t

0
T t� fð Þ u f; ~kf;

R f
0
h f; s; ~ks
� �

ds
� �

� u f; ~lf;
R f
0
h f; s; ~lsð Þds

� �h i
dfk

6 C1 kg ~k
� �

0ð Þ � g ~lð Þ 0ð Þk
h

þ R t

0
ku f; ~kf;

R f
0
h f; s; ~ks
� �

ds
� �

� u f; ~lf ;
R f
0
h f; s; ~lsð Þds

� �
kdf

i
6 C1L2k~k 0ð Þ � ~l 0ð Þk þ L1

R t

0
sup
06s6f

k ~ks � ~lskdf:

By Gronwall’s Lemma,

sup
06s6s

k ~ks � ~lsk 6 C1L2k~k 0ð Þ � ~l 0ð ÞkeL1

R a

0
ds

6 C1L2k~k 0ð Þ � ~l 0ð ÞkeL1a:

By the extension of k tð Þ,
kk tð Þ � l tð Þk 6 C1e

L1aL2kk 0ð Þ � l 0ð Þk:
From the sufficient condition of Theorem 3.4, implies that

kk tð Þ � l tð Þk 6 k0kk 0ð Þ � l 0ð Þk, where k0 ¼ C1e
L1aL2 < 1.

This shows that the solution of the Eq. (1) has continuous
dependence upon the initial vales.

4. Differentiability of solution

Here, we have to show the existence of strict solution for prob-
lem (1) with respect to certain sufficient conditions.

Definition 4.1 A map x �ð Þ : �r;þ1½ Þ ! E is strict solution
of system (1) if below axioms are holds.

ið Þ x 2 C1 0;þ1½ Þ;Eð Þ \ C 0;þ1½ Þ;D Dð Þð Þ.
iið Þ x holds system (1) on �r;þ1½ Þ.

First we assume if E is reflexive, its enough to show the
below theorem for existence of strict solution of (1).

Theorem 4.2 Suppose the axioms of Theorem 3.1 are true.

Let
/þ g xð Þ 2 D Dð Þ;D / 0ð Þ þ g xð Þ 0ð Þ½ � þ u 0;/þ g xð Þ; 0ð Þ 2
D Dð Þ then the Eq. (1) admits a strict solution on �r;þ1½ Þ
provided that:
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Ka C1 þ C2ð Þ þ C1C2ð Þ k/k þ cr1 þ dð Þ þ L1 Ka þ að Þ < 1:

ð10Þ
proof: Consider the ball with radius r1,

Br1 ¼ x 2 �r; a½ �;Eð Þ; kxk 6 r1; kx t2ð Þ � x t1ð Þk 6 L�
1jt2 � t1j; t1; t2 2 �r; a½ �
 �

:

ð11Þ

Where L�
1 positive constant. Now we defined the function F on

C �r; a½ �;Eð Þ in Theorem (3.4), and prove F has a fixed point on

Br1 .

Clearly from Theorem 3.4, we conclude F Br1ð Þ � Br1 , it is

enough to show that for any x 2 Br1 such that

k Fxð Þ t2ð Þ � Fxð Þ t1ð Þk 6 L�
1jt2 � t1j for t1; t2 2 �r; a½ �.

Now the extension of solution Fxð Þ tð Þ is follows.
x
�

tð Þ ¼ xð Þ tð Þ; for t 2 0; a½ �:
/ tð Þ þ g xð Þ tð Þ; for t 2 �r; 0½ �:

	
Now

k Fxð Þ t2ð Þ � Fxð Þ t1ð Þk 6 k T0 t2ð Þ �T0 t1ð Þð Þ / 0ð Þ þ g xð Þ 0ð Þð Þk
þ k d

dt2

R t2
0
T t2 � fð Þu f; ~xf;

R f
0
h f; s; ~xsð Þds

� �
df

� d
dt1

R t1
0
T t1 � fð Þu f; ~xf;

R f
0
h f; s; ~xsð Þds

� �
dfk

:¼ I1 þ I2 take for our convenienceð Þ:
Now take for I1, then

I1 ¼ k T0 t2ð Þ �T0 t1ð Þð Þ / 0ð Þ þ g xð Þ 0ð Þð Þk
6 kT0 t2ð Þ �T0 t1ð Þkk/ 0ð Þ þ g xð Þ 0ð Þk

As R4ð Þ, implies that, for x 2 D Dð Þ, we get

T0 tð Þx� x ¼ T tð ÞDxþ
Z t

0

T t� fð ÞH fð Þxdf:

Using R4ð Þ of Definition 2.1, implies that

I1 6 kT0 t2ð Þ �T0 t1ð ÞkD / 0ð Þ þ g xð Þ 0ð Þ½ �
þ R t1

0
kT0 t2 � fð Þ �T0 t1 � fð ÞkkH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �kdf

þ R t2
t1
kT0 t2 � fð ÞkkH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �kdf

6 KakD / 0ð Þ þ g xð Þ 0ð Þ½ �jt2 � t1j þ KaC2k/ 0ð Þ þ g xð Þ 0ð Þk að Þjt2 � t1j
þ sup

t2 �r;a½ �
kT tð ÞkC2k/ 0ð Þ þ g xð Þ 0ð Þkjt2 � t1j

6 KaC1 k/k þ kg xð Þkð Þjt2 � t1j þ KaC2 k/k þ kg xð Þk að Þjt2 � t1jð
þ C1C2 k/k þ kg xð Þkð Þjt2 � t1j
6 KaC1 þ KaC2 þ C1C2ð Þ k/k þ ckxk þ dð Þjt2 � t1j

I1 6 Ka C1 þ C2ð Þ þ C1C2ð Þ k/k þ cr1 þ dð Þjt2 � t1j: ð12Þ
For I2,

I2 6 d
dt2

R t2
0
T t2 � fð Þu f; ~xf;

R f
0
h f; s; ~xsð Þds

� �
df

���
� d

dt1

R t1
0
T t1 � fð Þu f; ~xf;

R f
0
h f; s; ~xsð Þds

� �
df
���

Applying definition (3) and Eq. (7), we have

I2 6 L1Kajt2 � t1j þ L1 að Þjt2 � t1j 6 L1 Ka þ að Þjt2 � t1j: ð13Þ
Thus from Eq. (12) and (13),

k Fxð Þ t2ð Þ � Fxð Þ t1ð Þk 6 Ka C1 þ C2ð Þ þ C1C2ð Þ k/k þ cr1 þ dð Þ½
þ L1 Ka þ að Þ�jt2 � t1j:
Which implies that

k Fxð Þ t2ð Þ � Fxð Þ t1ð Þk 6 C�jt2 � t1j:

Where

C� ¼ Ka C1 þ C2ð Þ þ C1C2ð Þ k/k þ cr1 þ dð Þ þ L1 Ka þ að Þ and
C2 ¼ supt2 0;a½ �kH tð Þk.

Hence F has a unique fixed point x �ð Þ is solution of Eq. (1).
Further x tð Þ is Lipschitz on 0; a½ �, then.
f ! u f; ~xf;

R f
0
h f; s; ~xsð Þds

� �
df is also Lipschitz continuous

and E is a reflexive, by Radon-Nikodym property, we deduce
thatZ f

0

T t� fð Þu f; ~xf;

Z f

0

h f; s; ~xsð Þds
� �

df 2 W1;1 �r; a½ �;Eð Þ:

From the Lemma 2.8, x tð Þ is differentiable on �r; a½ �, hence
x �ð Þ is strict solution of (1). In the next case consider the reg-
ularity in general Banach space E. In the sequent further we

need the below suppositions

H7ð Þ The function u 2 C1 I � C� Eð Þ;E and partial deriva-
tives D1u �; �; �ð Þ;D2u �; �; �ð Þ are LLC with respect to the

second variable, 9Di
F > 0 then

kDiu t; c1; c2ð Þ �Diu t; d1; d2ð Þ 6 Di
F kc1 � d1k þ kc2 � d2kð Þ

for 0 6 t 6 a; c1; d1 2 C; c2; d2 2 E; i ¼ 1; 2.

Theorem 4.3. Assume the Eq. (2) has an integrated resolvent
operator T tð Þð ÞtP0 and LLC with q Dð Þ –£. Let u be a func-

tion satisfies H2ð Þ; H7ð Þ and /þ g xð Þ 2 C1 �r; 0½ �;Eð Þ then

/ 0ð Þ þ g xð Þ 0ð Þ 2 D Dð Þ;/0 0ð Þ þ g0 xð Þ 0ð Þ 2 D Dð Þ and
/0 0ð Þ þ g0 xð Þ 0ð Þ ¼ D / 0ð Þ þ g xð Þ 0ð Þ½ � þ u 0;/þ g xð Þ; 0ð Þ.
Then the system (1) has strict solution on �r;þ1½ Þ.

Proof: Let x �ð Þ be a solution of system (1).

x tð Þ ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � þ d
dt

R t

0
T t� fð Þu f;xf;

R f
0
h f; s;xsð Þds

� �
df; for t P 0:

/ tð Þ þ g xð Þ tð Þ; for t 2 �r; 0½ �:

(

Let us assume the below system

x0 tð Þ ¼ Dx tð Þ þ R t

0
H t� fð Þx fð ÞdfþD1u t;xt;

R t

0
h t; f;xfð Þdf� �

þD2u t;xt;
R t

0
h t; f;xfð Þdf� �

vt þH tð Þx 0ð Þ; t 2 0; a½ �:
x 0ð Þ ¼ /0 0ð Þ þ g0 xð Þ 0ð Þ:

8><
>:

ð14Þ
By the similar proof discussion used in Theorem 3.4, to easily
show that the integral solution for problem (14) is unique solu-

tion x tð Þ defined as follows

x tð Þ ¼
T0 tð Þ /0 0ð Þ þ g0 xð Þ 0ð Þ½ � þ d

dt

R t

0
T t� fð Þ D1u f;xf ;

R f
0
h f; s;xsð Þds

� �h
þD2u f;xf;

R f
0
h f; s;xsð Þds

� �
vf þH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �

i
df; t P 0:

/0 tð Þ þ g0 xð Þ tð Þ; t 2 �r; 0½ �:

8>><
>>:

Let a : �r; a½ � ! E be defined by.

a tð Þ ¼ x 0ð Þ þ R t

0
x fð Þdf; t 2 0; a½ �:

/ tð Þ þ g xð Þ tð Þ; t 2 �r; 0½ �:
	

We have,

at ¼ /þ g xð Þ þ
Z t

0

xsds; t 2 0; a½ �:

Now to prove, a tð Þ ¼ x tð Þ. By the expansion of a tð Þ , t 2 0; a½ �
is

a tð Þ ¼ / 0ð Þ þ g xð Þ 0ð Þ þT tð Þ /0 0ð Þ þ g0 xð Þ 0ð Þ½ �
þ R t

0
T t� fð Þ D1u f;xf;

R f
0
h f; s;xsð Þds

� �h
þD2u f;xf ;

R f
0
h f; s;xsð Þds

� �
vf þH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �

i
df:

ð15Þ
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Since / 0ð Þ þ g xð Þ 0ð Þ 2 D Dð Þ;/0 0ð Þ þ g0 xð Þ 0ð Þ 2 D Dð Þ and
T tð Þ /0 0ð Þ þ g0 xð Þ 0ð Þ½ � ¼ T tð ÞD / 0ð Þ þ g xð Þ 0ð Þ½ �

þT tð Þ u 0;/þ g xð Þ; 0ð Þ½ �:
From derivative of (R4), we have

T /0 0ð Þ þ g0 xð Þ 0ð Þ½ � ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � � / 0ð Þ þ g xð Þ 0ð Þ½ �
� R t

0
T t� fð ÞH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �dfþT u 0;/þ g xð Þ; 0ð Þ½ �:

ð16Þ

Further, t ! R t

0
T t� fð Þu f; af;

R f
0
f; s; asð Þds

� �
df is continu-

ously differentiable, then

d

dt

Z t

0

T t� fð Þu f; af;
Z f

0

h f; s; asð Þds
� �

df

¼ d

dt

Z t

0

T fð Þu t� f; at�f;

Z t�f

0

h t� f; s; asð Þds
� �

df

¼ d

dt

Z t

0

T fð Þu r; ar;
Z r

0

h r; s; asð Þds
� �

df

¼ T tð Þu 0;/þ g xð Þ; 0ð Þ
þ
Z t

0

T t� fð Þ D1u f; af;
Z f

0

h f; s; asð Þds
� ��

þD2u f; af;
Z f

0

h f; s; asð Þds
� �

vf



df:

Then

T tð Þu 0;/þ g xð Þ; 0ð Þ

¼ d

dt

Z t

0

T t� fð Þu f; af;
Z f

0

h f; s; asð Þds
� �

df

þ
Z t

0

T t� fð Þ D1u f; af;
Z f

0

h f; s; asð Þds
� ��

þD2u f; af;
Z f

0

h f; s; asð Þds
� �

vf



df:

ð17Þ

Using Eq. (17) in (16),

T tð Þ /0 0ð Þ þ g0 xð Þ 0ð Þ½ �
¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ � � / 0ð Þ � g xð Þ 0ð Þ
�
Z t

0

T t� fð ÞH fð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �df

þ d

dt

Z t

0

T t� fð Þu f; af;
Z f

0

h f; s; asð Þds
� �

df

�
Z t

0

T t� fð Þ D1u f; af;
Z f

0

h f; s; asð Þds
� ��

þD2u f; af;
Z f

0

h f; s; asð Þds
� �

vf



df:

ð18Þ

Substitute Eq. (18) in (15),

a tð Þ ¼ T0 tð Þ / 0ð Þ þ g xð Þ 0ð Þ½ �
þ d

dt

Z t

0

T t� fð Þu f; af;
Z f

0

h f; s; asð Þds
� �

df

�
Z t

0

T t� fð Þ D1u f; af;
Z f

0

h f; s; asð Þds
� ��

�D1u f;xf;

Z f

0

h f; s;xsð Þds
� �


df

�
Z t

0

T t� fð Þ D2u f; af;
Z f

0

h f; s; asð Þds
� �

vf

�

�D2u f;xf;

Z f

0

h f; s;xsð Þds
� �

vf



df:

Hence

x tð Þ � a tð Þ ¼ d

dt

Z t

0

T t� fð Þ u f;xf;

Z f

0

h f; s;xsð Þds
� ��

�u f; af;
Z f

0

h f; s; asð Þds
� �


df

�
Z t

0

T t� fð Þ D1u f;xf;

Z f

0

h f; s;xsð Þds
� ��

�D1u f; af;
Z f

0

h f; s; asð Þds
� �


df

�
Z t

0

T t� fð Þ D2u f;xf;

Z f

0

h f; s;xsð Þds
� ��

�D2u f; af;
Z f

0

h f; s; asð Þds
� �


vfdf:

Hence by derivatives of u are LLC about second variable, then
from the Lemma 2.10 and (H7) implies,

kx tð Þ � a tð Þk 6 k að Þ
Z t

0

kxf � afkds:

Here k að Þ ¼ C1L1 þ c0D
1
F þ c20D

2
F

� �
1þ Lhð Þ and c0 ¼ max

sup06f6akT fð Þk; sup06f6akvfk

 �

.

Implies that,

kxt � atk 6 k að Þ
Z t

0

kxf � afkds:

By the Gronwall’s Lemma x tð Þ ¼ a tð Þ to every �r 6 t 6 a.

Since x and t# u t;xt;
R t

0
h t; s;xsð Þds� �

are continuously

differentiable on �r; a½ �. By Lemma 2.8, we conclude that x
is a strict solution of Eq. (1) on �r; a½ � also true for a > 0,
Hence x is a strict solution of system (1) on �r;þ1½ Þ.

5. Example

Consider the below integro-differential system,

@
@t

u t; fð Þð Þ ¼ �e fð Þ @
@f u t; fð Þð Þ þ R t

0
q t� s; fð Þ @

@f u s; fð Þð Þds
þf t; u t� s; fð Þ; R t

0
a t; u f; n� rð Þð Þds� �

u t; 0ð Þ ¼ u t; 1ð Þ; t P 0

u m; fð Þ ¼ u0 m; fð Þ; m 2 �r; 0½ �; f 2 0; 1½ �:

8>>>><
>>>>:

ð19Þ
Here u0 : �r; 0½ � � 0; 1½ � ! R is cont. and e is + ve function

defined on 0; 1½ �,
q 2 BVloc Rþ;C 0; 1½ � : Rð Þð Þ; a : Rþ � Rþ � R; f : Rþ � R�

R ! R are Lipschitz cont. about second variable. 9 a cont.

map j : Rþ ! Rþ,

jf t;m1; n1ð Þ � f t;m2; n2ð Þj 6 j jm1 �m2ð Þj þ jn1
� n2jÞ;m1;m2; n1; n2 2 R:

To rewrite the Eq. (19) as the form Eq. (1), in the sense;
Let E ¼ C 0; 1½ �;Rð Þ be cont. function 0; 1½ � ! R provide

with sup norm.
Now the operators D , H tð Þ by

D Dð Þ ¼ y 2 C1 0; 1½ � : Rð Þ : y 0ð Þ ¼ y 1ð Þ
 �
Dy ¼ �a fð Þy0; f 2 0; 1½ �;

and
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D H tð Þð Þ ¼ C1 0; 1½ �;Rð Þ
H tð Þyð Þ fð Þ ¼ q t; fð Þy0 fð Þ; t P 0; f 2 0; 1½ �:
Lemma 5.1([29]) Suppose that D is Hille-yosida function on

E and D Dð Þ ¼ y 2 E : y 0ð Þ ¼ y 1ð Þf g. Further H tð Þð ÞtP0 is set

of bounded operator, D Dð Þ to E, H �ð Þy 2 BVloc

Rþ;Eð Þ; 9y 2 D Dð Þ.
Consider the linear equation

x0 tð Þ ¼ Dx tð Þ þ R t

0
H t� sð Þx sð Þds for t P 0

x 0ð Þ ¼ x0 2 E:

(
ð20Þ

Lemma 5.2([29]) Suppose that the Eq. (20) has a unique

resolvent operator and LLC, we assume the following related
to (19),

x tð Þ fð Þ ¼ u t; fð Þ for t P 0; f 2 0; 1½ �
/ mð Þ fð Þ ¼ u0 m; fð Þ for t 2 �r; 0½ � and f 2 0; 1½ �

F t;/;
R t

0
h1 t; s;xsð Þds� � ¼ f t;/ t� u; fð Þ; R t

0
a t;w f; n� rð Þð Þds� �

:

Then Eq. (19) can be reformed as the below form

x0 tð Þ ¼ Dx tð Þ þ R t

0
H t� sð Þx sð Þdsþ F t;xt;

R t

0
h1 t; s;xsð Þds� �

x0 ¼ /:

(

ð21Þ
Since F : Rþ � R� R ! R is Lipschitz cont. about second

variable.

jF t; g1; g2ð Þ � F t; c1; c2ð Þj 6 j jg1 � c1j þ jg2 � c2jð Þ;
for t P 0 , g1; c1 2 C �r; 0½ �;Eð Þ; g2; c2 2 E. Followed by Theo-
rem 3.4, we can state the below proposition

Proposition 5.3. Suppose / 0ð Þ 2 D Dð Þ such that
u0 0; 0ð Þ ¼ u0 0; 1ð Þ, then (19) has a unique integral solution on

Rþ.

6. Conclusion

In this work, we obtained the results for integrodifferential sys-

tem (1) with nonlocal condition in finite delay situations using
Banach fixed point theorem. Also verified the integral solution
of system (1) is continuous dependence with respect to initial

data and proved the existence of strict solution using inte-
grated resolvent operator theory and Gronwall’s Lemma. we
consider most of the functions in this system(1) are satisfied
Lipschitz continuous and obtained results. The future work

is consider the partial neutral integrodifferential equation with
initial condition and will apply integrated resolvent operator
technique on this system.

Declaration of Competing Interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgment

The authors extend their appreciation to Prince Sattam bin
Abdulaziz University for funding this research work through
the project number (PSAU/2023/01/21898).

References

[1] A.O. Akdemir, H.D. Binh, D. O’Regan, A.T. Nguyen, The

dependence on fractional orders of mild solutions to the

fractional diffusion equation with memory, Math. Methods

Appl. Sci. 46 (1) (2023) 1076–1095.

[2] K. Alishah, A. Zada, Controllability and stability analysis of an

oscillating system with two delays, Math. Methods Appl. Sci. 44

(2021) 14733–14765.

[3] K. Balachandran, J.P. Dauer, Existence of solutions of a

nonlinear mixed neutral equations, Appl. Math. Lett. 11 (2)

(1998) 23–28.

[4] S. Belmor, C. Ravichandran, F. Jarad, Nonlinear generalized

fractional differential equations with generalized fractional

integral conditions, J. Taibah Univ. Sci. 14 (1) (2020) 114–123.

[5] N. Cao, X. Fu, Existence results of solutions for a neutral

evolution equation with nonlocal conditions on infinite interval,

J. Math. Anal. Appl., 510(1)2022, 126008.

[6] J.P. Dauer, K. Balachandran, Existence of solutions of

nonlinear neutral integrodifferential equations in Banach

space, J. Math. Anal. Appl. 251 (1) (2000) 93–105.

[7] W. Desch, R. Grimmer, W. Schappacher, Some considerations

for linear integrodifferential equations, J. Math. Anal. Appl. 104

(1) (1984) 219–234.

[8] B. Diao, K. Ezzinbi, M. Sy, Existence results in the a -norm for a

class of neutral partial functional integrodifferential equations,

Afrika Matematica 26 (2015) 1621–1635.

[9] A. Diop, M. Dieye, M.A. Diop, K. Ezzinbi, Integrodifferential

equations of volterra type with nonlocal and impulsive

conditions, J. Integral Eqs. Appl. 34 (2022) 19–37.

[10] K. Ezzinbi, H. Toure, I. Zabsonre, Existence and regularity of

solutions for some partial functional integrodifferential

equations in Banach spaces, Nonlinear Analysis, Theory,

Methods & Applications 70 (7) (2009) 2761–2771.

[11] K. Ezzinbi, S. Ghnimi, Existence and regularity of solutions for

neutral partial functional integrodifferential equations,

Nonlinear Anal. Real World Appl. 11 (4) (2010) 2335–2344.

[12] K. Ezzinbi, S. Ghnimi, M.A. Taoudi, Existence results for some

partial integrodifferential equations with nonlocal conditions,

Glasnik Matematicki 51 (71) (2016) 413–430.

[13] K. Ezzinbi, M. Ziat, Nonlocal integrodifferential equations

without the assumption of equicontinuity on the resolvent

operator in Banach spaces, Differ. Eqs. Dynam. Syst. 30 (2022)

315–333.

[14] K. Ezzinbi, S. Ghnimi, Solvability of nondensely defined partial

functional integrodifferential equations using the integrated

resolvent operators, Electronic J. Qual. Theory Differential

Eqs. 88 (2019) 1–21.

[15] K. Ezzinbi, S. Ghnimi, Existence and Regularity for some

partial neutral functional integrodifferential equations with

nondense domain, Bull. Malay. Math. Sci. Soc. 43 (2020)

2967–2987.

[16] R. Ferdausi, A. Hossain, M. Hasan, A. Islam, Existence and

uniqueness of solutions to system of linear equations and

integral equations using Banach fixed point theorem, Int. J. Adv.

Res. 6 (3) (2018) 494–500.

[17] HR. Henriquez, Regularity of solutions of abstract retarded

functional differential equations with unbounded delay,

Nonlinear Analysis Theory Methods and Applications, 28(3)

1997, pp. 513–531.

[18] E. Hernandez, H.R. Henriquez, Existence results for partial

neutral functional differential equations with unbounded delay,

J. Math. Anal. Appl. 221 (2) (1998) 452–475.

[19] E. Hernandez, V. Rolnik, TM. Ferrari, Existence and

uniqueness of solutions for abstract integro-differential

equations with state-dependent delay and applications,

Mediterranean Journal of Mathematics, 19(3)2022, 101.

Results on existence of solutions in nonlocal partial functional integrodifferential equations 383

http://refhub.elsevier.com/S1110-0168(23)00326-5/h0005
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0005
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0005
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0005
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0010
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0010
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0010
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0015
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0015
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0015
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0020
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0020
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0020
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0030
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0030
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0030
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0035
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0035
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0035
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0040
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0040
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0040
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0040
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0045
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0045
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0045
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0050
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0050
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0050
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0050
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0055
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0055
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0055
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0060
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0060
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0060
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0065
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0065
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0065
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0065
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0070
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0070
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0070
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0070
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0075
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0075
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0075
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0075
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0080
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0080
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0080
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0080
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0090
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0090
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0090


[20] E. Hernandez, Existence and uniqueness of global solution for

abstract second order differential equations with state-

dependent delay, Mathematische Nachrichten 295 (1) (2022)

124–139.

[21] K. Jothimani, K. Kaliraj, S.K. Panda, K.S. Nisar, C.

Ravichandran, Results on controllability of non-densely

characterized neutral fractional delay differential system,

Evolution Equations and Control Theory 10 (3) (2021) 619–631.

[22] H. Kellerman and M. Hieber, Integrated semigroups, 84(1)1989,

pp. 160–180.

[23] S. Koumla, K. Ezzinbi, R. Bahloul, Mild solutions for some

partial functional integrodifferential equations with finite delay

in Frechet spaces, SeMA journal 74 (2017) 489–501.

[24] K.D. Kucche, M.B. Dhakne, Existence of solution via integral

inequality of volterra-fredholm neutral functional

integrodifferential equations with infinite delay, Int. J.

Differential Eqs. (2014). Article ID 784956.

[25] K. Manoj, K. Kumar, R. Kumar, Existence of mild solution for

neutral functional mixed integrodifferential evolution equations

with nonlocal conditions, Journal of Abstract and

Computational Mathematics 6 (1) (2021) 32–40.

[26] A. Morsy, K.S. Nisar, C. Ravichandran, C. Anusha, Sequential

fractional order Neutral functional Integro differential

equations on time scales with Caputo fractional operator over

Banach spaces, AIMS Mathematics 8 (3) (2023) 5934–5949.

[27] K. Munusamy, C. Ravichandran, K.S. Nisar, B. Ghanbari,

Existence of solutions for some functional integrodifferential

equations with nonlocal conditions, Mathematical Methods in

the Applied Sciences 43 (17) (2020) 10319–10331.

[28] R. Murugesu, S. Suguna, Existence of solutions for neutral

functional integrodifferential equations, Tamkang Journal of

Mathematics 41 (2) (2010) 117–128.

[29] H. Oka, Integrated Resolvent Operators, Journal of Integral

Equations and Applications 7 (2) (1995) 193–232.

[30] J.Y. Park, K. Balachandran, N. Annapoorani, Existence results

for impulsive neutral functional integrodifferential equations

with infinite delay, Nonlinear Analysis 71 (7–8) (2009) 3152–

3162.

[31] A. Pazy, Semigroups of Linear Operators and Applications to

Partial Differential Equations, Springer-verlag, New york, 1983.

[32] C. Ravichandran, K. Munusamy, K.S. Nisar and N.

Valliammal, Results on Neutral Partial Integrodifferential

Equations Using Monch-Krasnosel’Skii Fixed Point

Theorem with Nonlocal Conditions, Fractal and Fractional, 6

(2)2022, 75.

[33] S.O. Shah, C. Tunc, R. Rizwan, A. Zada, Q.U. Khan, Iftikhar

Ullah, Ibrar Ullah, Bielecki-Ulam’s Types Stability Analysis of

Hammerstein and Mixed Integro-Dynamic Systems of Non-

Linear Form with Instantaneous Impulses on Time Scales,

Qualitative Theory of Dynamical Systems 21 (2022) 107.

[34] V. Vijayaraj, C. Ravichandran, T. Botmart, K.S. Nisar, K.

Jothimani, Existence and data dependence results for neutral

fractional order integro-differential equations, AIMS Math. 8

(1) (2023) 1055–1071.

[35] J. Xu, B. Pervaiz, A. Zada, S.O. Shah, Stability Analysis of

Causal Integral Evolution Impulsive Systems on Time Scales,

Acta Mathematica Scientia 41 (2021) 781–800.

[36] A. Zada, H. Waheed, J. Alzabut, X. Wang, Existence and

stability of impulsive coupled system of fractional

integrodifferential equations, Demonstratio Mathematica 52

(2019) 296–335.

[37] A. Zada, B. Pervaiz, J. Alzabut, S.O. Shah, Further results on

Ulam stability for a system of first-order nonsingular delay

differential, Demonstratio Mathematica 53 (2020) 225–235.

[38] J. Zhu, X. Fu, Existence and differentiablity of solutions for

nondensely defined neutral integro-differential evolution

equations, Bull. Malaysian Math. Sci. Soc. 46 (2023) 30.

384 K.S. Nisar et al.

http://refhub.elsevier.com/S1110-0168(23)00326-5/h0100
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0100
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0100
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0100
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0105
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0105
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0105
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0105
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0115
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0115
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0115
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0120
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0120
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0120
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0120
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0125
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0125
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0125
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0125
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0130
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0130
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0130
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0130
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0135
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0135
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0135
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0135
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0140
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0140
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0140
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0145
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0145
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0150
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0150
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0150
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0150
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0155
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0155
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0155
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0165
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0165
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0165
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0165
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0165
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0170
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0170
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0170
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0170
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0175
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0175
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0175
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0180
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0180
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0180
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0180
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0185
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0185
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0185
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0190
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0190
http://refhub.elsevier.com/S1110-0168(23)00326-5/h0190


Chaos, Solitons & Fractals
Volume 175, Part 2, October 2023, 114050

New frame of fractional neutral ABC-derivative
with IBC and mixed delay
Kottakkaran Sooppy Nisar , K. Logeswari , C. Ravichandran , S. Sabarinathan 

Show more

https://doi.org/10.1016/j.chaos.2023.114050

Get rights and content

Highlights

• We consider the nonlinear fractional mixed integro-differential

equations with fractional boundary conditions.

• The existence result is obtained by using standard fixed point theory.

• An example is given to illustrate our analytical and numerical results.

By using MATLAB coding graph is drawn.

Abstract

In this manuscript, we describe fractional differential equations with neutral, integral boundary

conditions and mixed delay using Atangana–Baleanu derivatives, which include the generalized

Mittag-Leffler kernel. We determine the existence and uniqueness of results and analysis by fixed

point method. Moreover, we explained the stability of the fractional differential equation in the

frame of Ulam–Hyers. Then, we investigate an example with various values and illustrate the

outcomes graphically.

Introduction

Fractional calculus is combined operators of integral and differential terms along with the

generalization of classical ones. The development of classical derivatives arise simultaneously with

a b b c
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the concept of fractional derivatives. In 1695, Leibniz and Hospital coined the view of fractional order

and raised it gradually among the researcher world. This fractional derivative attracted the famous

mathematicians, including Euler, Liouville, Laplace, Riemann, Grünwald, Letnikov, and many others.

Theories about fractional calculus cover fractional differential equations (FDEs), fractional dynamics,

and geometry developed in the 19th century. In general fractional study is applied in various

disciplines like bio-engineering, mechanical engineering, electrical, control theory, robotics,

statistical physics, chemical, optics, acoustics, viscoelasticity, rheology and more. The fractional-order

application models are most accurate compared to integer-order. Podlubny explained the special

functions, derivatives and integrals, existence and uniqueness, Laplace transform method, and

numerical results of fractional differential equations in [1]. Ross [2], discussed briefly about history

and exposition of the fundamental concept in fractional calculus. Caputo & Fabrizio defined the CF

derivative and presented that the memory effects are less evident with magnetic hysteresis model

[3]. Atangana & Hammouch described a new class of fractional partial integro-differential equations

with new generalized Mittag-Leffler function and suggested some fractional operators in [4]. Many

researchers developed the various of fractional derivative including AB fractional derivative [5].

Kamran et al. [6], discussed a Bagley–Torvik equation with ABC derivative using Laplace transform.

Partohaghighi et al. [7], present a non-integer model of the advection–dispersion problem using ABC

derivative and chebyshev polynomials which arises during the transport of pollutants. Some authors

elaborated the AB-fractional derivative in various analysis like existence [8], [9], [10], [11], [12], [13],

stability [14], [15] and models [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28], [29],

[30].

In functional differential equations, the Neutral and Delay differential equations depend on past and

present values of a derivative term with delays [31], [32]. The changes that occurred in the unknown

functions of derivatives at a particular time are known as Delay differential equations (or time-delay

systems).

Mehmood et al. [33] discussed the analytical and stability results of fractional boundary value

problems. Shah et al. [34] explained the concept of variable order fractional delay differential

equations with boundary value problems using fixed point techniques. Sinan et al. [35] described the

cutaneous Leishmaniasis disease model via analytical and stability methods. Shah et al. [36]

investigate theoretical integral boundary value problem with impulsive conditions.

Motivated by [37], we discussed about the IBP of neutral FDE in ABC-sense with mixed delays in the

form

where  is Atangana–Baleanu Caputo fractional derivative, nonlinear functions

 and the functions  both are continuous,  are real

numbers. First, we derive the existence and uniqueness results via Schaefer’s fixed-point theorem of

neutral fractional differential equations with integral boundary conditions and mixed delays. Then

we discuss about the Ulam–Hyers stability concept which is important to analysis for fractional

differential equations. Further, we derive a suitable example and plot the graphs.



In Section 2, we discussed essential results, definitions, propositions and theorems which will be

important for main problems. In Section 3, we studied the hypothesis, lemma and the analytical

results of the neutral FDE with IBC and mixed delays using some kind of fixed point theorems. In

Section 4, we described the stability of our problem. In Section 5 and Section 6, we discussed a

suitable example and concludes our results.

Section snippets

Basic results

Definition 2.1

If , then AB derivative with Caputo sense is given as [5]:

 …

where  is normalized function and  is the Mittag-Leffler function. The

associate AB integral is 

The R-L, R-L AB, Caputo and Caputo AB derivatives are mentioned in [1], [10], [11], [12].

Proposition 2.2

[38], [39]

For , then  …

Theorem 2.3

Schaefer’s Fixed-Point Theorem, [40]

Let  be a closed bounded convex subset of a Banach …

…

Necessary results

Lemma 3.1
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If  are continuous and  s.t. , then  is solution of

The solution of (3.1) is

 …

…

Ulam–Hyers stability

Here, we discuss the Ulam–Hyers stability of Eq. (1.1) with following definition.

Definition 4.1

Let (1.1) is Ulam–Hyers stable, if for all  satisfying

 there

exists a solution of (1.1) with  …

Definition 4.2

[41]

If (1.1) is generalized Ulam–Hyers stable then  a non-decreasing function , with

, s.t. for any  of (4.1),  of (1.1) is a unique solution and  s.t. the given

inequality holds  …

…

Numerical results

Take



 The solution of (5.1) is

 …

Conclusion

In recent years, the modelings and theoretical results of Atangana–Baleanu fractional derivative

applied in various discipline, which attracts the researchers. We discussed existence and uniqueness

results of fractional AB derivative with neutral integral boundary conditions and mixed delays. Also,

we examined the Ulam–Hyers stability of our consider problem in this article. Finally, we analyzed

the concept numerically with suitable example and plotted the graphs. …
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AND GNANASEKARAN NANDINI

Abstract. As a natural generalization of the classical coloring problem in
graph theory, the dynamic coloring problem deals with the existence of a
proper coloring c of a graph so that |c(N(v))| ≥ min{r, d(v)} for every vertex v.
In this paper, we obtain the r-dynamic edge chromatic number of any given
closed helm graph for any positive integer r. This coincides with the r-dynamic
chromatic number of the line graph of a closed helm graph.

1. Introduction

In 2001, Montgomery [21] (see also [13]) introduced the concept of r-dynamic
proper k-coloring of a graph G = (V (G), E(G)) as a proper k-coloring c such that

|c(N(v))| ≥ min{r, d(v)} (1.1)

for every vertex v ∈ V (G), where N(v) and d(v) denote, respectively, the neigh-
borhood and the degree of the vertex v. In addition, he introduced the notion of
r-dynamic chromatic number χr(G) of the graph G as the minimum positive in-
teger k for which an r-dynamic proper k-coloring exists. Both concepts generalize
in a natural way those classical ones concerning the proper coloring and the chro-
matic number of a graph, which arise indeed when r = 1. Since the original work of
Montgomery, the case r > 1 has widely been dealt with in the literature for differ-
ent types of graphs [8, 6, 7, 11, 12, 14, 15, 19, 22, 24], with particular emphasis in
the case r = 2 [1, 2, 3, 4, 5]. Of particular interest for the topic of this paper, let us
remark the studies of Mohanapriya et al. [20] and Furmańczyk et al. [9] concerning
the r-dynamic coloring of different families of helm graphs. In particular, the last
mentioned paper deals with the r-dynamic chromatic number of the line graph of a
helm graph, which coincides as such with the so-called r-dynamic edge chromatic
number of a helm graph. In this last regard, Meganingtyas [17] introduced the
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concept of r-dynamic proper k-edge-coloring of a graph G = (V (G), E(G)) as a
proper k-edge-coloring c such that

|c(N(uv))| ≥ min{r, d(u) + d(v) − 2}

for every pair of adjacent vertices u, v ∈ V (G), where N(uv) denotes the set of
edges that are incident to that one containing both vertices u and v.

The r-dynamic edge chromatic number λr(G) of the graph G is the minimum
positive integer k for which an r-dynamic proper k-edge-coloring exists. Again,
both concepts generalize the classical ones of proper edge-coloring and edge chro-
matic number, which arise when r = 1. Meganingtyas [17] dealt in particular with
the r-dynamic edge chromatic number of paths, cycles, star graphs, wheel graphs,
friendship graphs, prism graphs and ladder graphs. Some other kinds of graphs for
which this value has been studied are lobster graphs, butterfly graphs, diamond
graphs [16] and trees [18]. In addition, Nandini et al. [23] have recently dealt with
the r-dynamic chromatic number of the line graph (and hence, the r-dynamic edge
chromatic number) of any bistar graph. This paper delves into this topic by fo-
cusing on the r-dynamic chromatic number of the line graph of any closed helm
graph.

The paper is organized as follows. In Section 2, we describe some preliminary
concepts and results on graph theory that are used throughout the paper. Then, in
Section 3, after establishing certain lower bounds for the r-dynamic edge chromatic
number of a closed helm graph, we determine such a number for any positive
integer r and any order of the closed helm graph under consideration.

2. Preliminaries

This section deals with some preliminary concepts and results on graph theory
that are used throughout the paper. See [10] for more details about this topic.

A graph is any pair G = (V (G), E(G)) that is formed by a set V (G) of vertices
and a set E(G) of edges. A subgraph of the graph G is any other graph H such that
V (H) ⊆ V (G) and E(H) ⊆ E(G). Each edge joins two vertices, which are then
said to be adjacent. In addition, two edges sharing a vertex are said to be incident.
From now on, we denote by vw the edge joining two vertices v, w ∈ V (G). It
constitutes a loop if v = w. Two edges joining the same pair of vertices are said to
be parallel. A graph is simple if it contains no loops and no parallel edges. Further,
the number of vertices and the number of edges of a graph are, respectively, its
order and its size. If both of them are finite, then the graph is said to be finite.
From now on, all the graphs are considered to be simple and finite. A graph is
called complete if all its vertices are pairwise adjacent. The set of vertices of any
complete subgraph of the graph G is called a clique. The complete graph of order n
is denoted by Kn.

The neighborhood NG(v) of a vertex v ∈ V (G) is the subset of vertices in V (G)
that are adjacent to v. The cardinality dG(v) of this set is the degree of the
vertex v. From now on, we write N(v) and d(v) when there is no risk of confusion.
If d(v) = 1, then the vertex v is said to be pendant. A pendant edge is any edge
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containing a pendant vertex. Furthermore, δ(G) and ∆(G) denote, respectively,
the minimum and maximum vertex degree of the graph G.

The cycle Cn, with n > 2, is a graph for which V (Cn) = {v0, . . . , vn−1} and
E(Cn) = {v0v1, v1v2, . . . , vn−2vn−1, vn−1v0}. If every vertex vi is joined to a new
vertex v, then the resulting graph is the wheel graph Wn+1. If besides, each vertex
vi is joined to a pendant vertex pi, then the resulting graph is the helm graph Hn.
Finally, if the set of edges {p0p1, . . . , pn−2pn−1, pn−1p0} is also added, then we get
the closed helm graph CHn. Figure 1 illustrates these four types of graphs.

Figure 1. Examples of a cycle, a wheel graph, a helm graph and
a closed helm graph.

The line graph L(G) of a graph G is the graph having as vertices the edges of G,
and such that two vertices in L(G) are adjacent if and only if the associated two
edges in G are incident. Figure 2 illustrates the line graph of the closed helm graph
CH5.

Figure 2. Line graph of the closed helm graph CH5.

A proper k-coloring of a graph G = (V (G), E(G)) is any map c : V (G) →
{0, . . . , k − 1} that assigns a set of k colors to the set of vertices V (G) so that
no two adjacent vertices share the same color. Similarly, a proper k-edge-coloring
of the graph G is defined as any map c : E(G) → {0, . . . , k − 1} so that no two
incident edges share the same color. The chromatic number χ(G) (respectively, the
edge chromatic number λ(G)) of the graph G is the minimum positive integer k
for which a proper k-coloring (respectively, a proper k-edge-coloring) of G exists.
Particular examples are the r-dynamic proper k-(edge-)coloring and the r-dynamic
(edge) chromatic number of a graph G, which have already been described in the
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introductory section. In particular, χ1(G) = χ(G) and λ1(G) = λ(G). Moreover,
as it has already been indicated in the introductory section, λr(G) = χr(L(G)) for
all positive integer r. The following result is also known.

Lemma 2.1 ([13]). Let G be a graph and let r be a positive integer. Then,
min {r, ∆(G)} + 1 ≤ χr(G) ≤ χr+1(G).

Moreover, χr(G) ≤ χ∆(G)(G).

3. Dynamic edge coloring of a closed helm graph

In this section, we study the r-dynamic edge chromatic number of a closed helm
graph CHn, with n > 2, of set of vertices

V (CHn) = {v, v0, . . . , vn−1, p0, . . . , pn−1},

where we follow the notation described in the preliminary section. To this end,
we focus on the equivalent computation of the r-dynamic chromatic number of the
line graph L(CHn), whose respective sets of vertices and edges are

V (L(CHn)) = E(CHn) = {vvi, vivi+1, vipi, pipi+1 : 0 ≤ i < n}
and

E(L(CHn)) = {(vvi)(vvj) : 0 ≤ i, j < n, i ̸= j}
∪ {(vvi)(vi−1vi), (vvi)(vivi+1), (vvi)(vipi) : 0 ≤ i < n}
∪ {(vivi+1)(vipi), (vivi+1)(vi+1pi+1) : 0 ≤ i < n}
∪ {(vipi)(pi−1pi), (vipi)(pipi+1) : 0 ≤ i < n}
∪ {(vivi+1)(vi+1vi+2), (pipi+1)(pi+1pi+2) : 0 ≤ i < n},

where all the indices are taken modulo n (this convention is considered throughout
the whole paper). In particular, for each non-negative integer i ≤ n, we have that

d(vvi) = n + 2, d(vivi+1) = 6, d(vipi) = 5 and d(pipi+1) = 4.

Thus, δ(L(CHn)) = 4 and

∆(L(CHn)) =
{

6 if n = 3,

n + 2 otherwise.

The following results establish some lower bounds of the r-dynamic edge coloring
of a closed helm graph.

Lemma 3.1. Let r and n be two positive integers, with n > 2. Then,

λr(CHn) = χr(L(CHn)) ≥

{
4 if n = 3,

n otherwise.

Proof. Notice that the four vertices vv0, vn−1v0, v0v1 and v0p0 determine a clique
of order four within the line graph L(CHn). Thus, since every r-dynamic coloring
constitutes a proper coloring, we have that χr(L(CHn)) ≥ χ(K4) = 4 for all
positive integer n > 2. In a similar way, since the subset of vertices {vvi : 0 ≤ i <
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n} ⊂ V (L(CHn)) determines a clique of order n within the line graph L(CHn), we
have that χr(L(CHn)) ≥ χ(Kn) = n for all n ≥ 4. □

Figures 3–5 illustrate how the lower bound in Lemma 3.1 is respectively reached
for r ≤ n = 3, r < n ∈ {4, 5} and r ≤ n − 2 < n ∈ {6, 7}. The following result
shows that the case (r, n) ∈ {(5, 6), (6, 7)} requires extra colors.

Figure 3. r-dynamic proper 4-coloring of the line graph L(CH3)
(left) and r-dynamic proper 4-edge-coloring of the closed helm
graph CH3 for all r ≤ 3 (right).

Figure 4. r-dynamic proper n-edge-coloring of the graph CHn

for all r < n ∈ {4, 5}.

Figure 5. r-dynamic proper n-edge-coloring of the graph CHn

for all r ≤ n − 2 < n ∈ {6, 7}.
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Proposition 3.1. Let n ∈ {6, 7}. Then,

λn−1(CHn) = χn−1(L(CHn)) ≥

{
7 if n = 6,

9 if n = 7.

Proof. From Lemma 2.1, we have that n ≤ χn−1(L(CHn)). So, let us suppose the
existence of an (n − 1)-dynamic proper n-coloring c of L(CHn). From Condition
(1.1), we have that |c(N(vipi))| = 5 = d(vipi) for all non-negative integer i < n.
Thus, the set c(N(v0v1)) does not contain any of the two distinct colors c(v0v1)
and c(p0p1). As such, |c(N(v0v1))| ≤ n − 2, which contradicts Condition (1.1).
Hence, χn−1(L(CHn)) ≥ n + 1 for all n ∈ {6, 7}.

Now, let c be a 6-dynamic proper 8-coloring of the line graph L(CH7). Condition
(1.1) implies that |c(N(vipi))| = 5 = d(vipi) and |c(N(vivi+1))| = 6 = d(vivi+1)
for every non-negative integer i < 7. As a consequence, the set

Si := c(N(vivi+1)) ∪ {c(vivi+1), c(pipi+1)}

is formed by all the eight colors associated to the map c. Then, since Condition
(1.1) also implies that |c(N(pipi+1))| = 4 = d(pipi+1) for all non-negative integer
i < 7, exactly one of the following three conditions holds:

• c(pipi+1) = c(vvi−1) = c(vi+2vi+3) = c(pi+4pi+5);
• c(pipi+1) = c(vi−2vi−1) = c(vvi+2) = c(pi+3pi+4);
• c(pipi+1) = c(vi−2vi−1) = c(vi+2vi+3).

In particular, if i = 0, then the following study of cases arises. All the stages in
this study are sequentially described as immediate consequences of applying that
|c(N(vipi))| = 5, |c(N(vivi+1))| = 6 and |Si| = 8 for every non-negative integer
i < 7, together with the three described conditions and the fact that c is a proper
coloring.

• Case 1: c(p0p1) = c(vv6) = c(v2v3) = c(p4p5).
– Subcase 1.1: c(p1p2) = c(vv0) = c(v3v4) = c(p5p6), which implies

that c(p3p4) = c(v1v2).
∗ Subcase 1.1.1: c(p2p3) = c(vv1) = c(v4v5) = c(p0p6), which

implies that c(v5v6) = c(v1v2) and c(v6p6) = c(v1p1). But then,
c(v1p1) ∈ {c(vv3), c(v3p3)} ∩ {c(vv4), c(v4p4)}. This implies
that |c(N(v3v4))| < 6, which is not possible.

∗ Subcase 1.1.2: c(p2p3) = c(v0v1) = c(v4v5), which implies
that c(v3p3) = c(vv1) and c(vv3) = c(v1p1) = c(v5v6). Then,
c(vv5) = c(v1v2) = c(p0p6) and c(v5p5) = c(vv1). But then,
|Si| < 8 for some i ∈ {3, 4, 5}, which is not possible.

– Subcase 1.2: c(p1p2) = c(v0v6) = c(v3v4), which implies sequentially
that c(v2p2) = c(vv0), c(vv2) = c(v0p0) and c(p3p4) = c(v1v2).

∗ Subcase 1.2.1: c(p2p3) = c(vv1) = c(v4v5) = c(p0p6), which
implies that c(v4v5) = c(v1v2) and c(v6p6) = c(v1p1). But then,
c(v1p1) ∈ {c(vv3), c(v3p3)} ∩ {c(vv4), c(v4p4)}. This implies
that |S3| < 8, which is not possible.
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∗ Subcase 1.2.2: c(p2p3) = c(v0v1), which implies sequentially
that c(v3p3) = c(vv1), c(vv3) = c(v1p1) = c(v5v6), c(vv5) =
c(v1v2) = c(p0p6), c(v6p6) = c(vv1) and c(v4v5) = c(v0p0). But
then, |Si| < 8 for some i ∈ {3, 4, 5}, which is not possible.

• Case 2: c(p0p1) = c(v5v6) = c(vv2) = c(p3p4). This case is symmetric to
the precedent one. So, a similar reasoning gives rise to a contradiction.

• Case 3: c(p0p1) = c(v5v6) = c(v2v3).
– Subcase 3.1: c(p1p2) = c(vv0) = c(v3v4) = c(p5p6). Up to relabeling

of indices, this particular condition coincides with the assumptions of
the first case. So, no coloring is possible from here.

– Subcase 3.2: c(p1p2) = c(v0v6) = c(vv3) = c(p4p5). Again, this
particular condition is equivalent, up to relabeling of indices and sym-
metry, to the one described in the first case. So, no coloring is possible
from here.

– Subcase 3.3: c(p1p2) = c(v0v6) = c(v3v4).
∗ Subcase 3.3.1: c(p2p3) = c(vv1) = c(v4v5) = c(p0p6), which

is equivalent to the first case and hence, no coloring is possible
from here.

∗ Subcase 3.3.2: c(p2p3) = c(v0v1) = c(vv4) = c(p5p6), which is
again equivalent to the first case. No coloring is possible from
here.

∗ Subcase 3.3.3: c(p2p3) = c(v0v1) = c(v4v5), which implies
that c(p3p4) = c(v1v2) = c(vv5) = c(p0p6). Again, this last
condition is equivalent to the one described in the first case. So,
no coloring is possible from here.

As a consequence, χ6(L(CH7)) ≥ 9. □

We establish now a lower bound for the case 4 ≤ r = n (notice in this regard
that the case r = n = 3 is already dealt with in Figure 3).
Proposition 3.2. Let n ≥ 4 be a positive integer. Then,

λn(CHn) = χn(L(CHn)) ≥

{
8 if n = 5,

n + 2 otherwise.

Proof. The following study of cases arises.
• Case n = 4.

Let us suppose the existence of a 4-dynamic proper 5-coloring c of the
line graph L(CH4). From Condition (1.1), we have that |c(N(pipi+1))| =
4 = d(pipi+1) for all non-negative integer i < n. Thus, since N(p0p1) ∩
N(p2p3) = {p1p2, p3p0} and the map c is a proper coloring, we have that

c(p2p3) ∈ {c(p0p1), c(v0p0), c(v1p1)}.

If c(p2p3) = c(v0p0), then |c(N(p3p0))| ≤ 3, which contradicts Condition
(1.1). Similarly, c(p2p3) ̸= c(v1p1) and hence, c(p2p3) = c(p0p1). But
then, |c(N(p3p0)| ≤ 3, which contradicts again Condition (1.1). As a
consequence, no such map c exists and hence, χ4(L(CH4)) ≥ 6.
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• Case n = 5.
Let us suppose the existence of a 5-dynamic proper 7-coloring c of the

line graph L(CH5). Condition (1.1) implies that |c(N(vipi))| = 5 = d(vipi)
and |c(N(pipi+1))| = 4 = d(pipi+1) for all i < 5. As a consequence,
|c(N(vipi)) ∪ {c(vipi)}| = 6. All these conditions together imply that
either c(pipi+1) = c(vvi−1) = c(vi+2vi+3) for all i < 5, or c(pipi+1) =
c(vi−2vi−1) = c(vvi+2) for all i < 5. Otherwise, it would be either
|c(N(vi−1vi))| < 5, or |c(N(vi+1vi+2))| < 5 for, at least, one non-negative
integer i < 5, which is not possible.

The resulting coloring requires that c(vipi) = c(vi+1pi+1) for some i < 5.
This would imply that |c(N(pipi+1))| < 4, which is not possible. As a
consequence, χ5(L(CH5)) ≥ 8.

• Case n ≥ 6.
Let us suppose the existence of an n-dynamic proper (n + 1)-coloring c

of the line graph L(CHn). Without loss of generality, we may assume that
c(vvi) = i for all i < n. Then, Condition (1.1) implies that

n ∈ {c(vi−1vi), c(vi, vi+1), c(vipi)} for all i < n, (3.1)
because d(vvi) = n+2 > n. Nevertheless, c(vivi+1) ̸= n, because Condition
(1.1) implies that |c(N(vi+1vi+2))| = 6 = d(vi+1vi+2), and hence, it should
be

n ̸∈ {c(vi+1vi+2), c(vi+2vi+3), c(vi+2pi+2)},

which contradicts (3.1). Similarly, we get that c(vi−1vi) ̸= n. As a conse-
quence, it must be c(vipi) = n for all non-negative integer i < n. But then,
|c(N(vivi+1))| ≤ 5 < 6 = d(vivi+1) ≤ n, which contradicts Condition (1.1).
Hence, the existence of the map c is not possible and the result holds. □

We focus now on the case r = n + 1.

Proposition 3.3. Let n ≥ 3 be a positive integer. Then,

λn+1(CHn) = χn+1(L(CHn)) ≥


10 if n = 5,

n + 3 if n ≡ 0 (mod 3) or n = 4,

n + 4 otherwise.

Proof. The following study of cases arises.
• Case n = 3.

Let c be a 4-dynamic proper 5-coloring c of the line graph L(CH3).
From Condition (1.1), we have that |c(N(pipi+1))| = 4 = d(pipi+1) for
all positive integer i < 3. Then, since |N(p0p1) ∩ N(p1p2)| = 2 and both
vertices p0p1 and p1p2 are adjacent, it must be c(v0p0) = c(v2p2). But then,
|c(N(p2p0)| ≤ 3, which contradicts Condition (1.1). Hence, χ4(L(CH3)) ≥
6.

• Case n = 4.
Let us suppose the existence of a 5-dynamic proper 6-coloring c of the

line graph L(CH4). From Condition (1.1), the set {c(pipi+1) : 0 ≤ i < 4} is
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formed by four distinct colors. Moreover, c(v0p0) = c(v2p2) and c(v1p1) =
c(v3p3) are the remaining two colors. Then, since the map c is a proper
coloring and |c(N(vipi+1))| = 5 = d(vipi+1) because of Condition (1.1),
it must be c(vvi) = c(vi+1pi+1) for all positive integer i < 4. But then,
there is a clique of order four within the line graph CH4 whose vertices are
colored with only two colors. This contradicts the fact that the map c is a
proper coloring and hence, χ5(L(CH4)) ≥ 7.

• Case n = 5.
It is simply verified that the existence of three vertices sharing the same

color within L(CH5) contradicts Condition (1.1). Then, the result follows
straightforwardly from the fact that this line graph contains 20 vertices.

• Case n ≥ 6.
Let c be an (n + 1)-dynamic proper (n + 2)-coloring of the line graph

L(CHn). Without loss of generality, we may assume that c(vvi) = i for
all positive integer i < n. Then, Condition (1.1) implies that {n, n + 1} ⊆
c(N(vvi)) ∩ c(N(vvi+1)) for all i < n. Thus, |c(N(vivi+1))| ≤ 5, which
contradicts Condition (1.1), and hence, χn+1(L(CHn)) ≥ n + 3.

Now, let c′ be an (n + 1)-dynamic proper (n + 3)-coloring of L(CHn).
Again, we can suppose that c′(vvi) = i for all i < n. From Condition (1.1),
it must be |c′(N(vvi))| ≥ n + 1 and |c′(N(vivi+1))| = 6 for all i < n. This
implies that c′(vivi+1) ̸∈ {n, n + 1, n + 2} for all i < n. As a consequence,
{n, n + 1, n + 2} = {c′(vi−1vi), c′(vivi+1), c′(vi+1vi+2)} and c′(vivi+1) =
c′(vi+3vi+4) for all i < n. □

Finally, the following result deals with the case r = n + 2.

Proposition 3.4. Let n ≥ 3 be a positive integer. Then,

λn+2(CHn) = χn+2(L(CHn)) ≥

{
n + 5 if n ∈ {3, 5k, 6k}, with k > 0,

n + 6 otherwise.

Proof. Let us study separately each case.
• Case n ∈ {3, 5k, 6k}, with k > 0.

Let c be an (n + 2)-dynamic proper (n + 4)-coloring of L(CHn). From
Condition (1.1), we have that |c(N(vvi))| = n + 2 = d(vvi) for all i < n.
Without loss of generality, we may assume that c(vvi) = i for all i < n,
and hence, {c(vi−1vi), c(vipi), c(vivi+1)} ⊂ {n, n + 1, n + 2, n + 3} for all
i < n. Then, the following assertions are simply verified.

– If n = 3, then |c(N(vivi+1))| < 5 for some i < 3.
– If n ∈ {5k, 6k} for some k > 0, then |c(N(vivi+1))| < 6 = d(vivi+1)

for all i < n.
Both assertions contradict Condition (1.1) and hence, the result holds.

• Case 3 < n ̸∈ {5k, 6k} for all k > 0.
Let c be an (n + 2)-dynamic proper (n + 5)-coloring of L(CHn). Again,

we may assume that c(vvi) = i for all i < n. Then, Condition (1.1) implies
that, for each positive integer i < n, we have {c(vi−1vi), c(vipi), c(vivi+1),
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c(vi+1pi+1), c(vi+1vi+2)} = {n, . . . , n + 4} and {c(vi−1vi), c(vipi)})} =
{c(vi+2pi+2), c(vi+2vi+3)})}. This is not possible when n ̸∈ {5k, 6k} for
all k > 0. Hence, χn+2(L(CHn)) ≥ n + 6. □

The following theorem is the main result of the paper. It establishes the r-dynamic
chromatic number of the line graph L(CHn).

Theorem 3.2. Let r and n be two positive integers, with n > 2. Then,

λr(CHn) = χr(L(CHn)) =



n if max{3, r} < n and (r, n) ̸=
{(5, 6),

(6, 7),

n + 1 if
{

r ≤ n = 3,

(r, n) = (5, 6),

n + 2 if
{

(r, n) = (6, 7),
4 ≤ r = n ̸= 5,

n + 3 if
{

r = 5 ∈ {n, n + 1},

r − 1 = n ≡ 0 (mod 3),
n + 4 if 5 ̸= r − 1 = n ̸≡ 0 (mod 3),

n + 5 if


r − 1 = n = 5,

r − 2 = n = 3,

r − 2 ≥ n ∈ {5k, 6k}, with k > 0,

n + 6 otherwise.

Proof. The case r ≤ n = 3 follows from Lemma 3.1 and Figure 3. Let us study
separately the remaining cases by defining an appropriate r-dynamic proper color-
ing c of the corresponding line graph L(CHn) satisfying Condition (1.1). Without
loss of generality, we may define this map c so that c(vvi) = i for all non-negative
integer i < n.

• Case max{3, r} < n.
Except for (r, n) ∈ {(5, 6), (6, 7)}, the case 4 ≤ n ≤ 7 follows simply

from Lemma 3.1 and Figures 4 and 5. The case (r, n) = (5, 6) holds from
Lemma 3.1 and Figure 5 once we replace the colors of any three vertices
vipi, vi+2pi+2 and vi+4pi+4 in the left graph of that figure by a seventh
color. In addition, the case (r, n) = (6, 7) follows from Proposition 3.1 and
Figure 6 (center). So, let us focus on the case n > 7. From Lemma 3.1,
we have that n ≤ χr(L(CHn)). In order to prove that this lower bound is
reached, we define the map c so that, for each non-negative integer i < n,

c(w) =


(i − 3) mod n if w = vivi+1,

(i + 2) mod n if w = vipi,

(i − 1) mod n if w = pipi+1.

Condition (1.1) holds and hence, χr(L(CHn)) = n. Figure 6 (right) illus-
trates the case n = 8.
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Figure 6. 5-dynamic proper 8-edge-coloring of the closed helm
graph CH5 (left); r-dynamic proper 9-edge-coloring of the closed
helm graph CH7 for r ∈ {6, 7} (center); and r-dynamic proper
8-edge-coloring of the closed helm graph CH8 for all r ≤ 7 (right).

• Case 4 ≤ r = n.
The case n = 5 holds from Proposition 3.2 and Figure 6 (left). So, let us

focus on the case n ̸= 5. From Proposition 3.2, it is n + 2 ≤ χn(L(CHn)).
Let the map c be defined so that, for each non-negative integer i < n,

c(vivi+1) =


n if n is odd and i = n − 1,

n + 1 if n is odd and i = 0,

(i − 3) mod n otherwise,

c(vipi) =


i + 2 if n is odd and i ∈ {0, 1, n − 1},

n if
{

both n and i are even,

n is odd and i ̸∈ {0, n − 1} is even,

n + 1 otherwise,

and
c(pipi+1) = (i − 1) mod n.

Condition (1.1) holds and hence, χr(L(CHn)) = n + 2. Figure 7 illustrates
the case r = n ∈ {6, 9}.

Figure 7. n-dynamic proper (n + 2)-edge-coloring of the closed
helm graph CHn for n ∈ {6, 9}.
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• Case r = n + 1.
The case n ≤ 5 follows from Proposition 3.3 and Figure 8. Now, for

n > 5, we define the map c so that, for each non-negative integer i < n,

c(vivi+1) =
{

n + (i mod 3) if n ≡ 0 (mod 3),
n + (i mod 4) otherwise,

c(vipi) = (i + 2) mod n and c(pipi+1) = (i − 1) mod n.

Condition (1.1) holds and hence, Proposition 3.3 implies χn+1(L(CHn)) =
n + 3 if n ≡ 0 (mod 3), and χn+1(L(CHn)) = n + 4 otherwise. Figure 9
illustrates the case n ∈ {6, 7}.

Figure 8. (n + 1)-dynamic proper (n + 3)-edge-coloring of the
closed helm graph CHn for n ∈ {3, 4, 6}, and 6-dynamic proper
10-edge-coloring of the closed helm graph CH5.

Figure 9. 7-dynamic proper 9-edge-coloring of the closed helm
graph CH6 (left) and 8-dynamic proper 11-edge-coloring of the
closed helm graph CH7 (right).

• Case r = n + 2.
The case n = 3 follows from Proposition 3.4 and Figure 10 (left). Fur-

ther, from Proposition 3.4, we have that n + 5 ≤ χn+2(L(CHn)) for all
n ∈ {5k, 6k} for some k > 0. Let us prove that this lower bound is reached
in both cases.
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Figure 10. (n + 2)-dynamic proper (n + 5)-edge-coloring of the
graph CHn for all n ∈ {3, 5, 6}.

– Subcase n = 5k for some k > 0.
Let the map c be defined so that, for each non-negative integer i < n,

c(w) =


n + (i mod 5) if w = vivi+1,

n + ((i + 2) mod 5) if w = vipi,

(i − 1) mod n if w = pipi+1.

Condition (1.1) holds and hence, χn+2(L(CHn)) = n + 5. Figure 10
(center) illustrates the case n = 5.

– Subcase n = 6k for some k > 0.
Let the map c be defined so that, for each non-negative integer i < n,

c(w) =


n + (i mod 3) if w = vivi+1,

n + 3 + (i mod 2) if w = vipi,

(i − 1) mod n if w = pipi+1.

Condition (1.1) holds and hence, χn+2(L(CHn)) = n + 5. Figure 10
(right) illustrates the case n = 6.

Finally, if n ̸∈ {3, 5k, 6k} for all k > 0, then Proposition 3.4 implies
that n + 6 ≤ χn+2(L(CHn)). In order to prove that this lower bound is
reached, let the map c be defined so that, for each non-negative integer
i < n,

c(w) =



n + (i mod 3) if w = vivi+1 and n ≡ 0 (mod 3),
n + (i mod 4) if w = vivi+1 and n ̸≡ 0 (mod 3),
n + 3 + (i mod 3) if w = vipi and n ≡ 0 (mod 3),

n + 4 + (i mod 2) if w = vipi and

n is even,
n ̸≡ 0 (mod 3) is odd

and i > 0,

n + 3 if w = v0p0 and n ̸≡ 0 (mod 3) is odd,

(i − 1) mod n if w = pipi+1.

Condition (1.1) holds and hence, χn+2(L(CHn)) = n + 6. Figure 11
(left) illustrates the case n ∈ {4, 7, 9}.
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Figure 11. (n + 2)-dynamic proper (n + 6)-edge-coloring of the
graph CHn for all n ∈ {4, 7, 9}.

• Case r > n + 2.
It follows simply from Lemma 2.1 and the case r = n − 2. □

4. Conclusion and further work

In this paper, we have determined the r-dynamic chromatic number of the line
graph of any closed helm graph CHn for all positive integers r and n > 2, and
hence, the r-dynamic edge chromatic number of any given closed helm graph. In
this regard, Theorem 3.2 is the main result of the paper; there it has in particular
been obtained that n ≤ λr(CHn) = χr(L(CHn)) ≤ n + 6.

Similarly to recent works dealing with the r-dynamic coloring of certain products
of graphs [7, 6], of particular interest for the continuation of this paper is the study
of the r-dynamic edge coloring of different products of graphs concerning closed
helm graphs.
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Abstract: Dynamic coloring has recently emerged as a valuable tool to optimize cryptographic
protocols based on secret sharing, which enforce data security in communication networks and have
significant importance in both online storage and cloud computing. This type of graph labeling enables
the dealer to distribute secret shares among the nodes of a communication network so that everybody
can recover the secret after a minimum number of rounds of communication. This paper delves into
this topic by dealing with the dynamic coloring problem for degree splitting graphs. The topological
structure of the latter enables the dealer to avoid dishonesty by adding control nodes that supervise all
those participants with a similar influence in the network. More precisely, we solve the dynamic
coloring problem for degree splitting graphs of any regular graph. The irregular case is partially
solved by establishing a lower bound for the corresponding dynamic chromatic number. As illustrative
examples, we solve the dynamic coloring problem for the degree splitting graphs of cycles, cocktail,
book, comb, fan, jellyfish, windmill and barbell graphs.

Keywords: Degree splitting networks; secret sharing; dynamic coloring problem

1. Introduction

A (k, t)-threshold secret sharing scheme [1, 2], with k ≥ t, is a cryptographic protocol in which a
dealer splits a secret into k pieces of information or secret shares. Copies of these pieces are
distributed among a group of n participants, with n ≥ t, so that only a subgroup sharing at least t
distinct secret shares can reconstruct the secret. The parameter t is called the threshold of the scheme.
These schemes are relevant in online storage and cloud computing because they enforce data security
in communication networks [3], in which each node represents a participant of the scheme. Two
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nodes are adjacent if and only if there exists a proximity relationship between both participants so that
they can cooperate to recover the original secret. This cooperation occurs simultaneously via discrete
time-steps or rounds of communication that allow the spread of secret shares among all the nodes of
the network. First, the dealer distributes the secret shares among the nodes of the network. In each
subsequent round, each participant gathers all the pieces of information of the adjacent nodes and
fuses them with its own information. Moreover, we suppose in this paper the following assumptions.

• Exactly one secret share is assigned by the dealer to each participant, so that no two adjacent
nodes receive the same piece of information. To this end, the dealer has secure communication
links to every participant. We also assume that the secret cannot be recovered from this initial
distribution. That is, t > 1 in our (k, t)-threshold secret sharing scheme.
• The communication network is static. That is, its topology does not change during the rounds of

communication.

Figure 1 illustrates these rounds of communications for a static network of 12 nodes, among which the
dealer has distributed four distinct pieces of information.

−→

INITIAL DISTRIBUTION ROUND 1
OF SECRETS SHARES

↙

−→

ROUND 2 ROUND 3

Figure 1. Successive rounds of communications in a network.

A main question to answer here is the following.

Networks and Heterogeneous Media Volume 18, Issue 4, 1713–1746.
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Problem 1. What is the minimum number of rounds that are necessary so that the original secret can
be reconstructed by each one of the participants?

Of course, this number is less than or equal to the diameter of the graph under consideration. The
exact solution of Problem 1 requires the design of an efficient and optimal distribution of secret shares
among all the participants of the communication network. It requires a comprehensive analysis of
the network topology and metrics [4], which would be even more relevant when the communication
network under consideration is large enough to be considered for big data storage. Even if different
analytic tools based on graph algorithms are usually used to this end [5–7], the most relevant tool for
dealing with our problem is graph coloring.

A proper n-coloring of a graph G, with a set of vertices V(G), is any map c : V(G) → {0, . . . , n −
1} such that c(v) , c(w), for every pair of adjacent vertices v,w ∈ V(G). The minimum positive
integer n for which this map exists is the chromatic number χ(G). If G is the underlying graph of a
communication network, then each color can be interpreted as the secret share assigned to the node
under consideration. Hence, Problem 1 requires the design of an appropriate coloring for the graph G.

Depending on different local constraints, one may find in the literature a wide amount of distinct
types of graph colorings [8, 9], with different applications in real-world problems [10]. Thus, for
instance, the b-coloring is useful to deal with clustering in data mining [11]; the equitable coloring
ensures load balancing in scheduling [12]; the frugal coloring avoid collisions in networks based on a
time-division multiple access [13]; the rainbow k-connected edge-coloring enables the strengthening
of the conventional connectivity to get a much more secure network communication [14]; and the star
coloring is useful in tracebacking IP addresses in communication networks [15].

Dynamic coloring has recently emerged [16] as a valuable type of proper-coloring that allows for
the description of optimal distributions of pieces of information in a secret sharing scheme defined on
a communication network. In 2001, Montgomery [17] introduced the r-dynamic proper k-coloring of
a graph G as a proper k-coloring c : V(G)→ {0, . . . , k − 1} such that

|c(NG(v))| ≥ min{r, degG(v)}, (1.1)

for every vertex v ∈ V(G). Here, NG(v) and degG(v) denote, respectively, the neighborhood and the
degree of the vertex v. The problem of deciding whether a given graph has an r-dynamic proper k-
coloring is NP-complete [18], whenever 2 ≤ r < k. It is indeed harder than the classical coloring
problem, which results for r = 1, and is a well known NP-complete problem, for k > 2. In this
regard, even the classical 3-colorability is polynomially solvable for graphs with maximum degree at
most three, and the 2-dynamic 3-colorability remains NP-complete for planar bipartite graphs with
maximum degree at most three and arbitrarily high girth [18].

Every r-dynamic k-proper coloring of a graph G describes a distribution of pieces of information
in any given (k, r + 1)-threshold secret sharing scheme defined on the communication network having
G as its underlying graph, whenever k ≥ r + 1 [16]. This distribution makes possible that all the
participants receive the maximum possible information about the original secret from the closest nodes
after each round of communication. More precisely, condition (1.1) implies that, after the first round,
each participant can either reconstruct the original secret or obtain a different secret share from each
one of his/her neighbors. A second main question to answer here is the following.

Problem 2. What is the minimum number of pieces of information in which the secret has to split to
ensure condition (1.1)?

Networks and Heterogeneous Media Volume 18, Issue 4, 1713–1746.
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This number coincides with the r-dynamic chromatic number χr(G), which is the minimum positive
integer k for which an r-dynamic proper k-coloring of the graph G exists. (The case r = 1 refers to
the classical chromatic number χ(G).) Determining this number constitutes the dynamic chromatic
problem. (The case r = 1 refers to the classical chromatic problem.) The case r ≥ 2 has already
been solved for distinct families of graphs [19–27]. One may also find some papers studying how
the dynamic chromatic number changes by including new vertices in the graph under consideration
[28–33]. (For a recent survey on the topic, we refer to [34].)

All the mentioned papers can, therefore, be reinterpreted as dealing with Problem 2. However, in
spite of the wide amount of papers on Montgomery’s dynamic coloring, its interpretation as an
optimal allocation of pieces of information has only been explicitly considered in [16], for extended
neighborhood coronas, and, too superficially, in [35], for triangle-free graphs and sparse random
graphs. Even more, Problem 1 has been solved only for extended neighborhood coronas [16]. More
specifically, two rounds of communication have been proved to be enough so that all the participants
in any extended neighborhood corona can reconstruct the secret under consideration in the
corresponding communication network.

Similarly to Problem 2, it is interesting to study the behaviour of Problem 1 when new vertices are
included in the graph under consideration. This paper delves into this aspect for both Problems 1 and
2, in case of dealing with degree splitting graphs. Recall here that, if G is a graph of set of vertices
V(G) = {v1, . . . , vn}, and Vk(G) ⊆ V(G) denotes its subset of vertices of degree k for all k > 1, then the
degree splitting graph [36] (from here on, DSG) of G is the graph DS (G) that results after connecting
a new vertex to all those vertices in Vk(G), whenever |Vk(G)| > 1. From here on, we denote this new
vertex by wk, and we say that it constitutes a control node of the initial network. Figure 2 illustrates this
construction for the communication graph appearing in Figure 1. (The control nodes are highlighted
in black color.)

−→

Figure 2. Construction of a DSG.
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No previous study exists in the literature concerning the dynamic chromatic problem for DSGs.
The main reason for having chosen this type of graphs in our study is that DSGs maintain or improve
the fairness of any given secret sharing scheme based on a communication network, by avoiding
dishonesty. Recall here that a secret sharing scheme is fair if all the participants recover the original
secret at the same time. Of course, the more regular the communication network is, the fairer the
secret sharing scheme can be. But, even in the regular case, this fairness cannot be ensured in case
there are dishonest participants who receive secret shares from the honest ones, but either do not share
their own pieces of information, or share fake ones. To avoid this dishonesty, one can add control
nodes connecting and supervising all those participants with a similar influence in the network. DSGs
constitute a valuable alternative to this end, where control nodes are the new added vertices. Note that
the DSG of any regular graph has diameter at most two. Hence, at most two rounds of communication
are required so that all the participants can reconstruct the secret in the DSG of any regular
communication network.

From here on, we assume that control nodes also receive secret shares so that condition (1.1) holds.
So, we are interested in solving Problem 2 for DSGs. Even more, we assume that control nodes act
in all the rounds of communication of the scheme, in exactly the same way as the rest of participants.
We can distinguish whether control nodes are also participants of the scheme, or not. (This distinction
is further clarified in Section 2.) In the affirmative case, we are interested in answering Problem 1
for any (χr (DS(G)) , r + 1)-threshold secret sharing scheme based on the DSG of a graph G, whenever
χr (DS(G)) ≥ r+1. In the negative case, we are interested in solving the following alternative question,
whose solution is less than or equal to that of Problem 1 for both graphs G and DS(G).

Problem 3. What is the minimum number of rounds of communication that is necessary so that all
the participants, except for the control nodes, can recover the secret in a (χr (DS(G)) , r + 1)-threshold
secret sharing scheme based on the DSG of a communication network G?

1.1. Our contributions

In this paper, we solve Problem 2, and hence, the dynamic chromatic problem, for DSGs of regular
graphs (Proposition 7) by determining the relationship among the dynamic chromatic number of a
regular graph and that of its DSG. We illustrate this by solving the dynamic chromatic problem for
DSGs of two families of regular graphs: cycles (Theorem 8) and cocktail party graphs (Theorem
10). With respect to the latter, we also correct (Lemma 9) a previous result on the classical dynamic
chromatic problem. All our constructive solutions describe explicitly dynamic colorings on the graphs
under consideration, and hence, optimal secret share distributions. It allows the establishment of the
minimum number of rounds of communications that are necessary so that all the participants of a
communication network defined on such graphs can reconstruct the secret. To this end, we distinguish
whether the control nodes described by any DSG are also participants of the scheme (Problem 1), or
not (Problem 3). In Section 3, we solve both problems for DSGs of cycles and cocktail party graphs.

Concerning DSGs of non-regular graphs, we solve Problems 1–3 for the DSGs of book graphs
(Proposition 11), comb graphs (Proposition 12), fan graphs (Theorems 14 and 15) and jellyfish graphs
(Propositions 16 and 17). In addition, we establish a new lower bound for the dynamic chromatic
number of the DSGs of any non-regular graph (Lemma 18). We use this bound to solve Problems
1–3 for the DSGs of windmill graphs (Proposition 19) and barbell graphs (Proposition 20). Table 2
summarizes all our results concerning Problems 1 and 3.
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2. Preliminaries

This section deals with some preliminary concepts and results on graph theory that are used
throughout the paper. We refer the reader to the manuscript [37] for more details about this topic.

All the communication networks throughout the paper are assumed to be finite and simple graphs.
A graph G = (V(G), E(G)) is formed by a set of vertices V(G) and a set of edges E(G) so that each
edge joins two vertices, which are then said to be adjacent. The graph G is complete if all their
vertices are pairwise adjacent. The complete graph with n vertices is denoted Kn. Further, a graph
H = (V(H), E(H)) is a subgraph of G if V(H) ⊆ V(G) and E(H) ⊆ E(G). It is induced if E(H) is
formed by all those edges in E(G) connecting vertices of V(H). It is an n-clique if it coincides with Kn.

The cardinalities of the sets V(G) and E(G) constitute, respectively, the order and the size of the
graph G. The latter is finite if both its order and its size are finite. From now on, let vw denote the edge
formed by two adjacent vertices v,w ∈ V(G). It is a loop if v = w. A graph is simple if it does not
contain loops. All the graphs in this paper are finite and simple.

The neighborhood of a vertex v ∈ V(G) is the subset NG(v) ⊂ V(G) of vertices that are adjacent to
v. The cardinality of this set is the degree degG(v) of such vertex. If degG(v) = 1, then the vertex v is
said to be pendant. The maximum degree in G is denoted ∆(G). A graph is said to be k-regular (or
simply, regular), if all its vertices have degree k.

A path between two vertices v,w ∈ V(G) is any ordered sequence of n > 2 adjacent and pairwise
distinct vertices ⟨ v0 = v, v1, . . . , vn−2, vn−1 = w ⟩ in V(G). The minimum possible size of this path is the
distance dG(u, v). The diameter diam(G) is the maximum distance between any two vertices in V(G).

A path is a cycle if its initial and final vertices coincide. If all the vertices of a cycle are joined to a
new vertex, then we get a wheel. If we remove all the edges of the wheel that do not contain this new
vertex, then we obtain a star. (Note that it is sometimes called a wheel network [38].) From here on,
we denote, respectively, the cycle and the wheel of order n by Cn and Wn. Note here that DS(Cn) = Wn.

Paths, cycles, wheels (stars) and complete graphs are four commonly used graphs in small
communication networks and constitute fundamental subgraphs for more complex networks [38]. In
this regard, we study in the subsequent sections the DSGs of the following families of graphs, which
are based on the mentioned four graphs, and are usually considered in the literature as a first attempt
to study more complex communication networks: cocktail party graphs [39], book graphs [40], comb
graphs [41], fan graphs [39], jellyfish graphs [42], windmill graphs [43] and barbell graphs [44]. Let
us recall here how all of them are defined. To this end, let m and n be two positive integers.

• The cocktail party graph Cpn, with n > 1, is described so that V(Cpn) = {v0, . . . , v2n−1} and
E(Cpn) = {viv j : 0 ≤ i, j < 2n, i . j (mod n)}.

• The book graph Bn is formed by n copies of the cycle C4, sharing between all of them a unique,
common edge.

• The comb graph Cbn, with n > 2, is the graph arising from connecting n new vertices v′0, . . . , v
′
n−1

to the path Pn = ⟨ v0, . . . , vn−1 ⟩ by means of the edges viv′i , with 0 ≤ i < n.

• The fan graph Fm,n is the graph arising from connecting m new vertices to all the vertices of the
path Pn.

• The jellyfish graph Jm,n arises from the cycle C4 = ⟨ v0, v1, v2, v3 ⟩ after joining the vertices v0 and
v2 with an edge, connecting m new pendant vertices to v1, and n new pendant vertices to v3.
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• The windmill graph Wdm,n, with m, n ≥ 2, is the graph formed by m copies of the complete graph
Kn, sharing between all of them a unique, common vertex.

• The barbell graph Ban, with n > 2, is the graph formed by two copies of the complete graph Kn

so that they are linked by an edge connecting one vertex of each copy. This edge is called the
bridge of the graph Ban.

Figures 3 and 4 illustrate, respectively, all of these graphs and their respective DSGs. (In Figure 4,
control nodes are highlighted in black color.)

Figure 3. Examples of graphs.

Figure 4. DSGs of the graphs in Figure 3.
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The diameters of these graphs are indicated in Table 1. Note herein that, except for fan graphs, the
diameter of each DSG under consideration is smaller than the diameter of the corresponding graph.
This exception is due to the fact that the distance between any two distinct control nodes in a DSG
is at least three. It increases the diameter of some non-regular graphs having diameter two, as in fan
graphs. In practice, this increment is a disadvantage only if control nodes are also participants of the
secret sharing scheme under consideration, instead of being only added for supervising participants
with a similar influence in the communication network. This is the main reason of distinguishing both
Problems 1 and 3 in the introductory section. Based on this fact, the last column in Table 1 refers to the
maximum distance between any two vertices in the DSG under consideration, whenever at least one of
these two vertices is not a control node. We have denoted this maximum distance by diam∗(DS(G)),
where G is the graph under study.

Table 1. Diameters of graphs and their corresponding DSGs.

G diam(G) diam(DS(G)) diam∗(DS(G))
Cn ⌊n/2⌋ 2 2
Cpn 2 2 2
Bn 3 3 2

Cbn n + 1

 4, if n ∈ {3, 4},
5, otherwise.

 4, if n ∈ {3, 4},
5, otherwise.

Fm,n 2 3 2
Jm,n 4 4 4
Wdm,n 2 2 2
Ban 3 3 2

The values appearing in the third and fourth columns in Table 1 constitute respective upper bounds
for the solutions of Problem 1 and 3. The exact solutions are established throughout the paper, and
collected in the conclusion section (see Table 2). Concerning Problem 2, the following known results
are useful for our study.

Lemma 1. [25] Let G be a finite simple graph and let r be a positive integer. Then,

χr(G) ≥ min {r,∆(G)} + 1.

Moreover, χr(G) ≤ χ∆(G)(G).

Lemma 2. [26] Let n > 2 and r be two positive integers. Then, χr(Kn) = n and

χr(Cn) =



2, if r = 1 and n is even,

3, if

r = 1 and n is odd,

r > 1 and n ≡ 0 (mod 3),
4, if r > 1 and 5 , n . 0 (mod 3),
5, otherwise.
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Lemma 3. [21] Let r and m, n ≥ 2 be three positive integers. Then:

a) χr(Wdm,n) =


n, if 1 ≤ r < n,

r + 1, if n ≤ r ≤ m(n − 1),
m(n − 1) + 1, otherwise.

b) If n > 2, then χr(Ban) =

 n, if 1 ≤ r < n,

n + 1, otherwise.

Proposition 4. [31] Let m, n and r be three positive integers such that n > 2. Then,

χr(Fm,n) =



3, if r ∈ {1, 2},
2r − 1, if 3 ≤ r ≤ min{m + 1, n},
n + r − 1, if n < r ≤ m + 1,
m + r, if max{3,m + 1} ≤ r ≤ n,

m + n, if r ≥ max{m + 1, n}.

The following lemma solves the dynamic chromatic problem for a comb graph.

Lemma 5. If n > 2, then χr(Cbn) = min {4, r + 1}.

Proof. Let α = min {4, r + 1}. Since ∆(Cbn) = 3, Lemma 1 implies that χr(Cbn) ≥ α. In order to prove
that this lower bound is tight, let Cbn be the comb graph that results after connecting n new vertices
v′0, . . . , v

′
n−1 to the path Pn = ⟨ v0, . . . , vn−1 ⟩ by means of the edges viv′i for all i < n. Then, it is enough

to consider the r-dynamic proper α-coloring c such that c(vi) = i modα, and

c(v′i) =

 (i + 1) modα, if r = 1,
(i + 2) modα, otherwise.

for every positive integer i < n. (Figure 5 illustrates the case n = 4.) □

Figure 5. r-dynamic colorings of Cb4, for r = 1 (left), r = 2 (right) and r ≥ 3 (down).

Concerning the theory of DSGs, the following result establishes the relationship between the
chromatic numbers of a finite simple graph and its DSG.

Lemma 6. [45] Let G be a finite simple graph. If G is regular, then χ(DS(G)) = χ(G)+ 1. Otherwise,
χ(DS(G)) ∈ {χ(G), χ(G) + 1}.
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3. The regular case

In the introductory section, we have already remarked that the DSG of a regular graph requires at
most two rounds of communication so that every participant of a secret share scheme defined on this
type of graph can recover the secret under consideration. In this section, we prove that this upper
bound is not tight. Previously, it is required to solve Problem 2 for the DSG of any k-regular graph G
of order n, with vertex set V(G) = {v0, . . . , vn−1}, so that V(DS(G)) = V(G)∪ {wk}. That is, we only add
a control node wk supervising all the participants of the communication network. The following result
establishes the relationship between the dynamic chromatic numbers of both graphs G and DS(G).

Proposition 7. Let G be a k-regular graph of order n. Then,

χr(DS(G)) =


χ(G) + 1, if r = 1,
max{r, χr−1(G)} + 1, if 1 < r ≤ n,

n + 1, otherwise.

Proof. From Lemma 1, it is enough to prove the case r ≤ ∆(DS(G)) = n. (Note here that
max{n, χn−1(G)} + 1 = n + 1, because χn−1(G) ≤ n.) Particularly, the case r = 1 follows from Lemma
6. So, we focus on the case 1 < r ≤ n. To this end, let α = max{r, χr−1(G)}.

Since the vertex wk is connected to every vertex in G, every proper coloring of DS(G) requires an
exclusive color for wk. As a consequence, the removal of this control node from DS(G) implies readily
that every r-dynamic proper χr(DS(G))-coloring of DS(G) gives rise to an (r − 1)-dynamic proper
(χr(DS(G)) − 1)-coloring of G. Hence, χr−1(G) ≤ χr(DS(G)) − 1. Furthermore, since n = ∆(DS(G)),
Lemma 1 implies that χr(DS(G)) ≥ r + 1. As a consequence, χr(DS(G)) ≥ α + 1.

In order to prove the reciprocal, let c be an (r − 1)-dynamic proper α-coloring of G, and let c be
the proper coloring of DS(G) such that c(vi) = c(vi) for all i ≤ n, and c(wk) = α + 1. This map c is an
r-dynamic proper (α + 1)-coloring of DS(G) because the following assertions hold from Lemma 1.

a) For each i ≤ n, we have that |c(NDS(G)(vi))| = |c(NG(vi))| + 1 ≥ min{r − 1, degG(vi)} + 1 =
min{r, degDS(G)(vi)}.

b) |c(NDS(G)(wk))| = α = max{r, χr−1(G)} ≥ max {r, min{r − 1, ∆(G)} + 1} = max {r, min{r, k + 1}} =
r = min{r, n} = min{r, degDS(G)(wk)}.

Hence, χr(DS(G)) ≤ α + 1, and the result holds. □

The extra color for the control node implies that the solutions of both Problems 1 and 3 for any
(k, r + 1)-threshold secret sharing scheme, with k ≥ r + 1, which is based on the DSG of any regular
communication network G, coincide for each of them with the solution of Problem 1 for any (k− 1, r)-
threshold secret sharing scheme based on G. That is, the minimum number of rounds of communication
that are necessary so that all the participants in a regular communication network can recover the secret
coincides with that associated with its DSG, once the threshold of the scheme is increased by one unity.
Moreover, it does not matter whether the control node is also a participant of the scheme, or not. It is an
advantage, because the inclusion of this control node prevents the appearance of dishonest participants,
without thereby worsening the flow of communication.
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We illustrate Proposition 7 by solving the dynamic coloring problem (and hence, Problem 2) for
wheels and DSGs of cocktail party graphs. (Note that the 2-dynamic chromatic number of a wheel was
already established by Kaliraj et al. [24].)

Theorem 8. Let r and n > 2 be two positive integers. Then,

χr(Wn+1) =



3, if r ∈ {1, 2} and n is even,

4, if

r ∈ {1, 2} and n is odd,

r = 3 and n ≡ 0 (mod 3),

5, if

 r = 3 and 5 , n . 0 (mod 3),
r = 4 ≤ n , 5,

6, if r ∈ {3, 4} and n = 5,
r + 1, if 5 ≤ r ≤ n,

n + 1, otherwise.

Proof. The result holds readily from Lemma 2 and Proposition 7 once it is observed that every cycle is
2-regular and DS(Cn) = Wn+1 for all n > 2. □

Figure 6 illustrates the previous result, for different values of r and n.

Figure 6. r-dynamic colorings of wheels.

Except for the control node, every participant in a wheel communication network receives
information from three distinct neighbors. Thus, based on the described dynamic coloring, only those
cases in which r ≤ 3 give rise to exactly one round of communication as a solution of both Problems 1
and 3. The remaining cases require two rounds of communications for both problems.
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We focus now on the DSG of a cocktail party graph Cpn of vertex set V(Cpn) = {v0, . . . , v2n−1} and
edge set E(Cpn) = {viv j : 0 ≤ i, j < 2n, i . j (mod n))}. First, the following lemma corrects a previous
result concerning the r-dynamic chromatic number of any cocktail party graph, which was not accurate
(see [21, Theorem 4.2]).

Lemma 9. Let r and n > 1 be two positive integers. Then,

χr(Cpn) =


n, if r < n,

r + 2, if n ≤ r ≤ 2n − 2,
2n, otherwise.

Proof. From Lemma 1, it is enough to prove the case r ≤ ∆(Cpn) = 2n − 2. Since Cpn contains an
n-clique, we have that χr(Cpn) ≥ n. This lower bound is tight for all r < n because of the r-dynamic
n-proper coloring graph c of Cpn that is described so that c(vi) = c(vi+n) = i for all i < n. Further, if
n ≤ r ≤ 2n − 2 = ∆(Cpn), then Lemma 1 implies that χr(Cpn) ≥ r + 1. However, this lower bound is
not reached. Otherwise, since N(vi) = N(vi+n) for all i < n, Condition (1.1) implies that both vertices
vi and vi+n would be equally colored for all i < n. But then, r + 1 ≤ n, which is a contradiction. So,
χr(Cpn) ≥ r + 2. This new lower bound is reached because of the r-dynamic (r + 2)-proper coloring
graph c of the graph Cpn that is described so that

c(vi) =

 i, if either i < n or i ≥ 3n − r − 2,
i − n, otherwise.

□

Figure 8 illustrates the dynamic coloring described in the previous proof, for n = 4.

Figure 7. r-dynamic colorings of Cp4, for r = 3 (left) and r = 4 (right).

Since the graph Cpn is (2n − 2)-regular, the following result holds readily from Lemma 9 and
Proposition 7.

Theorem 10. Let r and n > 1 be two positive integers. Then,

χr(DS(Cpn)) =


n + 1, if 1 ≤ r ≤ n,

r + 2, if n < r < 2n,

2n + 1, otherwise.
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Figure 8 illustrates the previous result for n = 4.

Figure 8. r-dynamic colorings of DS(Cp4), for r = 4 (left) and r = 5 (right).

Except for the control node, every participant in the DSG of a cocktail party communication network
Cpn receives information from 2n distinct neighbors. Thus, based on the described dynamic coloring,
only those cases in which r < 2n give rise to exactly one round of communication as a solution of
both Problems 1 and 3. The remaining case r = 2n requires two rounds of communications for both
problems.

4. The non-regular case

In practice, the direct application of Condition (1.1) and Lemma 1 constitutes the most common
way to start solving the dynamic coloring problem of a given graph. We illustrate this fact by focusing
in this section on the DSGs of book, comb, fan and jellyfish graphs.

4.1. Degree splitting of book graphs

For each non-negative integer i < n, let {v0, v1, vi
2, v

i
3} be the set of vertices of the (i + 1)th copy of

the cycle C4 within the book graph Bn. Its set of edges is {v0v1, v1vi
2, vi

2vi
3, v0vi

3}. The edge v0v1 is the
unique common edge shared by all these copies. Moreover, let w2 and wn+1 be the additional vertices
that are respectively joined to the sets of vertices V2(Bn) = {vi

2, v
i
3 : 0 ≤ i < n} and Vn−1(Bn) = {v0, v1}

in order to get DS(Bn).

Proposition 11. Let n ≥ 2 be a positive integer. Then,

χr(DS(Bn)) =


3, if r ∈ {1, 2},
r + 3, if 3 ≤ r ≤ 2n,

2n + 3, otherwise.

Proof. Lemma 1 enables us to focus on the case r ≤ ∆(Bn) = 2n. Let us study each case separately.
First, we consider the case r ∈ {1, 2}. Since the induced subgraph of Bn with set of vertices

{v0, v1, wn+1} constitutes a 3-clique, it must be 3 ≤ χr(DS(Bn)). This lower bound is tight because of
the r-dynamic proper 3-coloring c of DS(Bn) that is described so that c(w2) = c(wn+1) = 2 and, for
each non-negative integer i < n, it is c(vi

2) = c(v0) = 0 and c(vi
3) = c(v1) = 1.
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Now, we suppose that 3 ≤ r ≤ 2n. From Condition (1.1) applied to the vertex wn−1, every r-
dynamic proper coloring c of the DSG DS(Bn) requires r distinct colors for coloring the set of vertices
V2(Bn). In addition, the set of vertices {v0, v1, w2} requires three extra distinct colors because of the
adjacency of the graph together with the fact that r ≥ 3 = degDS(Bn)(v

i
j) for all j ∈ {2, 3} and 0 ≤ i < n.

Hence, r + 3 ≤ χr(DS(Bn)). This lower bound is tight because of the r-dynamic proper (r + 3)-
coloring c of DS(Bn) that is described so that c(v0) = r, c(v1) = r + 1, c(w2) = c(wn+1) = r + 2 and
c(vi

j) = (2i + j − 2) mod r for all j ∈ {2, 3} and 0 ≤ i < n. □

Figure 9 illustrates the dynamic coloring described in the previous proof, for n = 4.

Figure 9. r-dynamic colorings of B4, for r ∈ {1, 2} (left) and r = 5 (right).

Based on the described dynamic coloring, since degDS(Bn)(w2) = 2, only the case r ∈ {1, 2} gives
rise to exactly one round of communication as a solution of Problem 1. The remaining cases requires
two rounds of communications for this problem. Similarly to the regular case, since both control nodes
are colored with the same extra color, it is readily verified that Problem 3 for DS(Bn) has exactly the
same solution as Problem 1. Thus, it does not matter whether the control nodes are participants of the
scheme or not.

4.2. Degree splitting of comb graphs

Let Cbn, with n > 2, be the comb graph that results after connecting n new vertices v′0, . . . , v
′
n−1 to

the path Pn = ⟨ v0, . . . , vn−1 ⟩ by means of the edges viv′i for all i < n. Moreover, let w2 be the additional
vertex that is joined to the set of vertices V2(Cbn) = {v0, vn−1} to get the graph DS(Cbn). Similarly, if
n > 3, then let w3 be the additional vertex associated to the set of vertices V3(Cbn) = {v1, . . . , vn−2}. In
particular,

∆(DS(Cb3)) =


3, if n = 3,
4, if n ∈ {4, 5, 6},
n − 2, otherwise.

The following result holds.
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Proposition 12. Let n > 2 be a positive integer. Then,

χr(DS(Cbn)) =



2, if (r, n) = (1, 3),

3, if

r = 1 and n > 3,
r = 2,

4, if

r = 3,
r > 3 = n,

5, if

r = 4 and n > 3,
r > 4 and n ∈ {4, 5, 6},

r + 1, if 4 < r ≤ n − 2,
n − 1, otherwise.

Proof. Lemma 1 enables one to focus on the case r ≤ ∆(DS(Cbn)). The following study of cases arises.

• Case r = 1.
Lemma 1 implies that 2 ≤ χ(DS(Cb3)). In addition, 3 ≤ χ(DS(Cbn)) for all n > 3, because the
set of vertices {v1, v2,w3} induces a 3-clique in DS(Cbn). To see that both lower bounds are tight,
it is enough to consider the proper coloring c of Cbn described in the proof of Lemma 5, together
with either c(w2) = 1, if n = 3, or c(w2) = c(w3) = 2, if n > 3. (Figure 10 illustrates the case
n ∈ {3, 4}.)

Figure 10. Dynamic proper coloring of DS(Cb3) and DS(Cb4).

• Case r ∈ {2, 3}.
Lemma 1 implies that r + 1 ≤ χr(DS(Cbn)). Figure 12 (left) illustrates that this lower bound is
reached for r = n = 3. For the remaining cases, it is enough to consider the r-dynamic proper
(r + 1)-coloring that is described so that c(w3) = r (only if n > 3),

c(w2) =

 1, if r = 2,
3, if r = 3.

and, for each non-negative integer i < n, we have that

c(vi) =

 i mod 2, if i < n − 1,
2, if i = n − 1.
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and

c(v′i) =

 2, if i < n − 1,
c(vn−3), if i = n − 1.

(Figure 11 (right) illustrates the case r = 2 and n ∈ {3, 4}, while Figure 12 (right) illustrates the
case (r, n) = (3, 4).)

Figure 11. 2-dynamic proper 4-colorings of DS(Cb3) and DS(Cb4).

Figure 12. 3-dynamic proper 4-colorings of DS(Cb3) and DS(Cb4).

• Case r = 4 and n > 3.
Lemma 1 implies that 5 ≤ χ4(DS(Cbn)). If n , 1 (mod 4), this lower bound is reached because of
the proper coloring c of Cbn described in the proof of Lemma 5, together with c(w2) = c(w3) = 4.
Otherwise, if n = 1 (mod 4), it is enough to consider the same proper coloring, except that we
interchange the colors of both vertices vn−1 and v′n−2. (Figure 13 illustrates the case n ∈ {4, 5}.)

Figure 13. 4-dynamic proper 5-colorings of DS(Cb4) and DS(Cb5).
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• Case 4 < r ≤ n − 2.
Lemma 1 implies that r + 1 ≤ χr(DS(Cbn)). If n , 1 (mod r), then this lower bound is tight
because of the r-dynamic proper coloring that is described so that c(w2) = c(w3) = r, and, for
each positive integer i < n, we have that c(vi) = i (mod r) and c(v′i) = (i + r) (mod r). Otherwise,
if n = 1 (mod r), it is enough to consider the same proper coloring, except that we interchange
the colors of both vertices vn−1 and v′n−2. (Figures 14 and 15 illustrate, respectively, the cases
(r, n) = (5, 7) and (r, n) = (5, 11).)

□

Figure 14. 5-dynamic proper 6-coloring of DS(Cb7).

Figure 15. 5-dynamic proper 6-coloring of DS(Cb11).

The existence of pendant vertices in any comb graph implies that only the case r = 1 gives rise to
exactly one round of communication as a solution for both Problems 1 and 3. Moreover, it is readily
verified from the described dynamic coloring that, in both problems, two rounds of communication are
required for r ∈ {2, 3}, and three rounds for the remaining cases. Again, since both control nodes are
colored with the same extra color, it does not matter whether the control nodes are participants of the
scheme or not.

4.3. Degree splitting of fan graphs

Let m ∈ {1, 2} and n > 2 be two positive integers. We focus now on solving the dynamic coloring
problem for the DSG of the fan graph Fm,n of set of vertices V(Fm,n) = {u0, um−1, v0, . . . , vn−1}, which
is associated to the path Pn = ⟨ v0, . . . , vn−1 ⟩. According to their degrees, these vertices are distributed
into the following sets.
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• The sets Vn(Fm,n) = {u0, um−1, v0, vn−1} and Vn+1(Fm,n) = {v1, . . . , vn−2}, if n = m + 1.
• The sets Vn−1(Fm,n) = {v0, vn−1} and Vn(Fm,n) = {u0, um−1, v1, . . . , vn−2, }, if n = m + 2.
• The sets Vm+1(Fm,n) = {v0, vn−1}, Vm+2(Fm,n) = {v1, . . . , vn−2} and Vn(Fm,n) = {u0, um−1}, if n <
{m + 1,m + 2}.

Each set Vk(Fm,n) for which |Vk(Fm,n)| > 1 is associated to an additional vertex wk to get the DSG
DS(Fm,n). A preliminary lemma is required to deal with the case m = 1.

Lemma 13. Let n and r be two positive integers such that 4 ≤ r ≤ n. Then,

r + 2 ≤ χr(DS(F1,n)).

Proof. Since r ≤ n, Condition (1.1) implies that every r-dynamic proper coloring of the DSG DS(F1,n)
requires r distinct colors for coloring the set of vertices {v0, . . . , vn−1}, and hence, an (r + 1)th color is
necessary for the vertex u0. Moreover, since degDS(F1,n)(vi) = 4 for all positive integer i < n−1, an extra
(r + 2)th color is required for the vertex w3. □

The following result solves the dynamic coloring problem for the fan graph F1,n.

Theorem 14. Let n > 2 and r be two positive integers. Then,

χr(DS(F1,n)) =



3, if

r = 1,
r = 2 and n is even,

4, if

r = 2 and n is odd,

r = 3 and 4 < n ≡ 2 (mod 3),

5, if


r = 3 and

n ∈ {3, 4},4 < n . 2 (mod 3),
(r, n) = (4, 3),

r + 2, if 4 ≤ r ≤ n,

n + 2, otherwise.

Proof. Lemma 1 enables us to focus on the case r ≤ ∆(DS(F1,n)). This maximum degree is 4, if n = 3,
and it is n otherwise. The following study of cases arises.

• Case r = 1.
Proposition 4 and Lemma 6 imply that χ(DS(F1,n)) ∈ {3, 4}. Thus, Figure 16 (left) illustrates that
χ(DS(F1,3)) = 3. Moreover, χ(DS(F1,n)) = 3 for all n > 3, because of the proper 3-coloring of
DS(F1,n) that is described so that c(u0) = c(w2) = c(w3) = 2 and c(vi) = i mod 2 for all i < n.
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Figure 16. r-dynamic proper (r + 2)-coloring of DS(F1,n), for (r, n) = (1, 3) (left), (r, n) =
(3, 3) (center) and (r, n) = (3, 4) (right).

• Case r = 2.
From Lemma 1, we have that 3 ≤ χ2(DS(F1,n)). This lower bound is tight for n even because of
the same map c described in the previous case. If n is odd, then every 2-dynamic proper coloring
of the DSG DS(F1,n) requires two distinct colors for the set of vertices NDS(F1,n)(w2) = {v0, vn−1},
and hence, at least four colors for the set of vertices {u0, v0, . . . , vn−1}. Hence, 4 ≤ χ2(DS(F1,n))
when n is odd. This lower bound is tight because of the proper coloring c of DS(F1,n) that is
described so that c(w3) = c(vn−1) = 2, c(u0) = c(w2) = 3 and c(vi) = i mod 2 for all i < n − 1.
• Case r = 3.

From Condition (1.1), every 3-dynamic proper coloring of DS(F1,n) satisfies that the four vertices
v0, vn−1, u0 and w2 are pairwise distinct colored. In the case of being a proper 4-coloring, if n > 4,
then the vertex w3 must be colored as u0, while the vertex vi must be colored as v0, if i ≡ 0 (mod 3);
as vn−1, if i ≡ 1 (mod 3); and as w2 otherwise. Hence, this proper 4-coloring is possible only if
4 < n ≡ 2 (mod 3).
In order to prove that χ2(DS(F1,n)) = 4, whenever 4 < n ≡ 2 (mod 3), it is enough to consider
the 3-dynamic proper 4-coloring c of DS(F1,n) such that c(w2) = 2, c(u0) = c(w3) = 3 and
c(vi) = i mod 3 for all i < n. Furthermore, in order to prove that χ2(DS(F1,n)) = 5, whenever
4 < n . 2 (mod 3), it is enough to consider the same proper coloring c that we have just described,
except for c(vn−1) = 4.
A fifth color is also required in the case of being n ∈ {3, 4}. It is due to the fact that Condition
(1.1) implies that every 3-dynamic proper coloring of DS(F1,n) requires at least three distinct
colors for the set of vertices {v0, . . . , vn−1} and exactly four distinct colors for each one of the
sets of vertices {u0, v0, vn−1,w2}, {u0, v0, v1,w2} and {u0, vn−2, vn−1,w2}. Thus, Figure 16 (center and
right) illustrates that χ3(DS(F1,n)) = 5, whenever n ∈ {3, 4}.
• Case (r, n) = (4, 3).

From Lemma 1, 5 ≤ χ4(DS(F1,3)). Figure 16 (center) shows that this lower bound is tight.
• Case 4 ≤ r ≤ n.

Lemma 13 implies that r + 2 ≤ χr(DS(F1,n)). This lower bound is tight because of the r-dynamic
proper (r + 2)-coloring c such that c(u0) = r, c(w2) = c(w3) = r + 1 and

c(vi) =


i mod r, if

i < n − 1,
i = n − 1 . 0 (mod r),

2, otherwise.

(4.1)

□
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The just described dynamic coloring implies that every participant in a fan communication network
F1,n, which is distinct from a control node, can reconstruct the secret under consideration in just one
round of communication only if r ∈ {1, 2, 3}. Control nodes do the same only for r ∈ {1, 2}. For the
remaining cases, except for the control node w2 when r > 5, all the participants receive all the pieces
of information in two rounds. For r > 5, three rounds are enough for all the nodes.

Now, we solve the dynamic coloring problem for the fan graph F2,n.

Theorem 15. Let n > 2 and r be two positive integers. Then,

χr(DS(F2,n)) =



3, if

r = 1 and n , 4,
r = 2 and n = 3,

4, if

r ∈ {1, 3} and n = 4,
r = 2 and n is even,

5, if

r = 2 and n > 3 is odd,

r = 3 and n , 4,
6, if r = 4,
r + 3, if 5 ≤ r ≤ n + 1,
n + 3, otherwise.

Proof. From Lemma 1, we only dealt with r ≤ ∆(DS(F2,n)) = n + 1. The following cases arise.

• Case r = 1.
Proposition 4 and Lemma 6 imply that χ(DS(F2,n)) ∈ {3, 4}. Figure 17 illustrates that
χ(DS(F2,3)) = 3. Further, it is readily verified that every proper coloring of F2,4 requires three
distinct colors for the set of vertices V4(F2,4). So, χ(DS(F2,4)) = 4. Finally, if n > 4, then let us
consider the proper 3-coloring c of the double fan graph F2,n that is described so that c(wn) = 0,
c(u0) = c(u1) = c(w3) = c(w4) = 2 and c(vi) = i mod 2 for every non-negative integer i < n.
Condition (1.1) holds and hence, χ(DS(F2,n)) = 3 for all n > 4.

Figure 17. r-dynamic proper 3-coloring of DS(F2,3) for r ∈ {1, 2}.

• Case r = 2.
From Lemma 1, we have that χ2(DS(F2,n)) ≥ 3. Figure 17 also illustrates that this lower bound
is tight for n = 3. Further, Lemma 1 implies that 4 = χ(DS(F2,4)) ≤ χ2(DS(F2,4)). Figure 18
illustrates that this lower bound is indeed reached. Finally, if n > 4, then every 2-dynamic proper
coloring of DS(F2,n) requires four distinct colors for the set of vertices {u0, u1, v0, vn−1}. Moreover,
if n is odd, then it requires at least five distinct colors for the set of vertices {u0, u1, v0, v1, . . . , vn−1}.
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As a consequence, χ2(DS(F2,n)) ≥ 4 if n is even, and ≥ 5 otherwise. Both lower bounds are
reached because of the 2-dynamic proper coloring c of DS(F2,n)) that is described so that c(wn) =
0, c(u0) = c(w3) = c(w4) = 2, c(u1) = 3 and

c(vi) =


i mod 2, if i < n − 1,
1, if i = n − 1 is odd,
4, otherwise.

Figure 18. r-dynamic proper 4-coloring of DS(F2,4) for r ∈ {2, 3}.

• Case r = 3.
From Lemma 1, we have that 4 ≤ χ3(DS(F2,n)). Figure 18 also illustrates that this lower bound is
tight for n = 4. Further, every 3-dynamic proper coloring of DS(F2,3) requires five distinct colors
for the set of vertices {u0, u1, v0, v1,w3} and hence, 5 ≤ χ3(DS(F2,3)). Figure 19 (left) illustrates
that this lower bound is indeed reached. Finally, if n > 4, then 5 ≤ χ3(DS(F2,n)), because every
3-dynamic proper coloring of DS(F2,n) requires at least five distinct colors for the set of vertices
V4(F2,n) ∪ Vn(F2,n). In order to prove that this lower bound is tight, it is enough to consider the
3-dynamic proper 5-coloring c of the DSG DS(F2,n) satisfying (4.1) and such that c(wn) = 0,
c(u0) = c(w3) = c(w4) = 3, c(u1) = 4

Figure 19. r-dynamic proper (r + 2)-coloring of DS(F2,3) for r = 3 (left) and r = 4 (right).

• Case (r, n) = (4, 3).
It is readily verified that every 4-dynamic proper coloring of DS(F2,3) must color each one of its
vertices in a unique way (see Figure 19 (right)). So, χ4(DS(F2,3)) = 6.
• Case 4 ≤ r ≤ n + 1.

Condition (1.1) implies that every r-dynamic proper coloring c of the DSG DS(F2,n) satisfies that
c(u0) , c(u1). Then, since NDS(F2,n)(u0) = NDS(F2,n)(u1) and degDS(F2,n)(u0) = degDS(F2,n)(u1) = n+1 >
r, the same condition enables one to ensure that r + 2 ≤ χr(DS(F2,n)). Figures 20 illustrates that
this lower bound is reached for (r, n) ∈ {(4, 4), (5, 4), (4, 5)}.
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Figure 20. r-dynamic proper (r + 2)-coloring of DS(F2,n) for (r, n) = (4, 4) (left), (r, n) =
(5, 4) (center) and (r, n) = (4, 5) (right).

Furthermore, the following subcases arise for n > 4.

– Subcase r = 4 ≤ n − 2.
In order to prove that the lower bound 6 ≤ χ4(DS(F2,n)) is tight, it is enough to consider the
4-dynamic proper 6-coloring of DS(F2,n) satisfying (4.1) and such that c(wn) = 0, c(w3) = 2,
c(u0) = c(w4) = 4, c(u1) = 5.

– Subcase 5 ≤ r ≤ n.
From Condition (1.1), it is readily deduced that every r-dynamic proper coloring of the DSG
DS(F2,n) requires at least r + 3 distinct colors for the set of vertices V(F2,n) \ {w3, wn}. This
lower bound is tight because of the r-dynamic proper (r+3)-coloring c of DS(F2,n) satisfying
(4.1) and such that c(u0) = r, c(u1) = r + 1, c(w3) = c(w4) = c(wn) = r + 2.

– Subcase 5 ≤ r = n + 1.
It is readily verified from Condition (1.1) that every r-dynamic proper coloring of DS(F2,n)
requires at least n+ 3 distinct colors for V(F2,n) \ {w3, wn}. This lower bound is tight because
of the (n + 1)-dynamic proper (n + 3)-coloring c of DS(F2,n) that is described so that c(w3) =
c(w4) = c(wn) = n, c(u0) = n + 1, c(u1) = n + 2 and c(vi) = i for all i < n.

□

The just described dynamic coloring implies that every participant in a fan communication network
F2,n can reconstruct the secret under consideration in just one round of communication only if either
n = 3 and r ≤ 4, or n > 3 and r ≤ 2. In any other case, two rounds are always necessary as a solution
of both Problems 1 and 3.

4.4. Degree splitting of jellyfish graphs

Let m and n be two positive integers such that m ≤ n. Let us finish this section by solving the
dynamic coloring problem for the jellyfish graph Jm,n of set of vertices arising from the cycle
C4 = ⟨ v0, v1, v2, v3 ⟩ in the way described in the preliminary section. Particularly, let {v0

1, . . . , v
m−1
1 } and

{v0
3, . . . , v

n−1
3 } be the sets of pendant vertices that are respectively added to the vertices v1 and v3. The

following sets of vertices play a fundamental role in the description of the DSG DS(Jm,n).

• The set V3(J1,1) = {v0, v1, v2, v3}, if 1 = m = n.
• The set V3(J1,n) = {v0, v1, v2}, if 1 = m < n.
• The sets V3(Jn,n) = {v0, v2} and Vn+2(Jn,n) = {v1, v3}, if 1 < m = n.
• The set V3(Jm,n) = {v0, v2}, if 1 < m < n.
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Each one of these sets V(Jm,n) is associated to an additional vertex wk to get DS(Jm,n). The following
result establishes the r-dynamic chromatic number of the DSG DS(J1,n).

Proposition 16. Let n and r be two positive integers. Then,

χr(DS(J1,n)) =


max{4, r + 1}, if r ≤ n + 2,
5, if n = 1 and r ≥ 4,
n + 3, otherwise.

Proof. Let α = max{4, r+1}. Lemma 1 allows for a focus on the case r ≤ ∆(DS(J1,n)). This maximum
degree is 4, if n = 1, and it is n + 2 otherwise. Since the induced subgraph of J1,n arising from the set
of vertices {v0, v1, v2,w3} is a 4-clique, we have from Lemmas 1 and 2 that α ≤ χr(DS(J1,n)). In order
to prove that this lower bound is tight, we describe an appropriate r-dynamic proper α-coloring c of
DS(J1,n). The following cases arise.

• If either r ≤ n or (r, n) ∈ {2, 3} × {1}, then we define the map c so that c(vi) = i for all i ∈ {0, 1, 2},
c(w3) = 3, c(v0

1) = max{3, r} and c(v j
3) = j mod r for all non-negative integer j < n. In addition,

c(v3) = 1, if n = 1, and c(v3) = c(v0
1) otherwise.

• If (r, n) = (4, 1), then it is enough to consider the same map c described in the previous case,
except for c(v0

3) = 1 and c(v3) = 4.
• If n > 1 and r ∈ {n + 1, n + 2}, then the map c is defined so that c(vi

3) = i for all i < n,
c(v3) = c(v0

1) = n, c(v0) = n + 1 and c(v1) = 0. In addition, if r = n + 1, then c(v2) = 1 and
c(w3) = 2. Otherwise, if r = n + 2, then c(v2) = n + 2 and c(w3) = 1.

□

Figure 21 illustrates the dynamic coloring described in the previous proof.

Figure 21. r-dynamic colorings of some DSGs of jellyfish graphs.

The existence of pendant vertices in the DSG of any jellyfish graph J1,n implies that only the case
r = 1 gives rise to exactly one round of communication as a solution for both Problems 1 and 3.
The dynamic coloring described in the proof of Proposition 16 implies that, for r > 1, two rounds of
communications are enough for both problems.

Now, we solve the dynamic coloring problem for DS(Jm,n), with 1 < m ≤ n.
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Proposition 17. Let m and n be two positive integers such that 1 < m ≤ n. Then,

χr(DS(Jm,n)) =



3, if

r = 1,
r = 2 and m < n,

4, if r = 2 and m = n,

r + 1, if 3 ≤ r ≤ ∆(DS(Jm,n)),
n + 3, if m < n and r > n + 2,
n + 4, otherwise.

Proof. Lemma 1 enables us to focus on the case r ≤ ∆(DS(Jm,n)). This maximum degree is n + 2, if
m < n, and n + 3, if m = n. The following study of cases arises.

• Case r = 1 or (r = 2 and m < n).
Since the set of vertices {v0, v1, v2} describes a 3-clique within DS(Jm,n), we have that
3 ≤ χr(DS(Jm,n)). In order to prove that this lower bound is tight for r = 1 and also for r = 2 and
m < n, it is enough to consider the proper 3-coloring c of DS(Jm,n) that is described so that
c(vi

1) = c(v j
3) = 0 for all i < m and j < n, c(v3) = c(w3) = 1 and c(vk) = k for all k ∈ {0, 1, 2}. In

addition, if r = 1 and m = n, then c(wn+2) = 2.
• Case r = 2 and m = n.

Condition (1.1) applied to the vertex wn+2, together with the already mentioned 3-clique, implies
that every 2-dynamic proper coloring of DS(Jm,n) requires four distinct colors for the set of
vertices {v0, v1, v2, v3, }. Hence, 4 ≤ χr(DS(Jn,n)). This lower bound is tight because of the
2-dynamic proper 4-coloring c of DS(Jm,n) that is described so that c(vi

0) = c(vi
3) = c(wn+2) = 0

for all i < n, c(w3) = 1 and c(v j) = j for all j ≤ 3.
• Case 3 ≤ r ≤ ∆(DS(Jm,n)).

From Lemma 1, we have that r + 1 ≤ χr(DS(Jm,n)). In order to prove that this lower bound is
tight, it is enough to define an appropriate r-dynamic proper (r + 1)-coloring c of DS(Jm,n). The
following subcases arise. (See Figure 22 for some illustrations of the proposed maps.)

– Subcase 3 ≤ r ≤ m + 2.
We consider the map c that is described so that

* c(v0) = m mod r;

* c(v1) = r;

* c(v2) = (m + 1) mod r

* c(v3) = (m + 2) mod r;

* c(w3) = (m − 1) mod r;

* if m = n, then c(wn+2) = m mod r;

* c(vi
1) = i mod r for all i < m; and

* c(vi
3) =

i mod r, if i . (m + 2) mod r,

r, otherwise.
– Subcase m = n and r = n + 3.

We consider the same map c described in the previous subcase, except for c(wn+2) = (m +
2) mod r and c(v3) = 0.

Networks and Heterogeneous Media Volume 18, Issue 4, 1713–1746.



1737

– Subcase m + 3 ≤ r ≤ n + 2. (In particular, m < n.)
Similarly to the first subcase, we define the map c so that

* c(v0) = n mod r;

* c(v1) = (n + 2) mod r;

* c(v2) = (n + 1) mod r

* c(v3) = r;

* c(w3) = (n − 1) mod r;

* c(vi
3) = i mod r for all i < n; and

* c(vi
1) =

i mod r, if i . (n + 2) mod r,

r, otherwise.

□

Figure 22. r-dynamic proper (r+1)-colorings of DS(Jm,n), for 3 ≤ r ≤ ∆(DS(Jm,n)).

Again, the existence of pendant vertices implies that every node in a jellyfish communication
network Jm,n, with 1 < m ≤ n, can reconstruct the secret under consideration in exactly one round of
communication only if r = 1. The dynamic coloring in the proof of Proposition 17 implies that, for
r > 1, all the nodes, except for the control node w3, can recover all the secret shares in two rounds.
(Note here the relevance of both nodes v1 and v3.) This control node would require two rounds to this
end only if r ∈ {2, 3, 4}, and three rounds if r > 4. Hence, the solution of Problem 1 is 1, if r = 1; 2, if
r ∈ {2, 3, 4}, and 3, if 4 < r ≤ n + 3. That of Problem 3 is 1 if r = 1, and 2 if 1 < r ≤ n + 3.
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5. A new lower bound

To fit much better a lower bound for the dynamic chromatic number of a DSG, and similarly to
Lemma 6, this section delves into the relationship among the dynamic chromatic number of a given
graph G and that of DS(G).

Lemma 18. Let r > 1 be a positive integer and let G be a finite simple graph. Then,

max
k>1
{χr−1(G),min{r, |Vk(G)| : 1 < |Vk(G)|} + 1} ≤ χr(DS(G)).

Proof. Let c be an r-dynamic proper coloring of DS(G) and let k > 1 be a positive integer such that
|Vk(G)| > 1. From Condition (1.1), we have that |c(N(wk))| ≥ min{r, |Vk(G)|}. Hence,
mink>1{r, |Vk(G)| : 1 < |Vk(G)|} + 1 ≤ χr(DS(G)). Further, let c′ denote the restriction of the map c to
the vertices within V(G). Then, for each vertex v ∈ V(G), the following assertions hold.

• If degG(v) ≤ 1 or |VdegG(v)(G)| = 1, then NG(v) = NDS(G)(v) and hence, it is
|c′(NG(v))| = |c(NDS(G)(v))| ≥ min{r, degDS(G)(v)} = min{r, degG(v)} ≥ min{r − 1, degG(v)}.
• If degG(v) > 1 and |VdegG(v)(G)| > 1, then it is verified that |c′(NG(v))| ≥ |c(NDS(G)(v))| − 1 ≥

min{r, degDS(G)(v)} − 1 = min{r − 1, degG(v)}.

Thus, Condition (1.1) holds and hence, χr−1(G) ≤ χr(DS(G)). □

In order to illustrate how the previous lemma may be used to solve the dynamic coloring problem of
DSGs, let us finish our study by determining the r-dynamic chromatic number of the DSG of windmill
and barbell graphs.

Proposition 19. Let r and m, n ≥ 2 be three positive integers. Then,

χr(DS(Wdm,n)) =


n, if 1 ≤ r < n,

r + 2, if n ≤ r ≤ m(n − 1),
m(n − 1) + 2, otherwise.

Proof. From Lemma 1, we may focus on the case r ≤ ∆(DS(Wdm,n)) = m(n−1). For each non-negative
integer j < m, let {w, v j

i : 0 ≤ i < n − 1} be the set of vertices of the ( j + 1)th copy of the complete
graph Kn within the windmill graph Wdm,n. Here, w denotes the vertex that all of these copies have in
common. In addition, let wn−1 denote the additional vertex that is uniquely joined to all the vertices
within Vn−1(Wdm,n) to get DS(Wdm,n). From Lemmas 3, 6 and 18, we have that

χr(DS(Wdm,n)) ≥


n, if 1 ≤ r < n,

r + 1, if n ≤ r ≤ m(n − 1),
m(n − 1) + 1, otherwise.

Then, the following study of cases arises.

• Case 1 ≤ r < n.
In order to prove that the previous lower bound is tight, let c be an r-dynamic proper n-coloring of
the windmill graph Wdm,n. Then, it is enough to consider the proper n-coloring c′ of DS(Wdm,n)
such that c′(v) = c(v) for all v ∈ V(Wdm,n) and c′(wn−1) = c(w). Condition (1.1) holds and hence,
χr(DS(Wdm,n)) = n. (Figure 23 (left) illustrates the case (m, n) = (3, 4).)
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• Case n ≤ r ≤ m(n − 1).
Let c be an r-dynamic proper coloring of DS(Wdm,n). Then, Condition (1.1) implies that

|c({w, wn−1} ∪ NDS(Wdm,n)(wn−1))| ≥ r + 2,

because degDS(Wdm,n)(wn−1) = m(n − 1) ≥ r and c(w) , c(wn−1). (For the last inequality, note that
degDS(Wdm,n)(v

1
1) = n ≤ r and {w,wn} ⊂ NDS(Wdm,n)(v1

1).) As a consequence, χr(DS(Wdm,n)) ≥ r + 2.
This lower bound is tight because of the proper coloring c of DS(Wdm,n) such that c(w) = r,
c(wn) = r + 1 and, for each pair of non-negative integers i < n − 1 and j < m,

c(v j
i ) =

 j(n − 1) + i, if j(n − 1) + i < r,

i, otherwise.

(Figure 23 (right) illustrates the case (m, n, r) = (4, 3, 5).)

□

Figure 23. r-dynamic colorings of a pair of DSGs of windmill graphs.

The just described dynamic coloring implies that every participant in a windmill communication
network Wdm,n can reconstruct the secret under consideration in just one round for all r ≤ m(n − 1).
Two rounds will be necessary for r = m(n − 1) + 1 because of both vertices w and wn−1.

We finish our study by solving the dynamic coloring problem for barbell graphs.

Proposition 20. Let n > 2 be a positive integer. Then,

χr(DS(Ban)) =


n + 1, if 1 ≤ r ≤ n,

r + 3, if n < r ≤ 2n − 2,
2n + 1, otherwise.

Proof. Lemma 1 enables us to focus on the case r ≤ ∆(DS(Ban)) = 2n − 2. For each j ∈ {0, 1},
let {v j

i : 0 ≤ i < n} be the set of vertices of the ( j + 1)th copy of the complete graph Kn within Ban

so that v0
n−1v1

n−1 constitutes its bridge. In addition, let wn−1 and wn denote the additional vertices that
are respectively joined to all the vertices within Vn−1(Ban) = {v j

i : 0 ≤ i < n − 1, j ∈ {0, 1}} and
Vn(Ban) = {v0

n−1, v1
n−1} to get DS(Ban). From Lemmas 3, 6 and 18, we have that
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χr(DS(Ban)) ≥


n, if 1 ≤ r ≤ n,

r + 1, if n < r ≤ 2n − 2,
2n − 1, otherwise.

Then, the following study of cases arises.

• Case 1 ≤ r ≤ n.
Let us suppose the existence of an r-dynamic proper n-coloring c of DS(Ban). In particular, for
each j ∈ {0, 1}, both sets {c(v j

i ) : 0 ≤ i < n} and {c(v j
i ), c(wn) : 0 ≤ i < n − 1} are formed by

n distinct colors. Hence, it must be c(v0
n−1) = c(wn) = c(v1

n−1), which is not possible because
the map c is a proper coloring and v0

n−1v1
n−1 constitutes the bridge within Ban. As a consequence,

χr(DS(Ban)) ≥ n+1. This lower bound is tight because of the proper (n+1)-coloring c of DS(Ban)
such that c(v0

i ) = c(v1
n−1−i) = i for all i < n, and c(wn) = c(wn−1) = n. (Figure 24 (left) illustrates

the case n = 4.)
• Case n < r ≤ 2n − 2.

Let c be an r-dynamic proper coloring of DS(Ban). From Condition (1.1), we have, for each
j ∈ {0, 1}, that |c(N(v j

n−1))| = dDS(Ban)(v
j
n−1) = n + 1 ≤ r. Then, the underlying adjacency, together

with the mentioned Condition (1.1), implies that the set{
c(v j

i ), c(wn) : 0 ≤ i < n, j ∈ {0, 1}
}

is formed by at least r + 3 distinct colors. Hence, χr(DS(Ban)) ≥ r + 3. This lower bound is tight
because of the proper (r + 3)-coloring c of DS(Ban) such that c(wn) = c(wn−1) = r + 2 and, for
each pair of non-negative integers i < n and j ∈ {0, 1},

c(v j
i ) =


r + 1, if (i, j) = (n − 1, 1),

i, if

 j = 0,
j = 1 and i < 2n − 2 − r,

r − n + i + 2, otherwise.

(Figure 24 (right) illustrates the case (n, r) = (4, 5).)

□

Figure 24. r-dynamic colorings of a pair of DSGs of barbell graphs.
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The just described dynamic coloring implies that, except for the control node wn, every participant
in a barbell communication network Ban can reconstruct the secret under consideration in just one
round for all r ≤ n. For the remaining cases, two rounds are necessary for all the participants, except
for the control node wn−1, which only requires two rounds for r = 2n. The control node wn would
require just one round for r ∈ {1, 2}, and two rounds otherwise. Hence, the solution of Problem 1 is 1,
if r ∈ {1, 2}, and 2, if 2 < r ≤ 2n. That of Problem 3 is 1 if r ≤ n, and 2 if n < r ≤ 2n.

6. Conclusion and further work

The dynamic coloring of DSGs constitutes a valuable approach to improve cryptographic protocols
based on secret sharing. First, the dynamic coloring enables the dealer to distribute secret shares so
that all the participants can recover the secret after a minimum number of rounds of communication.
Second, DSGs enable the dealer to avoid dishonesty by adding control nodes supervising participants
with the same influence in the communication network. This paper has delved into this topic by
solving completely the dynamic chromatic problem for DSGs (Problem 2) of regular graphs. To this
end, we have established the relationship among the dynamic chromatic number of a regular graph
and that of its DSG. In addition, the dynamic coloring problem for DSGs (Problem 2) of non-regular
graphs has partially been solved by establishing a new lower bound for the dynamic chromatic number
under consideration. More precisely, we have solved the dynamic coloring problem for DSGs of
eight families of graphs: cycles, cocktail, book, comb, fan, jellyfish, windmill and barbell graphs.
Whenever it has been possible, we have detailed the dynamic coloring of each graph, so that they can
naturally be translated to describe optimal secret share distributions in secret sharing schemes defined
on this type of graphs. These colorings have enabled us to establish the minimum number of rounds of
communications that are necessary so that all the participants of a communication network defined on
such graphs can reconstruct the secret under consideration. To this end, we have distinguished whether
the control nodes are also participants of the scheme (Problem 1), or not (Problem 3). Table 2 collects
the solution of both problems for all the DSGs that have been studied throughout the paper. Those
cases in which the solution of both problems coincide have been indicated by the symbol = in the third
column of Table 2.

The methodology here used may indeed be considered as a starting point to deal similarly with the
dynamic coloring problem of other DSGs. Of particular interest is the study of Problems 1 and 3 for
DSGs of graph products, which give rise to more complex graphs, more representative of real
communication networks. Note in this regard that the dynamic chromatic problem has already been
considered for different graph products [22–24, 34], but the implementation into a secret sharing
scheme, together with the corresponding study of minimum rounds of communications to reconstruct
the secret, has still not being dealt with.

Another aspect to study is the relationship between the respective dynamic chromatic numbers
of a {k1, k2}-regular graph (and, more generally, of a {k1, . . . , kn}-regular graph) and its DSG would
constitute a subsequent stage for generalizing Proposition 7. It is established as further work. A main
weakness to note here is the fact that, before solving Problems 1 and 3, it is necessary to solve the
corresponding dynamic chromatic problem, which is by itself an NP-complete problem, as it has been
indicated in the introductory section.
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Table 2. Solutions of Problems 1 and 3, for (χr(G), r + 1)-threshold secret sharing schemes
based on the DSG of a graph G.

G Problem 1 (DS(G)) Problem 3 (DS(G))

Cn

 1, if r ≤ 3,
2, if 3 < r ≤ n.

=

Cpn

 1, if r < 2n,

2, if r = 2n.
=

Bn

 1, if r ≤ 2,
2, if 2 < r ≤ n.

=

Cbn


1, if r = 1,
2, if r ∈ {2, 3},
3, if 3 < r ≤ n − 2.

=

F1,n


1, if r ≤ 2,
2, if 2 < r ≤ 5,
3, if 5 < r ≤ n + 1.

 1, if r ≤ 3,
2, if 3 < r ≤ n + 1.

F2,n


1, if

n = 3, r ≤ 4,
n > 3, r ≤ 2,

2, if n > 3 < r ≤ n + 2.

=

J1,n

 1, if r = 1,
2, if 1 < r ≤ n + 2.

=

Jm,n(1<m≤n)


1, if r = 1,
2, if 1 < r ≤ 4,
3, if 4 < r ≤ n + 3.

 1, if r = 1,
2, if 1 < r ≤ n + 3.

Wdm,n

 1, if r ≤ m(n − 1),
2, if r = m(n − 1) + 1.

=

Ban

 1, if r ∈ {1, 2},
2, if 2 < r ≤ 2n.

 1, if r ≤ n,

2, if n < r ≤ 2n.

Finally, note that the minimum number of rounds of communication in both Problems 1 and 3 refer
to any (χr (DS(G)) , r + 1)-threshold secret sharing scheme based on the DSG of the communication
network G under consideration. This number could be decreased if the secret splits into more pieces of
information. That is, if we consider a (k, r + 1)-threshold secret sharing scheme, with k > χr (DS(G)).
In this regard, the following question could be of interest for futher studies on the topic.

Problem 4. What is the minimum positive integer greater than χr (DS(G)) into which the secret has to
split for improving the solutions of Problems 1 and 3?
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Abstract: This study aims to introduce a new structure named binary multiset (BMS), which is a combination of the binary set and
multiset structures. The purpose of this paper is to introduce a new topology between two multisets called a binary multiset topology
and investigate its fundamental properties, where a binary multiset topology is a binary structure satisfying certain conditions that
are analogous to the axioms of topology. Based on this foundation, we develop essential topological notions such as closed BMS,
BMS closure, BMS interior, BMS neighborhoods, and BMS derived set, all within the binary multiset topological space framework.
Furthermore, our exploration of the BMS topological space unveils a series of characterization theorems and assertions that will further
enrich our understanding of this intriguing mathematical construct. This work will pave the way for delving into the study of binary
multiset topology, shedding light on more of its fundamental properties and potential applications.

Keywords: BMS; open BMS; BMS topology; BMS closure; BMS neighborhoods; BMS derived sets.

1 Introductions

A topological space plays a fundamental role in
contemporary mathematics, serving as a versatile tool to
model a wide range of real-world fields such as computer
science, molecular biology, and applied multiset theory, a
specialized variant known as the M-topological space
comes into play. While conventional set theory
traditionally allows each distinct member to appear only
once in a non-empty set, multiset theory, also referred to
as bag set theory [3] or m-set [1], introduced in 1986 and
1989a, breaks these constraints by permitting both
identical and distinct repeated elements. The pioneering
work on multiset theory was initiated and refined by
Bilzard [1, 2], and it has found extensive applications in
various biological domains in recent times.

The study of M-topological spaces has given rise to a
rich body of research, including developments in new
topological space axioms [5], notes on M-topological
space [4], generalized m-set and M-ideal continuous
functions [6], separation axioms and M- proximity
spaces [7, 8], compactness in M-topological spaces [9],
boundary and exterior of M-topological spaces [10],
relation and function in a m-set context [11], and remarks

on M-topological spaces induced by m-set relations [12].
Moreover, researchers have explored various properties of
M-topological spaces, such as compactness, as
investigated by Mahanta and Samanta [14, 15], and the
study of m-set and local functions, including Kuratowski
closure operations and generalized closed m-sets [13].

In 2011, Nithyanathan et al. [18] introduced the
concept of binary topological spaces, which represent a
unique extension of topological spaces. Binary
topological spaces have since attracted considerable
attention and exploration, enriching the field of
topological research as in [16, 17].

This paper aims to contribute to this advanced field by
introducing a new structure named binary multisets (or
BMS), examining their properties and fundamental
operations. Furthermore, the main purpose of this article
is to provide a new topological framework known as
binary multiset topology (or BMS topology) and establish
connections between definitions, theorems, and
assumptions. The ideas generated from this research have
practical applications, particularly in the domain of
dependent examples of binary m-sets. Throughout this
work, the prominence of the BMS topological space is
evident.
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The structure of this article is organized as: In the first
section, we provide a comprehensive overview of the
research context and prior work in the field. Section 2,
lays the foundation by introducing essential preliminary
results and definitions. Section 3, constitutes the core of
the paper, presenting the newly defined concept and its
principal outcomes. We introduce a new structure named
binary multiset (or BMS), investigating some operators
and their basic properties supported by some illustrated
examples. Accordingly, our focus shifts to providing a
specialized topology designed on two m-sets named
binary multiset topology(or BMS topology), we delve
into the properties of BMS topology, focusing on its role
as a binary structure governed by conditions similar to
general topological axioms. Section 4, delves into a
detailed discussion of the theorems, properties, and
results related to some topological concepts such as
closed BMS, BMS closure, BMS interior, BMS
neighborhood, and BMS-derived sets are discussed via
BMS topology. Finally, in section 5, we draw our
conclusions and outline future directions for the
application of this research within the domain of
BMS-spaces.

2 Basic definitions and Preliminaries

In all this document, U refers to a set of elements, M is a
multiset, P(M) is the power m-set of M, and (M,τ) refers
to M-topological space on M. In general, m-set means
multiset and BMS means binary m-set. Firstly, we will
recall a set of fundamental definitions, notations, and key
findings that will be employed throughout this article.

Definition 1. [13] An m-set M drawn from the set U is
represented by a count function CM : U → N, where N
represents the set of non-negative integers and CM(u) is
the number of occurrences of the element u in the m-set
M. We present the m-set M drawn from the set
U = {u1,u2, ....,un} as M = {m1/u1,m2,/u2, ....,mn/un},
where mi is the number of occurrences of the element
ui, i = 1,2....n in the m-set M. However those elements
which are not included in the m-set M have zero count.

A domain U, is defined as a set of elements from which
m-set are constructed. The m-set space [U ]w is the set of
all m-sets whose members are in U such that no elements
in the m-set occur more than w times. By x ∈k we mean
CM(x) = k. The support set M∗ of M ∈ [U ]w is a subset
of U given as M∗ = {u ∈ U : CM(u) > 0}. An m-set M is
named an empty m-set if CM(x) = 0 for all u ∈U.

Note. If CM(u) = 1 for all u ∈ U , then the m-set become
structurally an ordinary set. Therefore, any results and
concepts we establish under this condition must
correspond to specific outcomes in classical set theory.
For two m-sets M and N in a m-set space [U ]w, we have
[13]:
(1) M = N ⇔ CM(u) =CN(u) ∀u ∈U .

(2) M ⊆ N ⇔ CM(u)≤CN(u) ∀u ∈U .
(3) P = M∪N ⇔ CP(u) = Max{CM(u),CN(u)} ∀u ∈U .
(4) P = M∩N ⇔ CP(u) = Min{CM(u),CN(u)} ∀u ∈U .
(5) P = M ⊕N ⇔ CP(u) = Min{CM(u)+CN(u),w} ∀u ∈
U .
(6) P = M ⊖N ⇔ CP(u) = Max{CM(u)−CN(u),0} ∀u ∈
U .
(7) The complement Mc of M given as:
Mc = Z⊖M = {CMc(u)/u : CMc(u) =CZ(u)−CM(u) ∀u ∈
U}, where ⊕ and ⊖ represent m-set addition and m-set
subtraction, respectively.

Definition 2. [13] Let [U ]w be a m-set space defined over
U, then for any m-set M ∈ [U ]w, the complement Mc of M
in [U ]w is an element of [U ]w such that Cc

M(u) =w−CM(u)
for all u ∈U.

Definition 3. [12] For two m-sets M1,M2 ∈ [U ]w. The
Cartesian product of M1 and M2 is given by
M1 × M2 = {(m/u,n/v)/mn : u ∈m M1,v ∈n M2}. The
entry (m/u,n/v)/mn in M1 × M2 denotes that u is
repeated m times in M1, v is repeated n times in M2 and
the pair (u,v) is repeated mn times in M1 ×M2.

The Cantor’s power set theorem does not hold for
m-sets. However, it is possible to propose a meaningful
definition for a power m-set of M, specifically for finite
m-sets M, which maintains the essence of Cantor’s power
set theorem.

Definition 4. [12] For an m-set M ∈ [U ]w. The power m-
set P(M) of M is the set of all sub m-set of M. We have
N ∈P(M) if and only if N ⊆ M. If N = φ , then N ∈1 P(M)

and if N ̸= φ , then N ∈k P(M) where k = ∏z
(CM(z)

CN(z)

)
. The

product ∏z is taken over by distinct elements z of the m-
set N, CM(z) = m iff z ∈m M, and CN(z) = n iff z ∈n N,
then

(CM(z)
C)N(z)

)
=

(m
n

)
= m!

n!(m!−n!) . The power set of a m-set
M is the support set of the power m-set P(M), which is
symbolized by P∗(M).

Definition 5. [12] Let M ∈ [U ]w and τ ⊆ P∗(M). Then τ

is called a multiset topology (or M-topology) of M if τ

satisfies the following properties.
(i) The m-set M and the empty m-set φ are in τ .
(ii) The m-set union of the elements of any sub-collection
of τ is in τ .
(iii) The m-set intersection of the elements of any finite sub-
collection of τ is in τ .

The pair (M,τ) is called M-topological space. Each
element in τ is called open m-set.

A sub-m-set N of a M-topological space (M,τ) is
named a closed m-set if the m-set M ⊖ N is open. In
discrete M-topology, every m-set is an open m-set as well
as a closed m-set.

Definition 6. [11] For a sub m-set A of (M,τ). The
interior int(A) of A is the m-set union of all open m-sets
contained in A. That is, int(A) = ∪{G ∈ τ : G ⊆ A} and
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Cint(A)(u) = max{CG(u) : G ⊆ A}. The closure cl(A) of A
is the m-set intersection of all closed m-sets containing A.
That is, cl(A) = ∩{G ⊆ M : G is a closed m-set and A ⊆
G} and Ccl(A)(u) = min{CG(u) : A ⊆ G}.

Definition 7. [11] Let (M,τ) be a M-topological space,
u ∈k M, and N ⊆ M. Then N is named a neighborhood of
k/u if there is an open m-set V ∈ τ such that u ∈k V and
CV (v)≤CN(v) for all v ̸= u. i.e., an open neighborhood of
k/u is any open m-set containing k/u. Here k/u is called
an interior point of N.

Definition 8. [11] Let A be a sub m-set of the
M-topological space M. If k/u is an element of M, then
k/u is a limit point of a m-set A when every neighborhood
of k/u intersects A is some point (point with non-zero
multiplicity) other than k/u itself. D(A) denotes the m-set
of all limit points of A.

Definition 9. [18] Consider two non empty sets X and Y .
A binary topology from X to Y is a binary structure
ρ ⊆ P(X)×P(Y ) that satisfies the following axioms.
(i) (φ ,φ) and (X ,Y ) ∈ ρ .
(ii) (A1 ∩ A2,B1 ∩ B2) ∈ M whenever (A1,B1) ∈ ρ ,
(A2,B2) ∈ ρ .
(iii) If {(Aα ,Bα) : α ∈ ∆} is a family of members of ρ ,
then (∪Aα ,∪Bα) ∈ ρ .

3 Binary multiset topological space

In this part, we provide a new concept called binary m-set
and a new structure called BMS topology, investigating the
fundamental properties of each. Various theorems, results,
and examples related to BMS topological space are also
presented.

Definition 10.Let U,V be two non-empty sets, and let [U ]w

and [V ]r be two m-set spaces on U and V respectively, then
the ordered pair (M1,M2) is called a binary multiset (or
BMS) where M1 ∈ [U ]w, M2 ∈ [V ]r are two m-sets drawn
from U and V respectively.
Note. We know that, the power set P∗(M1) of a m-set
M1(resp. the power set P∗(M2) of M2) is the support set of
the power m-set of M1(resp. M2). We can define
P∗(M1) × P∗(M2) = {(Ai,Bi) : Ai ∈ P∗(M1),Bi ∈
P∗(M2)}. According to this definition, the ordered pair
(A,B) is called a BMS from M1 to M2 where A ⊆ M1 and
B ⊆ M2. That is, the BMS (A,B) is an element in
P∗(M1)×P∗(M2).

Example 1.Consider the two non-empty sets U = {x,y}
and V = {m,n}. Let M1 = {2/x,1/y} and M2 =
{1/m,2/n} be two m-sets drawn form U and V
respectively, then we have:

P∗ (M1) = { /0,M1,{1/x},{1/y},{2/x},{1/x,1/y}} and

P∗ (M2) = { /0,M2,{1/m},{1/n},{2/n},{1/m,1/n}}

and so,

P∗(M1)×P∗(M2) = {( /0, /0),(M1,M2),({1/x},{1/m}),

({1/x},{1/n}),({1/x},{2/n}),({2/x},{1/m}),

({2/x},{2/n}),({2/x},{1/n}),({1/y},{1/m}),

({1/y},{1/n}),({1/x},{1/m,1/n}),({2/x},
{1/m,1/n}),

({1/y},{2/n}),({1/y},{1/m,1/n}),({1/x,1/y},
{1/m,1/n}),

({1/x,1/y},{1/m}),({1/x,1/y},{1/n}),({1/x,1/y},
{2/n}),

(M1,{1/m}),(M1,{2/n}),(M1,{1/m,1/n}),
(M1,{1/n}),

({2/x},M2),({1/x},M2),({1/y},M2),({1/x,1/y}, M2),

( /0,{1/m}),( /0,{1/n}),( /0,{2/n}),( /0,{1/x,1/y}),

( /0,M2),({1/x}, /0),({2/x}, /0),({1/y}, /0),
({1/x,1/y}, /0),(M1, /0)}.

Clearly, each ordered pair in P∗(M1)×P∗(M2)
represent a BMS from M1 to M2.

In the following, we define some relations and
operations on BMS.

Definition 11.For two m-sets M1 ∈ [U ]w,M2 ∈ [V ]r and
two BMS (A,B),(C,D) ∈ P∗(M1)×P∗(M2), we define the
following:
(i) (A,B)⊆ (C,D) iff A ⊆C, B ⊆ D
(ii) (A,B) = (C,D) iff A =C, B = D
(iii) (A,B)∪ (C,D) = (A∪C,B∪D)
(iv) (A,B)∩ (C,D) = (A∩C,B∩D)
(v) (A,B)⊕ (C,D) = (A⊕C,B⊕D)
(vi) (A,B)⊖ (C,D) = (A⊖C,B⊖D)
(vii) (A,B)c = (Ac,Bc) = (M1 ⊖A,M2 ⊖B).

Definition 12.Consider the BMS (M1,M2) drawn from U
to V . The support set of (M1,M2) symbolized by S(M1,M2)
is a binary set of U to V , given by S(M1,M2) = (M∗

1 ,M
∗
2)

where M∗ is the support set of a m-set M.

Example 2.Consider Example 1. For a m-sets
M1 = {2/x,1/y},M2 = {1/m,2/n}. The support of BMS
(M1,M2) is S(M1,M2) = (M∗

1 ,M
∗
2) = ({x,y},{m,n})

which is a binary set from U to V .
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Definition 13.For a collection of BMS {(Mi,M j) : i, j ∈
∆} drawn form [U ]w to [V ]r. The following operations are
defined under arbitrary collections of BMS:

(i) ∪(Mi,M j) = (∪Mi,∪M j),
(ii) ∩(Mi,M j) = (∩Mi,∩M j),
where:
∪Mi = {C∪Mi(u)/u : C∪Mi(u) =max{CMi(u) : u∈U}},
∪M j = {C∪M j(v)/v : C∪M j(v)=max{CM j(v) : v∈V}},
∩Mi = {C∩Mi(u)/u : C∩Mi(v) = min{CMi(u) : u ∈U}},
∩M j = {C∩M j(v)/v : C∩M j(v) = min{CM j(v) : v ∈V}}.

Definition 14.Let M1 ∈ [U ]w and M2 ∈ [V ]r. The BMS
complement for the BMS (M1,M2) in P∗(M1)×P∗(M2) is
denoted by (M1,M2)

c where, (M1,M2)
c = C(M1,M2)c =

(w−CM1(u),r−CM2(v)) for all u ∈U and v ∈V .

Definition 15.A non-empty BMS (A,B) is called a
sub-BMS of a BMS (M1,M2) if each element of (A,B) is
in (M1,M2), symbolically (A,B) ⊆ (M1,M2), that is,
A ⊆ M1 and B ⊆ M2. In this case, we say that (M1,M2) is
super BMS of (A,B).

A binary multiset topology from M1 ∈ [U ]w to
M2 ∈ [V ]r is a binary structure satisfying certain axioms
that are analogous to the axioms of topology. In this
section, the notion of a binary multiset topology between
two m-sets M1,M2 is introduced, and its structural
properties are investigated. Throughout this section
P∗(M1),P∗(M2) refer to the power sets of m-sets M1,M2
respectively.

Definition 16.Let M1 ∈ [U ]w, M2 ∈ [V ]r be two m-sets
drawn from U and V respectively. A binary multiset
topology (briefly, BMS-topology) from M1 to M2 is a
binary multiset structure τb ⊆ P∗(M1) × P∗(M2) that
satisfies the following axioms:
(i) ( /0, /0),(M1,M2) ∈ τb
(ii) If (A1,B1),(A2,B2) ∈ τb, then (A1 ∩A2,B1 ∩B2) ∈ τb
(iii) If {(Aλ ,Bλ ) : λ ∈ J} ⊆ τb, then (∪Aλ ,∪Bλ ) ∈ τb.

In this case, the structure (M1,M2,τb) is called a
BMS-topological space (or BMS-space). Note that τb is
an ordinary set with BMS elements.

Definition 17.For a BMS-space (M1,M2,τb), we have:
(i) Each element in τb is called an open binary multiset (or
open BMS), and the complement of an open BMS is named
a closed binary multiset (or closed BMS).
(ii) A sub-BMS (A,B) of a BMS-space (M1,M2,τb) is said
to be closed if the BMS (A,B)c = (M1 ⊖A,M2 ⊖B) is an
open BMS.
(iii) If M1 = M2 then τb is named a BMS-topology on M1,
we write (M1,τb) as a BMS space.

Example 3.Consider the two non-empty sets U = {x,y},
V = {m,n} and two m-sets M1 = {2/x,1/y},
M2 = {1/m,2/n} drawn from U,V respectively, then:

τb = {( /0, /0),(M1,M2),({1/x}, /0),({1/x},{1/m}),

({1/x},{1/n}),({1/x},{1/m,1/n})}

is a BMS-topology from M1 to M2. The open BMS are:

{( /0, /0),(M1,M2),({1/x}, /0),({1/x},{1/m}),

({1/x},{1/n}),({1/x},{1/m,1/n})}.

So, the BMS complement of an open BMS gives us the
closed BMS as:

{( /0, /0),(M1,M2),({1/x,1/y},M2),({1/x,1/y},{2/n}),

({1/x,1/y},{1/m,1/n}),({1/x,1/y},{1/n})}.

Definition 18.A sub-BMS of (M1,M2) in the form
({k/u},{m/v}) is named a binary multi-point (or
BM-point) of the BMS-space (M1,M2,τb). That is, the
BM-point is an element in P∗(M1 × M2). The set of all
BM-points from M2 to M2 is denoted by P∗(M1 ×M2).

Note. ({k/u},{m/v})⊆ (M1,M2) means {k/u} ⊆ M1 and
{m/v} ⊆ M1. Moreover, u∈kM1 and v∈mM2. Also, this
means that CM1(u) = k and CM2(v) = m, so that {k/u} is a
m-point of M-topology (M1,τ) and {m/v} is a m-point of
M-topology (M2,τ).

Example 4.Consider the Example 3, the set of all
bm-points from M1 to M2 is P∗(M1 ×M2) =

{({1/x},{1/m}),({1/x},{1/n}),({1/x},{2/n}),

({2/x},{1/m}),({2/x},{2/n}),({2/x},{1/n}),

({1/y},{1/m}),({1/y},{1/n}),({1/y},{2/n})}

Example 5.The collection I = {( /0, /0),(M1,M2)} is called
the in-discrete BMS topology from M1 to M2 and the
structure (M1,M2, I) is named the in-discrete BMS
topological space.

On the other hand, the collection D =
P∗(M1)× P∗(M2) is called the discrete BMS topology
from M1 to M2 and the structure (M1,M2,D) is named the
discrete BMS topological space.

Note. Consider a discrete BMS-space D = P∗(M1)×
P∗(M2). The support BMS power set of (M1,M2,D) is a
discrete BMS-space or a trivial BMS-space.

Definition 19.For a BMS-space (M1,M2,τb) and for a
BM-point ({k/u},{m/v}) ∈ P∗(M1 ×M2). The open BMS
(A,B) is called an open binary multiset neighborhood(or
open BMS-nbd) of ({k/u},{m/v}) if {k/u} ⊂ A and
{m/v} ⊂ B. That is, (A,B) is an open BMS-nbd of
{k/u},{m/v} if u∈kA and v∈mB.

Example 6.Consider U = {a,b,c}, M = {2/a,1/b,1/c}.
Then the class τb = {( /0, /0),(M,M),({1/a},{1/b}),
({2/a},{1/b}),({1/a},{1/a,1/b}),({2/a},{1/a,1/b})}
is a BMS topology on M.

For a bm-point ({1/a},{1/b}). The set of all open
BMS-nbd of ({1/a},{1/b}) is {(M,M),({1/a},{1/b}),
({2/a},{1/b}),({1/a},{1/a,1/b}),({2/a},{1/a,1/b})}
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Example 7.Consider the BMS (M1,M2). The collection
τco

b = {( /0, /0)} ∪ {(A,B) ⊆ (M1,M2) : (A,B)c is a
countable BMS} is a BMS topology from M1 to M2
named the co-countable BMS topology.

Example 8.Consider the BMS (M1,M2). The family τ∞
b =

{( /0, /0)}∪{(A,B) ⊆ (M1,M2) : (A,B)c is a finite BMS} is
a BMS topology from M1 to M2 named the co-finite BMS
topology.

Definition 20.Consider two BMS topologies τ1
b and τ2

b
from M1 to M2. If each open BMS in τ1

b is also an open
BMS in τ2

b , then τ1
b is called a BMS topology coarser than

τ2
b , or τ2

b is a BMS topology finer than τ1
b and we write

this as τ1
b ⊆ τ2

b . If τ1
b ̸⊆ τ2

b and τ2
b ̸⊆ τ1

b , then we say that
τ1

b and τ2
b are not BMS comparable.

Example 9.Let M1 = M2 = 2/x,2/y, and consider two
BMS topologies τ1

b = {(M1,M2),(φ ,φ),({1/x},{1/y})},
τ2

b = {(M1,M2),(φ ,φ),({2/x},{2/y}),({1/x},{1/y})}.
Clearly, τ1

b is BMS coarser than τ2
b in other words τ2

b is
BMS finer than τ1

b . In this case we say τ2
b and τ1

b are BMS
comparable topologies.

Theorem 1.The BMS intersection for arbitrary collection
of BMS topologies is a BMS topology from M1 to M2.

Proof.Suppose that {τbλ
: λ ∈ ∆} is an arbitrary

collection of BMS topologies from M1 to M2. We want to
prove that ∩{τbλ

: λ ∈ ∆} is an BMS topology from M1
to M2.
(i) Since each τbλ

is an BMS topology from M1 to ,M2 for
all λ ∈ ∆ . By Definition 16, (M1,M2),
(φ ,φ) ∈ τbλ

, ∀λ ∈ ∆ . So, (M1,M2),(φ ,φ) ∈ ∩τbλ
.

(ii) Assume that (A1,B1),(A2,B2) ∈ ∩τbλ
, we have

(A1,B1),(A2,B2) ∈ τbλ
∀λ ∈ ∆ and so,

(A1,B1) ∩ (A2,B2) ∈ τbλ ∀λ ∈ ∆ . Hence
(A1,B1)∩ (A2,B2) ∈ ∩τbλ

.
(iii) Consider the arbitrary collection of BMS
{(Aα ,Bα) : α ∈ Γ } ⊆ ∩τbλ

, we have
{(Aα ,Bα) : α ∈ Γ } ⊆ τbλ

∀λ ∈ ∆ . Since τbλ
is BMS

topologies from M1 to M2 ∀λ ∈ ∆ , we get
∪{(Aα ,Bα) : α ∈ Γ } ∈ τbλ

∀λ ∈ ∆ . Therefore,
∪{(Aα ,Bα) : α ∈ Γ } ∈ ∩τbλ

. This completes the proof.

The following example shows that the union of two
BMS topologies does not need to be a BMS topology.

Example 10.Consider M1 = {2/x,2/y},M2 = {2/t}, and
two BMS topologies from M1 to M2
τ1

b = {(φ ,φ),(M1,M2),({1/x}, /0),({2/x},{2/t})},
τ2

b = {(φ ,φ),(M1,M2),({2/x},{1/t}),( /0,{1/t})}, then:

τ
1
b ∪ τ

2
b = {(φ ,φ),(M1,M2),({1/x}, /0),

({2/x},{2/t}),({2/x},{1/t}),( /0,{1/t})}.

Clearly, τ1
b ∪ τ2

b is not a BMS topology of (M1,M2).
Indeed, ({1/x}, /0)∪ ( /0,{1/t}) = ({1/x},{1/t}) does not
belong to τ1

b ∪ τ2
b .

The next proposition explains that every BMS topology
from M1 to M2 generated two M-topologies, one on M1
and another on M2.

Proposition 1.For a BMS-topological space (M1,M2,τb)
from M1 to M2, the collection:
(i) M1(τb) = {A ⊆ M1 : (A,B)∈ (M1,M2,τb) for some B ⊆
M2} is a M-topology on M1.
(ii) M2(τb) = {B⊆M2 : (A,B)∈ (M1,M2,τb) for some A⊆
M1} is a M-topology on M2.

Proof.(i) Assume that (M1,M2,τb) is a BMS topology
from M1 to M2. Since (φ ,φ),(M1,M2) ∈ τb, we have
φ ,M1 ∈ M1(τb). Assume that A1,A2 ∈ M1(τb), then
(A1,B2),(A2,B2) ∈ τb for some B1,B2 ⊆ M2. Since τb is a
BMS topology, we get (A1 ∩ A2,B1 ∩ B2) ∈ τb. This
implies that A1 ∩ A2 ∈ M1(τb). Now assume that
{Aλ : λ ∈ ∆} ⊆ M1(τb), then for any Aλ ⊆ M1 there is a
Bλ ⊆ M2 such that (Aλ ,Bλ ) ∈ τb. Since τb is a BMS
topology, we have (∪Aλ ,∪Bλ ) ∈ τb implies that
∪Aλ ∈ M1(τb). Therefore, M1(τb) is M-topology on M1.
The proof of (ii) is similar.

Proposition 2.For two M-topologies (M1,τ) and (M2,σ),
we have τ ×σ is BMS topology from M1 to M2. Moreover,
M1(τ ×σ) = τ and M2(τ ×σ) = σ .

Proof.Suppose that (M1,τ) and (M2,σ) are two
M-topological spaces, then:
τ × σ = {(A,B) : A ∈ τ,B ∈ σ}. We want to prove that
τ ×σ is a BMS topology from M1 to M2. Since τ,σ are
M-topologies. Clearly, (φ ,φ),(M1,M2) ∈ τ ×σ .
Let (A1,B1),(A2,B2) ∈ τ × σ . Then A1,A2 ∈ τ and
B1,B2 ∈ σ . Since τ,σ are M-topologies, we have
(A1 ∩ A2) ∈ τ and (B1 ∩ B2) ∈ σ . So that
((A1 ∩A2),(B1 ∩B2)) ∈ τ ×σ .
Assume that {(Aλ ,Bλ ) : λ ∈ ∆} ⊆ τ ×σ . since τ and σ

are M-topologies, we have ∪Aλ ∈ τ and ∪Bλ ∈ σ this
implies that (∪Aλ ,∪Bλ ) ∈ τ ×σ . Hence τ ×σ is a BMS
topology.

To prove that M1(τ × σ) = τ . Clearly, M1(τ × σ) =
{A⊆M1 : (A,B)∈ τ×σ , f or some B⊆M2}. If A∈ τ , then
(A,B) ∈ τ ×σ for each B ∈ σ hence A ∈ M1(τ ×σ) and
so, τ ⊆ M1(τ ×σ). On the other hand, let A ∈ M1(τ ×σ).
Then (A,B1) ∈ τ ×σ for some B1 ⊆ M2, thus B1 ∈ σ and
so, A ∈ τ . Therefore, M1(τ ×σ) = τ. The proof of the rest
of the case is similar.

4 Basic properties of some BMS topological
concepts

Here, theorems, properties, and results related to the
concepts of BMS closed, BMS closure, BMS interior,
BMS neighborhood, and BMS derived set are discussed.

Definition 21.A sub-BMS (A,B) of a BMS topological
space in (M1,M2,τb) is named closed BMS if the BMS
complement of (A,B) is an open BMS.
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Note. For an BMS topological space (M1,M2,τb),A ⊆ M1,
and B⊆M2, we have (A,B) is closed BMS in (M1,M2,τ

c
b),

where (M1 ⊖A,M2 ⊖B) ∈ τc
b .

Example 11.Consider U = {a,b,c},V = {x,y} and for two
m-sets M1 = {2/a,3/b,4/c}, M2 = {3/x,2/y} of UandV,
then:
τb = {(φ ,φ),(M1,M2),({2/a},{3/x}),({1/b},{2/y})},
({2/a,1/b},{3/x,2/y}). is a BMS topology from M1 to
M2. Now every member of τb is named an open BMS, and
the BMS complement of them are called closed BMS, that
is the class of all closed BMS in (M1,M2,τb) is:
τc

b = {(φ ,φ),(M1,M2),({3/b,4/c},{2/y}),
({2/a,2/b,4/c},{3/x}),({2/b,4/c},φ)}.

Note. Clearly, (φ ,φ) and (M1,M2) are both open and
closed sub-BMS of any BMS topology.

One can verify the next proposition.

Proposition 3.For an BMS-topological space (M1,M2,
τb). The next properties are true:
(i) (M1,M2) and (φ ,φ) are BMS closed.
(ii) The BMS finite union of any arbitrary collection of
closed sub-BMS in (M1,M2,τb) is a closed BMS.
(iii) The intersection of any collection of closed sub-BMS
of (M1,M2,τBMS), is a closed BMS.

Example 12.The discrete BMS-topological space (M1,M2,
D) represents the family of all closed as well as open sub-
BMS.

Theorem 2.Consider a BMS (M1,M2) and a class C of
sub-BMS of (M1,M2) that satisfies:
(i) (φ ,φ) and (M1,M2) ∈ C .
(ii) {(Aα ,Bα) : α ∈ ∆} ⊆ C implies ∪(Aα ,Bα) ∈ C .
(iii) {(A,B)α : α ∈ ∆} ⊆ C implies ∩(Aα ,Bα) ∈ C . Then
there exists a unique BMS topology τ∗b for (M1,M2) such
that τ∗b -closed sub-BMS of (M1,M2) are members of C .

Proof.Define τ∗b = {(M1,M2)⊖ (A,B) : (A,B) ∈ C }.
(i) Since (φ ,φ)c = (M1,M2) ∈ C and (M1,M2)

c =
( /0, /0) ∈ C , then (M1,M2),(φ ,φ) ∈ τ∗b .
(ii) If (A1,B1),(A2,B2) ∈ τ∗b , then (M1,M2)⊖
(A1,B1) ∪ (M1,M2) ⊖ (A2,B2) ∈ C . Hence
(M1,M2)⊖ ((M1,M2)⊖ (A1,B1)∪ (M1,M2)⊖ (A2,B2)) =
(A1 ∩A2,B1 ∩A2) ∈ τ∗b .
(iii) In a similar way, if {(Aλ ,Bλ ) : λ ∈ ∆} ⊆ τ∗b , then,
∩(M1,M2) ⊖ (Aλ ,Bλ ) ∈ C . Hence, (M1,M2)⊖
∩(M1,M2)⊖ (Aλ ,Bλ ) = ∪{(Aλ ,Bλ ) : λ ∈ ∆} ∈ τ∗b . To
prove the uniqueness of BMS τ∗b . Suppose that τ∗∗b is a
another BMS-space which has the same closed BMS as
τ∗b , then (A,B) ∈ τ∗b ⇐⇒ (M1,M2)⊖ (A,B) is a τ∗b -closed
BMS ⇐⇒ (M1,M2)⊖ (A,B) is a τ∗∗b -closed BMS ⇐⇒
(A,B) ∈ τ∗∗b -closed BMS. Hence τ∗b is unique.

Proposition 4.For a BMS-space (M1,M2,τb) and
(A,B) ⊆ (M1,M2). Let (A,B)1∗ = ∩{Aλ : (Aλ ,Bλ ) is a
closed BMS, (A,B) ⊆ (Aλ ,Bλ )} and (A,B)2∗ =
∩{Bλ : (Aλ ,Bλ ) is a closed BMS, (A,B) ⊆ (Aλ ,Bλ )}.
Then ((A,B)1∗,(A,B)2∗) is a closed BMS. Moreover,
(A,B)⊆ ((A,B)1∗,(A,B)2∗).

Proof.It follows from Proposition 3.

Definition 22.Consider the BMS-space (M1,M2,τb) and
(A,B)⊆ (M1,M2). The ordered pair ((A,B)1∗,(A,B)2∗) is
called BMS closure of (A,B) which is the intersection of
all closed BMS containing (A,B), and is symbolized by
clb((A,B)). That is, clb((A,B)) = ∩{(G,H) ⊆ (M1,M2) :
(G,H)} is a closed BMS and (A,B)⊆ (G,H).

Theorem 3.For two sub-BMS (A,B) and (C,D) in BMS-
space (M1,M2,τb) with (A,B)⊆ (C,D), we have:
(i) clb(φ ,φ) = (φ ,φ), clb(M1,M2) = (M1,M2).
(ii) (A,B)⊆ clb(A,B).
(iii) clb(A,B) is the smallest closed BMS containing (A,B).
(iv) (A,B) is closed BMS iff (A,B) = clb((A,B)).
(v) (A,B)1∗ ⊆ (C,D)1∗, (A,B)2∗ ⊆ (C,D)2∗.
(vi) clb(A,B)⊆ clb(C,D).
(vii) clb(clb((A,B)) = clb((A,B)).

Proof.The proof of items (i),(ii),(iii) is obvious.
(iv) Assume that (A,B) is closed BMS. From Definition
22, (A,B) ⊆ clb((A,B)) which implies that A ⊆ (A,B)1∗

and B ⊆ (A,B)2∗. Clearly, (A,B) is a closed BMS
containing itself. so that ((A,B)1∗,(A,B)2∗) ⊆ (A,B).
Hence (A,B) = clb((A,B)).
Conversely, assume that (A,B) = clb((A,B)). From
Proposition 4, clb((A,B)) is a closed BMS, and so (A,B)
is a closed BMS.
(v) From Proposition 4, (A,B)1∗ = ∩{Aλ : (Aλ ,Bλ ) is a
closed BMS,(A,B) ⊆ (Aλ ,Bλ )} ⊆ ∩{Aλ : (Aλ ,Bλ ) is a
closed BMS, (C,D)⊆ (Aλ ,Bλ )}= (C,D)1∗.
The other case is similar.
(vi) Since (A,B) ⊆ (C,D), then clb((A,B)) =
((A,B)1∗,(A,B)2∗)⊆ ((C,D)1∗,(C,D)2∗) = clb((C,D)).
(vii) It follows from (iv).

Proposition 5.For two sub-BMS (A,B),(C,D) in
BMS-space (M1,M2,τb), we have:
(i) (A,B)1∗∪ (C,D)1∗ ⊆ (A∪C,B∪D)1∗.
(ii) (A,B)2∗∪ (C,D)2∗ ⊆ (A∪C,B∪D)2∗.

Proof.(i) Clearly, (A,B) andn(C,D) are two sub-BMS of
(A∪C,B∪D). From theorem 3 (v), we have (A,B)1∗ ⊆
(A∪C,B∪D)1∗. Again by Theorem 3 (v), (C,D)1∗ ⊆ (A∪
C,B∪D)1∗ which impels that (A,B)1∗ ∪ (C,D)1∗ ⊆ (A∪
C,B∪D)1∗.
The proof of case (ii) is similar.

Proposition 6.For two sub-BMS (A,B), (C,D) in
BMS-space (M1,M2,τb), we have:
(i) ((A∩C),(B∩D))1∗ ⊆ (A,B)1∗∩ (C,D)1∗.
(ii) (A∩C,B∩D)2∗ ⊆ (A,B)2∗∩ (C,D)2∗.

Proof.It is analogous to that in Proposition 5.

The next examples illustrate that reverse inclusion in the
Propositions 5 and 6 need not hold in general.
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Example 13.Consider the Example 11, suppose that
(A,B) = ({1/a,2/b},{1/x}) and (C,D) = ({2/a},
{3/x}) are two sub-BMS of (M1,M2), we have
(A,B)1∗ = {2/a,2/b,4/c}, (C,D)1∗ = {2/a,2/b,4/c},
and so L.H.S = (A,B)1∗∪ (C,D)1∗ = {2/a,2/b,4/c}. On
the other hand, (A∪C,B∪D) = ({2/a,2/b},{1/x,2/y})
implies that R.H.S = (A ∪ C,B ∪ D)1∗ = M1. Hence
R.H.S ̸⊆ L.H.S.

Example 14.Consider Example 11, suppose that
(A,B) = ({3/b}, /0}) and (C,D) = ({1/a}, /0}) are two
sub-BMS of (M1,M2), we have (A,B)1∗ = {3/b,4/c},
(C,D)1∗ = {2/a,2/b,4/c}, and so R.H.S = (A,B)1∗∩
(C,D)1∗ = {2/a,4/c}. On the other hand,
(A ∩ C,B ∩ D) = ({ /0, /0}) implies that
L.H.S = (A∩C,B∩D)1∗ = /0. Hence R.H.S ̸⊆ L.H.S.

Proposition 7.Consider a BMS-space (M1,M2,τb),
({k/x},{m/y}) ⊆ (M1,M2), and (A,B) ⊆ (M1,M2), then
({k/x},{m/y}) ⊆ clb((A,B)) if and only if every open
BMS containing ({k/x},{m/y}) intersects (A,B).

Proof.If (k/x,m/y) ̸∈ clb(A,B), then the BMS
(M1,M2) ⊖ clb(A,B) is an open BMS containing
(k/x,m/y) but does not intersect (A,B). Conversely, if
there exists an open BMS (P,Q) containing (k/x,m/y)
that does not intersect (A,B), then the BMS
(M1,M2)⊖ (P,Q) is a closed BMS containing (P,Q). By
Definition 4, the BMS (M1,M2)⊖ (P,Q) must contain
clb(A,B). Hence (k/x,m/y) ̸∈ clb(A,B)

Proposition 8.For a BMS-space (M1,M2,τb) and (A,B)⊆
(M1,M2). Let (A,B)1◦ = ∪{Aλ : (Aλ ,Bλ ) is an open BMS,
(Aλ ,Bλ ) ⊆ (A,B)} and (A,B)2◦ = ∪{Bλ : (Aλ ,Bλ ) is an
open BMS, (Aλ ,Bλ )⊆ (A,B)}. Then ((A,B)1◦,(A,B)2◦) is
an open BMS. Moreover, ((A,B)1◦,(A,B)2◦)⊆ (A,B).

Proof.It is follow from Definition 16.

The subsequent definition stems from the preceding
proposition.

Definition 23.For a BMS (A,B) in a BMS-space
(M1,M2,τb). The ordered pair ((A,B)1◦,(A,B)2◦) is
called BMS interior, denoted by intb(A,B), is the union of
all open BMS contained in (A,B). That is,
intb(A,B) = ∪{(G,H) ⊆ (M1,M2) : (G,H)is an open
BMS, (G,H)⊆(A,B)}.

Theorem 4.For two sub-BMS (A,B) and (C,D) in BMS-
space (M1,M2,τb) with (A,B)⊆ (C,D),we have:
(1) intb(φ ,φ) = (φ ,φ), intb(M1,M2) = (M1,M2).
(2) intb(A,B)⊆ (A,B)
(3) intb(A,B)⊂ intb(C,D).
(4) (A,B)1◦ ⊆ (C,D)1◦.
(5) (A,B)2◦ ⊆ (C,D)2◦.
(6) intb(intb(A,B)) = intb(A,B).

Proof.It is analogous to that in Theorem 3.

The next propositions, similar to Propositions 5 and 6,
can be readily derived.

Proposition 9.For two sub-BMS (A,B) and (C,D) in
BMS-space (M1,M2,τb), we have:
(1) (A,B)1◦∪ (C,D)1◦ ⊂ (A∪C,B∪D)1◦.
(2) (A,B)2◦∪ (C,D)2◦ ⊂ (A∪C,B∪D)2◦.

Proposition 10.For two sub-BMS (A,B) and (C,D) in
BMS-space (M1,M2,τb), we have:
(i) (A∩C,(B∩D)1◦ ⊆ (A,B)1◦∩ (C,D)1◦.
(ii) (A∩C,B∩D)2◦ ⊆ (A,B)2◦∩ (C,D)2◦.

As in the examples 13 and 14, one can verify that reverse
inclusion in the Propositions 9 and 10 do not hold.

Theorem 5.For a sub-BMS (A,B) in a BMS-space
(M1,M2,τb), we have (A,B) is an open BMS if and only if
intb(A,B) = (A,B).

Proof.If (A,B) is a open BMS over (M1,M2) then (A,B)
is a open BMS over (M1,M2) which contains (A,B). So,
(A,B) is the largest open BMS contained in (A,B), and
(A,B) = intb(A,B). Conversely, suppose that
(A,B) = intb(A,B), since intb(A,B) is a open BMS, so
(A,B) is a BMS open over (M1,M2).

Definition 24.Let (M1,M2,τb) be a BMS-space,
({k/u},{m/v}) ⊆ (M1,M2), and (G,H) ⊆ (M1,M2).
Then (G,H) is a BMS neighborhood(or BMS-nbd) of
({k/u},{m/v}) if there is an open BMS (P,Q) ∈ τb such
that ({k/u},{m/v})⊆ (P,Q)⊆ (G,H).

Definition 25.Let (M1,M2,τb) be a BMS-space over
(M1,M2), (A,B) be a BMS in (M1,M2,τb), and
(k/u,m/v) ∈ (A,B), then (k/u,m/v) is said to be BMS
interior point of (A,B) if there exist an open BMS (P,Q)
such that (k/u,m/v) ∈ (P,Q)⊆ (A,B).

Proposition 11.The bm-point ({k/u},{m/v})⊆ intb(A,B)
iff there is a BMS-nbd (G,H) of ({k/u},{m/v}) such that
(G,H)⊆ (A,B).

Proof.Let (G,H) be a BMS-nbd of ({k/u},{m/v}) of
(M1,M2) and (G,H) ⊂ (A,B). By Definition 25, there
exist an open BMS (P,Q) such that
({k/u},{m/v}) ∈ (P,Q) ⊂ (G,H) ⊂ (A,B). Thus
({k/u},{m/v}) ∈ (P,Q) ⊂ (A,B). Hence (A,B) is a
BMS-nbd of ({k/u},{m/v}), the other implication is
similar.

Theorem 6.A sub-BMS of a BMS-space (M1,M2,τb) is an
open BMS iff it is a BMS-nbd of each of its elements with
some multiplicity.

Proof.Let (M1,M2) be an BMS-space and (A,B) a
sub-BMS of (M1,M2). If (A,B) is an open BMS. Clearly,
it is BMS-nbd of each of its points with some multiplicity.
Conversely, suppose that (A,B) is a BMS-nbd of each of
its points, then for each point (k/u,m/v) ∈ (A,B), there is
an open BMS (Pk/u,Qm/v) such that u ∈k Pk/u, Pk/u ⊆ A,
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y ∈m Qm/v, and Qm/v ⊆ B. (A,B) =
∪(k/u,m/v)∈(A,B)(Pk/u,Qm/v), where k = maxCPk/u(u) and
m =CQm/v(v). Hence, (A,B) is an open BMS.

Definition 26.For a sub-BMS (A,B) in a BMS-space
(M1,M2,τb). A BM-point ({k/u},{m/v}) ⊆ (M1,M2) is
named a bm-limit point of (A,B) iff every BMS-nbd
(G,H) of ({k/u},{m/v}) contains a bm-point of
(M1,M2) distinct from ({k/u},{m/v}) i.e.
((G,H)− ({k/u},{m/v}))∩ (A,B) ̸= φ for all BMS-nbd
(G,H) of ({k/u},{m/v}).

Theorem 7.A sub-BMS in a BMS-space (M1,M2,τb) is a
closed BMS iff it contains all its BM-limit points.

Proof.Suppose that (A,B) is a closed sub-BMS in
(M1,M2,τb), Then (A,B)c is an open sub BMS. So for
({k/u},{m/v}) ⊆ (A,B)c there is an open BMS
(Pk/u,Qm/v) such that (Pk/u,Qm/v)⊆ (A,B)c. Assume that
({k/u},{m/v}) is a BM-limite point of (A,B) that is not
in (A,B). Then for every open BMS (Pk/u,Qm/v)
containing ({k/u},{m/v}) there is ({r/x},{t/y}) ̸=
({k/u},{m/v}) with ({r/x},{t/y}) ⊆ (Pk/u,Qm/v)
∩(A,B). So ({r/x},{t/y}) ̸⊆ (A,B)c which is a
contradiction. The other way is similar.

Definition 27.For the BMS-space (M1,M2,τb). The BMS
of all the bm-limit points of a given sub-BMS (A,B) of
(M1,M2) is called a derived BMS of (A,B), is denoted by
Db((A,B)).

Theorem 8.For a sub-BMS (A,B) in a BMS-space
(M1,M2,τb), we have clb(A,B) = (A,B)∪Db((A,B)).

Proof.To prove that clb((A,B)) ⊆ (A,B) ∪ Db((A,B)).
Consider ({k/u},{m/v}) ⊆ clb((A,B)), this implies that
({k/u},{m/v}) is in any closed BMS containing (A,B),
implies that either ({k/u},{m/v}) ⊆ (A,B) or
({k/u},{m/v}) is a bm-limit point of (A,B).
On the other hand, to prove that (A,B) ∪ Db((A,B))
⊆ clb((A,B)). Consider ({r/x},{t/y}) ⊆ (A,B)∪
Db((A,B)). if ({r/x},{t/y}) ⊆ (A,B), then
({r/x},{t/y}) ⊆ clb((A,B)). If ({r/x},{t/y}) ⊆
Db((A,B)), then ({r/x},{t/y}) ⊆ clb((A,B)). This
completes the proof.

5 Conclusion

The binary multiset structure, as well as several
operations (⊆,∪,∩,⊕,⊖), are defined in this work. It
developed the notion to be used for binary sets and
multisets into binary multisets. Similarly, based on BMS
topological space, BMS open, BMS closed, BMS
neighborhood, BMS interior, BMS closure, and BMS
limit point are introduced with examples and their
features, theorems, and propositions. In reality, structures
based on binary sets and multiset methods for measuring

the similarity and dissimilarity of binary multiset objects
of all members have been created. This BMS topological
space combination is noteworthy. In such cases, one may
deal with a collection of elements that contain duplicates.
In future work, we will continue in the development of
the theoretical framework in the context of BMS-settings,
investigating more axiomatic properties of BMS and
many basic topological concepts in BMS- spaces, such as
separation axioms, compactness, connectedness, ... etc.
The BMS hypothesis may be useful for advanced studies
and real-life applications if engineering problems, where
the plan of this paper has been addressed in application to
the field of BMS theory.
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In this paper, the b-coloring problem is solved for every subdivision-edge neighborhood
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sharp bounds are established for the b-chromatic number of subdivision-edge neighbor-
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1. Introduction

Let G be a finite and simple graph, with set of vertices V (G). The subdivision graph
S(G) results from inserting a new vertex into every edge of the graph. Let I(G)
be the set of inserted vertices. In 2013, Liu and Lu [20] introduced the description
of two graph products, the subdivision-vertex neighborhood corona G � H and the
subdivision-edge neighborhood corona G � H , of two graphs G and H . The first
one results from adding |V (G)| vertex-disjoint copies of H to S(G), so that each
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neighbor of the ith vertex of V (G) is joined to every vertex in the ith copy of H .
The second one results from adding |I(G)| vertex-disjoint copies of H to S(G), so
that each neighbor of the ith vertex of I(G) is joined to every vertex in the ith copy
of H . Both types of graphs have attracted attention of graph theorists because of
their versatility to construct different families of network [5–8, 19].

This paper contributes to the comprehensive study of subdivision-edge neighbor-
hood coronas by solving the b-chromatic problem of this graph product for paths,
cycles, stars and complete graphs. Remind here that a proper k-coloring of a graph
G is any map c : V (G) → {0, . . . , k − 1} assigning k colors to the set of vertices
V (G) so that no two adjacent vertices share the same color. In 1999, Irving and
Manlove [10] introduced the b-chromatic k-coloring [10] of a graph G as any proper
k-coloring c of G having a b-vertex v ∈ V (G), for every color i. That is, c(v) = i

and for each color j �= i, there is a neighbor w ∈ V (G) of v such that c(w) = j.
The maximum positive integer k for which such a coloring exists is the b-chromatic
number ϕ(G). Finding this number is known as the b-coloring problem, which is NP-
hard for general graphs, but polynomial-time solvable for trees [10]. This problem
has been studied for a wide amount of graphs (see [12] for a comprehensive survey
on the topic).

Concerning product of graphs, the b-coloring problem has been studied for the
Cartesian product [1–4, 9, 13, 14, 16, 17, 21], the direct product [11, 15], the strong
product [11, 23] and the lexicographic product [11, 18, 23]. Of special interest for
the aim of this paper, it is remarkable the study of this problem for the corona
product [24], the subdivision-edge and -vertex corona [22] and the subdivision-
vertex neighborhood corona [7]. This paper delves into this topic by solving the
b-coloring problem for subdivision-edge neighborhood coronas of paths, cycles, stars
and complete graphs. Notice here that, if G is a cycle, then G � H = G � H , for
every graph H . The b-chromatic problem for this subdivision-vertex corona has
recently been dealt with by the authors [7]. So, we focus on the remaining
cases.

The paper is organized as follows. In Sec. 2, we describe some concepts and
results on graph theory that are used throughout the paper. Particularly, some pre-
liminary bounds are established for the b-chromatic number of any subdivision-edge
neighborhood corona. Then, each one of Secs. 3–5 solves separately the b-coloring
problem for the subdivision-edge neighborhood corona of paths, stars and com-
plete graphs. Moreover, some exact values and sharp bounds are also established
for the b-chromatic number of subdivision-edge neighborhood coronas of each one
of the three mentioned families of graphs with any other graph.

2. Preliminaries

All the graphs in this paper are considered to be finite and simple. This section
deals with some notations and preliminary results on graph theory that are used
from now on.
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Let G be a graph with set of vertices V (G) and set of edges E(G). The neigh-
borhood and degree of a vertex v ∈ V (G) are, respectively, denoted by NG(v) and
dG(v). If there is no risk of confusion, then we use the respective notations N(v)
and d(v). In addition, Δ(G) denotes the maximum vertex degree of the graph G.
Further, the path, cycle and star of order n > 2 are, respectively, denoted by Pn,
Cn and Sn−1. The complete graph of order n is denoted by Kn.

Throughout this paper, every subdivision-edge neighborhood corona G � H is
considered to be such that G contains at least one edge. Otherwise, the set of
inserted vertices I(G) is empty and hence, G � H = G. Moreover, we assume
that G is connected. Otherwise, the graph G is the disjoint union of m con-
nected components G1, G2, . . . , Gm, and then, ϕ(G � H) = max{ϕ(Gi � H) :
1 ≤ i ≤ m}. Furthermore, if V (G) = {u0, u1, u2, . . . , u|V (G)|−1} and V (H) =
{v0, v1, v2 . . . , v|V (H)|−1}, then we make use of the following notation, for every
pair of non-negative integers i < j < |V (G)|.
• si,j denotes the vertex in I(G) that is inserted in the edge uiuj ∈ E(G).
• vk

i,j denotes the copy of each vertex vk ∈ V (H) that is associated to the vertex
si,j ∈ I(G).

Figure 1 illustrates these notations.
In particular,

dG�H(v) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 if v ∈ I(G),

dG(v) · (|V (H)| + 1) if v ∈ V (G),

dH(vk) + 2 if v = vk
i,j for some

{
i < j < |V (G)|,
k < |V (H)|.

(2.1)

Hence, Δ(G � H) = Δ(G) · (|V (H)| + 1).
The chromatic number χ(G) is the minimum positive integer k for which a proper

k-coloring of G exists. The following lemma establishes the chromatic number of
every subdivision-edge neighborhood corona G � H .

Fig. 1. Subdivision-edge neighborhood corona.
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Lemma 2.1. It is verified that χ(G � H) = χ(H) + 1.

Proof. Let Hi,j denote the copy of H that is associated to the inserted vertex of an
edge uiuj ∈ E(G). Then, every proper coloring of G� H requires at least χ(H)+ 1
distinct colors for coloring the set V (Hi,j) ∪ {ui}. Thus, χ(G � H) ≥ χ(H) + 1.
In order to see that this lower bound is tight, let c be a proper χ(H)-coloring of
the graph H . Then, it is enough to consider the proper (χ(H) + 1)-coloring c of
G � H that is defined so that c(v) = χ(H), for all v ∈ V (G); c(v) = 0, for every
inserted vertex v ∈ I(G); and every copy of H is colored in the same way that c

does.

Every proper χ(G)-coloring is a b-chromatic coloring of a graph G. In particular,
every b-chromatic ϕ(G)-coloring is said to be optimal. Moreover, the next lemma
holds.

Lemma 2.2 ([10]). It is verified that χ(G) ≤ ϕ(G) ≤ Δ(G) + 1.

Hence, a pair of preliminary bounds is readily established for any subdivision-
edge neighborhood corona G � H .

Lemma 2.3. It is verified that χ(H) + 1 ≤ ϕ(G � H) ≤ Δ(G) · (|V (H)| + 1) + 1.

The next result describes an improved lower bound, which is proved to be sharp
in Proposition 2.6. (For the aim of this paper, notice here that the b-coloring problem
of paths, cycles, stars and complete graphs is already known [16].)

Proposition 2.4. It is verified that ϕ(G � H) ≥ ϕ(H) + 1.

Proof. Let c be an optimal b-chromatic coloring of the graph H . Then, let c be
the proper (ϕ(H) + 1)-coloring of G � H that is defined so that c(v) = ϕ(H), for
all v ∈ V (G); c(v) = 0, for every inserted vertex v ∈ I(G); and every copy of H is
colored in the same way that c does. This map c is a b-chromatic coloring of the
graph G � H , and hence, ϕ(G � H) ≥ ϕ(H) + 1.

A b-system associated to a b-chromatic coloring c of G is any subset of V (G)
that is formed by exactly one b-vertex of each color. From here on, let Bc(G) and
B(G), respectively, denote the set of b-vertices of G associated to c, and the set of
b-vertices of G associated to at least one b-chromatic coloring of the graph. The
next result follows readily from the definition of b-vertex and the fact that c is a
proper coloring.

Lemma 2.5. Let u, v ∈ V (G). The following assertion holds.

(a) Let c be a b-chromatic coloring of the graph G. If N(v) ⊆ N(u), then either
c(u) = c(v) or v �∈ Bc(G).

(b) If u ∈ B(G), then ϕ(G) ≤ d(u) + 1.
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Proof. Let us prove separately each assertion.
(a) If c is a b-chromatic k-coloring of the graph G such that v ∈ Bc(G), then

|c(N(v))| = k − 1. If, besides, N(v) ⊆ N(u), then |c(N(u))| = k − 1, and hence,
c(u) = c(v).

(b) If u ∈ B(G), then there exists a b-chromatic k-coloring c of the graph G

such that u ∈ Bc(G). In particular, k − 1 = |c(N(u))| ≤ d(u). As a consequence,
ϕ(G) ≤ k ≤ d(u) + 1.

The previous results enable us to solve the b-coloring problem for every graph
K2 � H .

Proposition 2.6. It is verified that ϕ(K2 � H) = ϕ(H) + 1.

Proof. Lemma 2.4 implies that ϕ(K2 �H) ≥ ϕ(H)+1. In order to prove that this
bound is sharp, let us suppose the existence of a b-chromatic k-coloring c of K2 �H

with k > ϕ(H)+1. Let V (K2) = {u0, u1} and I(K2) = {s0,1}. Since k > 2, we have
that s0,1 �∈ Bc(K2 � H). Moreover, since NK2�H(u0) = NK2�H(u1), Lemma 2.5(a)
implies that Bc(K2 � H) contains at most one vertex in K2.

As a consequence, |Bc(K2 � H) ∩ V (H)| > ϕ(H). But then, the map c would
induce a b-chromatic (k−1)-coloring of the graph H , which is not possible, because
k − 1 > ϕ(H). Hence, the result holds.

Further, Irving and Manlove [10] defined the m-degree of a graph G of order
n as

m(G) := |{i ∈ {1, . . . , n} : i ≤ d(vi−1) + 1}|,
where the labeling of V (G) is done here so that d(v0) ≥ · · · ≥ d(vn−1). Then, they
established the following upper bound.

Lemma 2.7 ([10]). It is verified that ϕ(G) ≤ m(G).

Let us finish this preliminary section by enumerating some known b-chromatic
numbers concerning subdivision-vertex neighborhood coronas that are used
throughout the paper.

Theorem 2.8 ([7]). Let n and t > 2 be two positive integers. Then, the following
b-chromatic numbers hold.

(1) ϕ(Pn � H) = 2 |V (H)| + 3, whenever n > 2 |V (H)| + 3.
(2)

ϕ(Pn � Pt) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

4 if n = 3 and t ∈ {3, 4},

5 if

{
n = 3 and t ≥ 5,

n ∈ {4, 5, 6},
n − 1 if 6 < n ≤ 2t + 3,

2t + 3 otherwise.
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(3)

ϕ(Pn � St) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2n − 1 if 2n ≤ t + 3,

t + 2 if n =
⌈

t + 4
2

⌉
,

t + 3 if
⌈

t + 4
2

⌉
< n < t + 4,

n − 1 if t + 4 ≤ n ≤ 2t + 5,

2t + 5 otherwise.

(4)

ϕ(Pn � Kt) =

⎧⎪⎪⎨
⎪⎪⎩

t + 2 if n ≤ t + 3,

n − 1 if t + 3 < n ≤ 2t + 3,

2t + 3 otherwise.

3. Subdivision-Edge Neighborhood Coronas of Paths

From here on, we denote by G the set of paths, cycles, stars and complete graphs of
any order. This section deals with the b-coloring problem for the subdivision-edge
neighborhood corona Pn � H of a path Pn = u0u1u2 . . . un−1 with n > 2, and a
graph H ∈ G. First, we establish a series of preliminary results concerning any
graph H . (Recall here that we make use of the notation of vertices described in the
previous section.)

Lemma 3.1. The following assertions hold.

(a) If c is a b-chromatic coloring of the graph Pn �H, then |Bc(Pn �H)∩V (Pn)| ≤
n − 2.

(b)

ϕ(Pn � H) ≥
{

ϕ(K2 � H) if n = 3,

ϕ(Pn−1 � H) if n > 3.

(c) ϕ(Pn � H) ≤ ϕ(Pn+1 � H).

Proof. We prove each assertion separately.
(a) Since N(u0) ⊂ N(u1) and N(un−1) ⊂ N(un−2), Lemma 2.5(a) implies that

|{u0, u1}∩Bc(Pn �H)| ≤ 1 and |{un−2, un−1}∩Bc(Pn �H)| ≤ 1. Hence, |Bc(Pn �
H) ∩ V (Pn)| ≤ n − 2 for every positive integer n > 3. If n = 3, then Lemma 2.5(a)
implies that, for each i ∈ {0, 2}, either c(ui) = c(u1) or ui �∈ Bc(Pn � H). As a
consequence, |Bc(P3 � H)| ≤ 1.

(b) The removal of both vertices u0 and un−1 in Pn � H , together with their
corresponding adjacent edges, gives rise to either the graph K2 � H if n = 3, or

2350009-6
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the graph Pn−1 � H , otherwise. Then, the result follows readily from the fact that
every b-chromatic k-coloring c of these subdivision-vertex neighborhood coronas
gives rise to a b-chromatic k-coloring c of Pn �H . It is defined so that c(u0) = c(u1),
c(un−1) = c(un−2) and c(v) = c(v), for all v ∈ V (Pn � H) \ {u0, un−1}.

(c) Without loss of generality, we may assume that Pn−1 � H is a subgraph
of Pn � H . If c is a b-chromatic k-coloring of Pn � H , then we define the proper
coloring c of Pn+1 � H that is described so that c(v) = c(v), for all v ∈ Pn � H ,
c(un) = c(un−1), c(sn−1,n) = c(sn−2,n−1) and c(vk

n−1,n) = c(vk
n−2,n−1), for all k < t.

It is a b-chromatic k-coloring of Pn � H , and the result holds.

Lemma 3.1 can be used to establish an upper bound for Pn � H and solve the
b-coloring problem for this graph, whenever n > 2 |V (H)| + 4.

Proposition 3.2. It is verified that

ϕ(Pn � H) ≤
{

Δ(H) + 3 if n ≤ Δ(H) + 5,

n − 2 otherwise.

Moreover, ϕ(Pn � H) = 2 |V (H)| + 3 for all n > 2 |V (H)| + 4.

Proof. First, let us assume the existence of a b-chromatic proper k-coloring c of the
graph Pn �H with n ≤ Δ(H)+5 and k > Δ(H)+3. From (2.1) and Lemma 2.5(b),
it must be Bc(Pn � H) ⊆ V (Pn). But then, Lemma 3.1(b) implies that k ≤ n − 2,
and hence, n > Δ(H) + 5, which is a contradiction.

Now, let n > Δ(H) + 5 and let us suppose that ϕ(Pn � H) > n − 2. Since
Δ(H)+2 < n− 3, we have from (2.1) and Lemma 2.5(b) that B(Pn �H) ⊆ V (Pn).
Then, Lemma 3.1(a) implies that ϕ(Pn � H) ≤ n − 2, which is a contradiction.

Finally, Lemma 2.3 implies that ϕ(Pn�H) ≤ 2 |V (H)|+3. Then, Lemma 3.1(b),
together with Theorem 2.8(a), enables us to ensure that this upper bound is indeed
reached.

In what follows, we solve the b-coloring problem for the graph Pn � H , for all
H ∈ G.

Theorem 3.3. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Pn � Pt) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

3 if n = t = 3,

5 if

{
n = 3 < t,

4 ≤ n ≤ 7,

n − 2 if 7 < n ≤ 2t + 4,

2t + 3 if n > 2t + 4.

Proof. The case n > 2t + 4 follows from Proposition 3.2, which also implies that
ϕ(Pn�Pt) ≤ 5, for all n ≤ 7. Then, Lemma 2.5(a) implies that B(P3�P3) ⊆ V (P3)∪

2350009-7
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{v1
0,1, v1

1,2}, and hence, Lemma 3.1(a) implies that ϕ(P3 �P3) ≤ 3. Since χ(P3) = 2,
the case n = t = 3 follows from Lemma 2.3. Furthermore, if Pt = v0v1v2 . . . vt−1,
then the case n = 3 < t follows from the b-chromatic 5-coloring of P3 � Pt that is
defined so that c(ui) = i, for all i ∈ {0, 1, 2} and

c(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, if v = v2
1,2,

2, if v = v1
0,1,

3, if v ∈ {s0,1, v0
0,1, v3

0,1, v1
1,2},

4, if v ∈ {s1,2, v2
0,1, v0

1,2, v3
1,2},

c(vk−2
i,i+1), if v = vk

i,i+1 with i ∈ {0, 1} and k > 3.

The set {u1, v1
0,1, v2

0,1, v1
1,2, v2

1,2} is a b-system of P3�Pt associated to this coloring.
The cases 5 ≤ n ≤ 7 and n = 4 < t follows from Lemma 3.1(b) and Theo-

rem 2.8(b). In addition, the case n = 4 and t ∈ {3, 4} follows from the optimal
b-chromatic colorings described in Figs. 2 and 3. (In order to make easier the iden-
tification of b-vertices here and in the remaining figures of the paper, we represent
by a triangle � all the vertices of a b-system, whereas the remaining vertices are
represented by circles •.) Finally, if 7 < n ≤ 2t + 4, then Proposition 3.2 implies
that ϕ(Pn � Pt) ≤ n− 2. This upper bound is sharp, because of Lemma 3.1(b) and
Theorem 2.8.

Theorem 3.4. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Pn � Ct) =

⎧⎪⎪⎨
⎪⎪⎩

4 if (n, t) = (3, 4),

5 if n = t = 3,

ϕ(Pn � Pt) otherwise.

Fig. 2. Optimal b-chromatic coloring of P4 � P3.

Fig. 3. Optimal b-chromatic coloring of P4 � P4.

2350009-8
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Fig. 4. Optimal b-chromatic coloring of the graph P3 � C3.

Fig. 5. Optimal b-chromatic colorings of the graph P3 � C4.

Proof. From Lemma 2.7 and (2.1), we have that ϕ(P3 � Ct) ≤ m(P3 � Ct) = 5.
Figure 4 proves that this upper bound is indeed reached, for t = 3. Further, it is
readily verified that no b-system of five b-vertices is possible for the graph P3 � C4.
Thus, Fig. 5 shows that ϕ(P3 � C4) = 4. The case n ∈ {3, 4} and t ≥ 5, together
with the case n > 4, follows from the same reasons as those ones described in the
proof of Theorem 3.3. Finally, the case n = 4 and t ∈ {3, 4} holds once the vertices
v0

i,i+1 and vt−1
i,i+1 are joined in Fig. 3, for all i < 3.

Theorem 3.5. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Pn � St) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2n − 3 if 2n ≤ t + 5,

t + 3 if
t + 6

2
≤ n < t + 5,

n − 2 if t + 5 ≤ n ≤ 2t + 6,

2t + 5 if n > 2t + 6.

Proof. The case n > 2t + 6 follows from Proposition 3.2, while the case t + 5 ≤
n ≤ 2t+6 follows readily from Proposition 3.2, Lemma 3.1(b) and Theorem 2.8(c).
Further, Proposition 3.2 also implies that ϕ(Pn � St) ≤ t + 3, whenever n ≤ t + 5.
In particular, if � t+5

2 � < n ≤ t + 5, then Lemma 3.1(b) and Theorem 2.8(c) imply
that this upper bound is sharp. In order to prove that this sharpness also holds for
2n = t+6, it is enough to consider the b-chromatic (t+3)-coloring that is defined so
that, for each triple of non-negative integers i < n, j < n−1 and k < t, we have that
c(ui) = 2i mod (t+3) and c(v0

j,j+1) = c(sj,j+1) = (2j+1)mod(t+3). The remaining
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t colors that are not in the set {c(uj), c(uj+1), c(v0
j,j+1)} are equally assigned to

the vertices vk
j,j+1 with 0 < k ≤ t. The set {u1, . . . , un−2, v0

0,1, . . . , v0
n−2,n−1} is a

b-system of Pn � St associated to this coloring.
Concerning the case 2n = t + 5, if ϕ(Pn � St) = t + 3 = 2n − 2, then |Bc(Pn �

St) ∩ V (Pn)| ≥ n − 1. Since it is not possible from Lemma 3.1(a), the result holds
from Lemma 3.1(b) and Theorem 2.8(c).

Finally, Lemma 2.7 and (2.1) implies that ϕ(Pn � St) ≤ m(Pn � St) = 2n − 1,
whenever 2n ≤ t + 4. Nevertheless, the existence of a b-chromatic k-coloring c of
Pn � St with k ∈ {2n − 2, 2n − 1}, would imply that V (Pn) ⊂ Bc(Pn � St), which
is not possible because of Lemma 3.1(a). As a consequence, ϕ(Pn � St) ≤ 2n − 3.
This upper bound is sharp, because of Lemma 3.1(b) and Theorem 2.8(c).

Theorem 3.6. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Pn � Kt) =

⎧⎪⎪⎨
⎪⎪⎩

t + 2 if n ≤ t + 4,

n − 2 if t + 4 < n ≤ 2t + 4,

2t + 3 if n > 2t + 4.

Proof. The result holds readily from Proposition 3.2, Lemma 3.1(b) and Theo-
rem 2.8(d).

4. Subdivision-Edge Neighborhood Coronas of Star Graphs

In this section, we solve the b-coloring problem for the subdivision-edge neighbor-
hood corona Sn � H of a star Sn with n > 2, and a graph H ∈ G. From here on,
V (Sn) = {u0, . . . , un} is such that u0 is the center of the star. First, we establish
a pair of preliminary results concerning any graph H . From here on, we denote by
nH the number of vertices of maximum degree in a graph H .

Proposition 4.1. It is verified that ϕ(Sn � H) ≤ Δ(H) + 3. This upper bound is
reached only if Δ(H) + 2 ≤ n · nH .

Proof. Let c be a b-chromatic coloring of Sn �H . Since NSn�H(ui) ⊆ NSn�H(u0),
for every positive integer i ≤ n, Lemma 2.5(a) implies that |Bc(Sn�H)∩V (Sn)| ≤ 1.
Then, Lemma 2.5(b) and (2.1) implies that ϕ(Sn � H) ≤ Δ(H) + 3. The sharpness
of this upper bound implies the existence of Δ(H) + 3 vertices of degree, at least,
Δ(H)+2. Since there are n·nH +1 vertices in V (Sn�H) satisfying such a condition,
the second statement holds.

Theorem 4.4 illustrates that the necessary condition described in the previous
result is, however, not sufficient. The next result focuses on those graphs H con-
taining at least one universal vertex. That is, a vertex that is adjacent to all other
vertices of the graph.
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Proposition 4.2. Let H be a graph of order t containing at least one universal
vertex. Then, ϕ(Sn�H) = t+2, whenever t+1 ≤ n·nH . Otherwise, if t+1 > n·nH ,

then n · nH + 1 ≤ ϕ(Sn � H) < t + 2,

Proof. Let � = min{t + 1, n · nH}. Since Δ(H) = t − 1, Proposition 4.1 implies
that it is enough to define an appropriate b-chromatic (� + 1)-coloring c of Sn � H .
To this end, we may assume, without loss of generality, that {v0, . . . , vnH−1}
is the set of universal vertices of H . Then, we define c(u0) = �. Besides, for
each positive integer i ≤ n and each non-negative integer k < nH , we define
c(vk

0,i) = ((i − 1)nH + k) mod �; c(ui) = (c(v0
0,i) − 1) mod �; and c(s0,i) = c(v0

0,i).
The remaining � − nH − 1 colors that are not in the set {c(u0), c(ui), c(v0

0,i), . . . ,
c(vnH−1

0,i )} are equally assigned to the vertices vk
0,i with nH ≤ k < t. The set

{u0}∪{vk
0,i : (i−1)nH +k < �} constitutes a b-system of Sn �H associated to this

coloring.

The following result holds readily from Proposition 4.2.

Theorem 4.3. It is verified that ϕ(Sn � Kt) = t + 2.

Now, we solve the b-coloring problem for the graph Sn �H with H being either
a path, or a cycle, or a star graph.

Theorem 4.4. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Sn � Pt) =

{
4 if n = t = 3,

5 otherwise.

Proof. The case t = 3 follows readily from Proposition 4.2. In addition, Proposi-
tion 4.1 implies that ϕ(Sn � Pt) ≤ 5, for all t > 3. In order to prove that this last
upper bound is reached, let Pt = v0v1v2 . . . vt−1. Then, it is enough to consider the
b-chromatic proper 5-coloring that is defined so that c(u0) = 4 and for every positive
integer i ≤ n and every non-negative integer k < t, we have that c(s0,i) = i mod4,
c(ui) = (i + 2)mod 4 and

c(vk
0,i) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(i + k − 1) mod 4 if k ∈ {0, 1, 2},
c(v0

0,i) if n = k = 3,

c(vk−2
0,i ) if

{
n = 3 and k > 3,

n ≥ 4 and k > 2,

A b-system of Sn � Pt associated to this coloring is either the set {u0, v1
0,1, v2

0,1,

v1
0,2, v2

0,2} if n = 3, or the set {u0, v1
0,1, v1

0,2, v1
0,3, v1

0,4}, otherwise.

Figure 6 illustrates the b-chromatic coloring described in the previous theorem
for t = 4 and n ∈ {3, 4}.
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Fig. 6. Optimal b-chromatic coloring of the graph Sn � P4 with n ∈ {3, 4}.

Theorem 4.5. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Sn � Ct) =

{
4 if (n, t) = (3, 4),

5 otherwise.
(4.1)

Proof. Proposition 4.1 implies that ϕ(Sn � Ct) ≤ 5. Thus, the case n = t = 3
derives from the coloring described in Fig. 4, with the third branch of the star
colored in the same way than the second one. Further, it is readily verified that
no b-system of five b-vertices exists for (n, t) = (3, 4), and hence, ϕ(S3 � C4) ≤ 4.
Figure 7 proves that this upper bound is sharp. The remaining cases follow from
the same b-chromatic proper coloring described in the proof of Theorem 4.4.

Fig. 7. Optimal b-chromatic coloring of the graph S3 � C4.
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Theorem 4.6. Let n > 2 and t > 2 be two positive integers. Then,

ϕ(Sn � St) =

{
n + 1 if n < t + 2,

t + 3 otherwise.

Proof. Proposition 4.2 implies the case n ≥ t+2 and also that ϕ(Sn �St) ≥ n+1,
whenever n < t + 2. In this last case, since n > 2, Lemma 2.5(a) implies that every
b-system of Sn � St contains at most one vertex in V (Sn) and the centers of the n

copies of the star St. Hence, the result holds.

5. Subdivision-Edge Neighborhood Coronas of Complete Graphs

Let us finish our study by solving the b-coloring problem for the subdivision-edge
neighborhood corona Kn � H of a complete graph Kn with n > 3, and a graph
H ∈ G. (The case n = 2 was already solved in Proposition 2.6, while the case
n = 3 is equivalent to the subdivision-edge neighborhood corona C3 �H .) First, we
establish a preliminary result for any graph H .

Proposition 5.1. If n ≤ Δ(H) + 2, then ϕ(Kn � H) ≤ Δ(H) + 3. Otherwise, if
n > Δ(H) + 2, then ϕ(Kn � H) = n.

Proof. Lemma 2.7 and (2.1) imply that ϕ(Kn � H) ≤ Δ(H) + 3, whenever n ≤
Δ(H) + 2, and also that ϕ(Kn � H) ≤ n, whenever n > Δ(H) + 2. In order to
prove that this last upper bound is sharp, it is enough to consider the b-chromatic
n-coloring c of Kn �H that is defined so that, for each pair of non-negative integers
0 ≤ i < j < n,

c(ui) =

⎧⎪⎪⎨
⎪⎪⎩

2i mod n if n is odd,

2i mod (n − 1) if n is even and i �= n − 1,

n − 1 if n is even and i = n − 1

(5.1)

and

c(si,j) =

⎧⎪⎪⎨
⎪⎪⎩

(i + j) mod n if n is odd,

(i + j) mod (n − 1) if n is even and j �= n − 1,

(c(ui) + 1) mod (n − 1) if n is even and j = n − 1.

(5.2)

The remaining vertices vk
i,j are pairwise distinctly colored by making use of any

χ(H) distinct colors of the set {0, . . . , n− 1} \ {c(ui), c(uj)}. It is possible, because
n − 2 ≥ Δ(H) + 1 ≥ χ(H). In particular, if n is even and i < j �= n − 1, then it
must be c(vk

i,j) = n− 1, for some k. Then, the set V (Kn) constitutes a b-system of
Kn � H associated to this coloring.

Theorem 5.2 shows that the just-described upper bound is not sharp. In addi-
tion, Fig. 8(right) illustrates the b-chromatic coloring defined in the proof of
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Fig. 8. Optimal b-chromatic colorings of the graph Kn � P4 with n ∈ {4, 5}.

Proposition 5.1 for the graph K5 �P4. Now, we solve the b-coloring problem for the
graph Kn � H with H ∈ G.

Theorem 5.2. Let t > 2 be a positive integer. Then,

ϕ(Kn � Pt) = ϕ(Kn � Ct) =

{
5 if n = 4,

n if n > 4.

Proof. We focus on the b-chromatic number of the graph Kn � Pt. That one of
Kn � Ct follows by making use of the same reasoning and coloring here described.
Particularly, Proposition 5.1 implies the case n > 4, and also that ϕ(K4 � Pt) ≤ 5.
In order to prove that this upper bound is reached, it is enough to consider the
b-chromatic 5-coloring c of K4 � Pt that is defined so that c(u0) = 4 and c(ui) =
i mod4, whenever 0 < i < 4. Then, for every triple of non-negative integers i < j < 4
and k < t, we define c(si,j) = c(v0

i,j) and

c(vk
i,j) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(j + k) mod 4 if i = 0 and k ∈ {0, 1, 2},
4 if i �= 0 and k = 0,

max({0, 1, 2, 3} \ {c(ui), c(uj)}) if i �= 0 and k = 1,

min({0, 1, 2, 3} \ {c(ui), c(uj)}) if i �= 0 and k = 2,

c(vk−2
i,j ) if k > 2.

The set V (K4) ∪ {v1
1,3} is a b-system of K4 � Pt associated to this coloring.

Figure 8 (left) illustrates the b-chromatic coloring described in Theorem 5.2, for
n = t = 4.
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Theorem 5.3. Let n > 3 and t > 2 be two positive integers. Then,

ϕ(Kn � St) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n +
(

n

2

)
if n +

(
n

2

)
≤ t + 3,

t + 3 if 0 < t + 3 − n <

(
n

2

)
,

n if n ≥ t + 3.

Proof. The case n ≥ t + 3 holds from Proposition 5.1. Moreover, Lemma 2.7
and (2.1) imply that ϕ(Kn �St) ≤ m(Kn �St) = n+

(
n
2

)
, whenever n+

(
n
2

) ≤ t+3
and ϕ(Kn � St) ≤ m(Kn � St) = t + 3, whenever 0 < t + 3 − n <

(
n
2

)
. In order to

prove the sharpness of these upper bounds, it is enough to define an appropriate
b-chromatic coloring c of Kn � St satisfying (5.1) and (5.2). To this end, let us
suppose that v0 is the center of the star St. Then, for each pair of non-negative
integers i < j < n, we define

c(v0
i,j) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n + αi,j if n +
(

n

2

)
≤ t + 3,

n + ((αi,j) mod (t + 3 − n)) if 0 < t + 3 − n <

(
n

2

)
.

where αi,j = (2n−i−1)·i
2 + j. (The first addend is the number of vertices in the

set {v0
k,j : 0 ≤ k < i < j < n}.) The remaining vertices vk

i,j with 0 < k < t,
are colored by making use of all the colors of the set {0, . . . , min{{n +

(
n
2

)
, t +

3} − 1} \ {c(ui), c(uj), c(v0
i,j), c(vt

i,j}. The set of vertices V (Kn) ∪ {v0
i,j : αi,j ≤

min{(n
2

)
, t + 3 − n}} constitutes a b-system of Kn � St for this coloring.

Fig. 9. Optimal b-chromatic colorings of the graph K4 � St with t ∈ {3, 7}.
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Figure 9 illustrates the b-chromatic coloring described in Theorem 5.3, for n = 4
and t ∈ {3, 7}.

Theorem 5.4. Let n > 3 and t > 2 be two positive integers. Then,

ϕ(Kn � Kt) =

{
t + 2 if n ≤ t + 1,

n otherwise.

Proof. Proposition 5.1 proves the case n > t+1, and also that ϕ(Kn �Kt) ≤ t+2,
whenever n ≤ t + 1. In order to prove that this upper bound is sharp, it is enough
to consider the b-chromatic (t + 2)-coloring of Kn � Kt satisfying (5.1) and (5.2)
such that, for each pair of non-negative integers i < j < n, the vertices in the set
{vk

i,j : 0 ≤ k < t} are pairwise distinctly colored by making use of the t colors of the
set {0, . . . , t + 1} \ {c(ui), c(uj)}. The set {u0, u1} ∪ {vk

0,1 : 0 ≤ k < t} constitutes
a b-system of Kn � Kt associated to this coloring.

6. Conclusion and Further Work

In this paper, we have solved the b-coloring problem for every subdivision-edge
neighborhood corona of paths, cycles, stars and complete graphs. Even more, we
have solved this problem for the graph Pn � H , whenever n > 2 |V (H)| + 4 (see
Proposition 3.2); the graph Sn�H , whenever |V (H)|+1 ≤ n·nH , where H contains
at least one universal vertex, and nH is the number of vertices of maximum degree in
H (see Proposition 4.2); and the graph Kn�H , whenever n > Δ(H)+2 (see Proposi-
tion 5.1). Some sharp bounds have also been established for the b-chromatic number
of subdivision-edge neighborhood coronas of paths, stars and complete graphs with
any other graph. The results and the methodology here described, constitute a start-
ing point to deal with the b-chromatic problem for subdivision-edge neighborhood
coronas of other families of graphs. It is established as further work.
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Abstract

We assess, the existence and uniqueness solutions to a class of nonlinear fractional integro-
differential equations involving Atangana-Baleanu(AB) derivatives with fractional boundary condi-
tions. Leray-Schauder alternative theorem ensures the existence of solutions and uniqueness solutions
are derived by using Banach contraction principle. Furthermore, we present an implicit numerical
scheme based on the trapezoidal method for obtaining the numerical approximation to the solution.
An example is given to illustrate our analytical and numerical findings.

Keywords: Fractional differential equations, fixed point techniques, Trapezoidal method.
2020 MSC: 34A08, 34K37, 65L10.

1 Introduction

Fractional differential equations (FDEs) seemed as an excellent mathematical tool for modeling of
many physical phenomena appearing in various branches, such as viscoelasticity, self-similar protein
dynamics, continuum and statistical mechanics, dynamics of particles etc [1, 2]. A number of non-integer
derivatives and their associated integrals have been developing since 1695, and a systematic classification
of fractional integrals with certain generalized Leibniz (type) rules was presented in [3–5] . Consequently,
fractional calculus allows us to choose what kind of derivative to be used to solve a model, resulting in
more accurate solutions.

Recently many authors have studied mathematical models involving AB fractional derivative. AB
derivative in Caputo sense has also received considerable attention from researchers in the theoretical
area of nonlinear FDEs. For instance, Jarad et al. [6, 10, 11] addressed the existence of solutions to
nonlinear Cauchy problems containing AB derivative. AB derivative in Caputo sense has also received

1



considerable attention from researchers in the theoretical area of nonlinear FDEs. For instance, Jarad et
al.[16, 20, 25] addressed the existence and uniqueness of solutions to nonlinear Cauchy problems containing
AB derivative. In addition, the Gronwall inequality was established in the context of AB integral in order
to analyze the Ulam-Hyers stability of the solution.The existence and qualitative behaviors of solutions of
fractional integro-differential equations(FIDE) were investigated in [7, 28], which involved an extension
model of [16, 29]. The existence and qualitative behaviors of solutions of fractional integrodifferential
equations were investigated in [30, 33], which involved an extension model of [12, 14]. Recently, the
authors of [17, 31, 32] studied the approximate controllability of stochastic integrodifferential equations
having infinite delay in the settings of AB fractional derivative. Fernandez et al. [10, 11] investigated
linear FDEs with variable coefficients and established analytical solutions for such equations. In [22–24],
the authors proposed a new explicit numerical scheme based on two-step Lagrange polynomial for solving
nonlinear FDEs of AB derivative and also presented the error analysis. [18, 34, 35] has defined higher-
order AB fractional operators and established some useful relations among the operators. Some recent
progress on the existence of solutions to various higher-order nonlinear FDEs based on AB derivative
with classical boundary conditions can be found in a series of papers.

Now, we consider the nonlinear FIDE with fractional boundary conditions of the following from:

ABCDq

a+w(t) = F

(

t,

∫ t

0

K (t, s)w(s)ds,

∫ t

0

H (t, s)w(s)ds

)

, 1 < q < 2, t ∈ [0, a] = T, (1.1)

w(0) = w0,
ABCDq−1

a+ w(a) = w1. (1.2)

Where ABCDq

a+ and ABCDq−1
a+ denote the AB fractional derivatives (FD) in Caputo sense; F is any

real-valued absolutely continuous function and w0, w1 are real numbers.
For our convenient, we consider Sw(t) =

∫ t

0
K (t, s)w(s)ds and Tw(t) =

∫ t

0
H (t, s)w(s)ds Then (1.1)

becomes,
{

ABCDq

a+w(t) = F (t, Sw(t), Tw(t)) , 1 < q < 2, t ∈ [0, a] = T,

w(0) = w0,
ABCDq−1

a+ w(a) = w1.
(1.3)

In this work, we derive the necessary preliminaries regarding our study are presented in Section 2. In
Section 3, some basic properties of AB operators, along with an auxiliary lemma for the linear version of
(1.1), are derived. In Section 4, we study the existence of solution to (1.1). Section 5 contains an implicit
numerical scheme for solving the proposed nonlinear FDE (1.1). In Section 6, illustrative examples for
our obtained results are provided with their numerical simulations.

2 Preliminaries

Here, we recall basic concepts and useful lemmas related to AB fractional derivatives and AB fractional
integral. Let C[a, b], a < b, be the Banach space of all real-valued continuous functions on [a, b] with
the norm ||y||∞ = supt∈[a,b]{|y(t)|}. Let AC[a, b] be the space of all real-valued absolutely continuous

functions on [ab] and ACm[a, b] = {y|y : [a, b] → R, y(m−1) ∈ AC[a, b]},m ∈ N.

Definition 2.1. [13] The classical & two-parametric Mittag-Leffler functions are,

Ep(z) =

∞
∑

k=0

zk

γ (kp+ 1)
, Ep,q(z) =

∞
∑

k=0

zk

Γ (kp+ q)
, (z, p, q ∈ C,R(p) > 0),

respectively, where Ep,1(z) = Ep(z).

Definition 2.2. [19, 27] The RL fractional integral of order q > 0 is,
(

Iq
a+w

)

(t) = 1
Γ(q)

∫ t

a
(t− r)q−1w(r)dr, where w ∈ L1(a, b).

Definition 2.3. [3, 8, 10] Let 0 < q < 1. The AB FD in Caputo sense is,

(

ABCDq

a+w
)

(t) =
B(q)

1− p

∫ t

a

Eq

[

−
q

1− p
(t− r)q

]

w
′

(r)dr,
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where w ∈ AC[a, b].
The AB FD in RL sense is,

(

ABRDq

a+w
)

(t) =
B(q)

1− p

∫ t

a

Eq

[

−
q

1− p
(t− r)q

]

w(r)dr,

where w ∈ L1(a, b).
The AB fractional integral is,

(

ABIq
a+w

)

(t) =
1− p

B(q)
w(t) +

q

B(q)

(

Iq
a+w

)

(t),

where w ∈ L1(a, b). Now, we consider the normalization function B(q) to be real-valued strictly positive
such that B(0) = B(1) = 1.

Lemma 2.4. [3] Let 0 < q < 1. Then

(

ABCDq

a+w
)

(t) =
(

ABRDq

a+w
)

(t)−
B(q)

1− p
w(a)Eq

[

−
q

1− p
(t)q

]

,

where w ∈ AC[a, b].

Definition 2.5. [5] Let m < q < m+ 1(m ∈ N0) and p = q −m.
The AB FD in caputo sense is,

(

ABCDq

a+w
)

(t) =
(

ABCDq

a+w
(m)

)

(t),

where w ∈ ACm+1[a, b].
The AB FD in RL sense is,

(

ABRDq

a+w
)

(t) =
(

ABRDq

a+w
(m)

)

(t),

where w ∈ L1(a, b).
The AB fractional integral is,

(

ABIq
a+w

)

(t) =
(

Ima+I
p

a+w
)

(t),

where w ∈ L1(a, b).

Lemma 2.6. [5] Let m < q < m+ 1(m ∈ N0). Then

(

ABIq
a+

ABCDq

a+w
)

(t) = w(t)−

m
∑

k=0

w(w)(a)

k!
(t− k)k,

where w ∈ ACm+1[a, b].

Definition 2.7. [26] By L(X,Y ), we denote the normed space of bounded linear operators from a normed
space X into a normed space Y . A maps, which assigns to every operator T ∈ L(X,Y ) a unique sequence
{sr(T )}

∞
r=0 of real numbers, is called an s-function. We call sr(T ) the rth s-number of the operator T if

the following conditions are satisfied.

1. ||T || = s0(T ) ≥ s1(T ) ≥ ... ≥ 0 for T ∈ L(X,Y ).

2. sr+m(U + V ) ≤ sr(U) + sm(V ) for U, V ∈ L(X,Y ).

3. sr(UTV ) ≤ ||U ||sr(T )||V || for V ∈ L(X0, X), T ∈ L(X,Y ) and U ∈ L(Y, Y0).

4. sr(T ) = 0 if and only if rank(T ) ≤ r for T ∈ L(X,Y ).
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5. sr(In) =

{

1, for r < n;
0, for r ≥ n;

where In is the identity operator on the Euclidean space ln2 .

Example 2.8. [26] As examples of s-numbers, we mention the approximation numbers αr(T ), Gelfand
numbers cr(T ), Kolmogorov numbers dr(T ) and Tikhomirov numbers d∗r(T ) defined by the following.

1. αr(T ) = inf{||T −A|| : A ∈ L(X,Y ) and rank(A) ≤ r}. Clearly, we always have
||T || = α0(T ) ≥ α1(T ) ≥ α2(T ) ≥ ... ≥ 0.

2. cr(T ) = αr(JY T ), where JY is a metric injection from the space Y into a higher space l∞(∧) of all
bounded real function for a suitable index set ∧.

3. dr(T ) = infdimK≤r sup||x||≤1 infy∈K ||Tx− y|| where K ⊆ Y .

4. d∗r(T ) = dr(JyT ).

Also, according to the rate of convergence of the sequence {αn(T )}, the operator T belongs to the ideal
of type lp, which means that {αn(T )} ∈ lp, where lp is the space of the p-summable sequences of real
numbers.

3 Equivalent Linear System Solutions

This section is devoted to obtaining several important properties and results that will be helpful in our
forthcoming discussion. We first define the Laplace transform of higher-order AB operators as follows:
Proposition 3.1. Let m < q < m+ 1 (m ∈ N0). Then, in particular a = 0, we get

L
{(

ABCDq
0+w

)

(t)
}

(s) =
B(q −m)

m+ 1− p

sqL{F (Sw(t), Tw(t))}(s)−
∑

0≤k≤m

sq−k−1w(k)(0)

sq−m + q−m
m+1−p

,

L
{(

ABRDq
0+w

)

(t)
}

(s) =
B(q −m)

m+ 1− p

sqL{F (Sw(t), Tw(t))}(s)−
∑

0≤k≤m−1

sq−k−1w(k)(0)

sq−m + q−m
m+1−p

,

L
{(

ABIq0+w
)

(t)
}

(s) =
1

B(q −m)

[

(m+ 1− p)s−m + (q −m)s−q
]

L{F (Sw(t), Tw(t))}(s),

provided the Laplace transform of g exists.
Lemma 3.2 Let m < q < m+ 1(m ∈ N0). Then, in particular a = 0 yields the following result,

(

ABCDq

a+w
)

(t) =
(

ABRDq

a+w
)

(t)−
B(q −m)

m+ 1− p
w(m)Eq−m

[

−
q −m

m+ 1− p
(t)q−m

]

,

where w ∈ ACm+1[a, b].
Proposition 3.3 Let m < q < m+ 1(m ∈ N0). Then,

(

ABIq
a+

ABCDq

a+w
)

(t) = w(t)− w(a)Eq−m

[

−
q −m

m+ 1− p
(t)q−m

]

,

where w ∈ AC[a, b].
Proof: From Definition 2.5, by setting p = q −m, we have

(

ABIq
a+

ABCDq

a+w
)

(t) =
(

ABIq
a+

ABCDq

a+w
)

(t).

Hence the final conclusion follows from Lemma 2.4 and [[5], Proposition 3.1].
Lemma 3.4 Let 0 < α ≤ 1 and λ > 0. Then, for all x > 0, the function xEα,2(−λxα) is strictly positive
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and monotonically increasing with respect to x.
Proof. From the equation in [27] , we have

∫ x

0

tβ−1Eα,β(−λtα)dt = xβEα,β+1(−λxα), β > 0.

In particular, by setting β = 1, the above equation reduces to

xEα,2(−λxα) =∈x
0 Eα(−λtα)dt.

In view of [[36], Lemma 2.2], xEα,2(−λxα), x > 0, is strictly positive and monotonically increasing with
respect to x.
Lemma 3.5 Let F ∈ AC[0, b] with F (0) = 0 and 1 < q < 2. Then the solution to the linear system

{

ABCDq

a+w(t) = F (t), t ∈ [0, a]

w(0) = w0,
ABCDp−1

a+ w(b) = w1
(3.1)

is

w(t) = w0 +
1

∆

[

w1 −

∫ b

0

F (Sw(t), Tw(t))ds

]

t+
2− q

B(p− 1)

∫ t

0

F (Sw(t), Tw(t))ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1
F (Sw(t), Tw(t))ds, forallt ∈ T, (3.2)

where,

∆ =
B(p− 1)

2− q
bEp−1,2

[

−
p− 1

2− q
bp−1

]

.

Proof. Use of Atangana-Baleanu integral operator ABIq0+ on both sides of the equation in (3.1) with the
help of Lemma 2.6, results in

w(t) = c1 + c2t+
ABIq0+F (t)

= c1 + c2t+
2− q

B(p− 1)

∫ t

0

F (Sw(t), Tw(t))ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1
F (Sw(t), Tw(t))ds, (3.3)

where c1, c2 ∈ R. The condition w(0) = w0 yields c1 = w0. Moreover, by Definition 2.5, we have
w(t) = w0 + c2t+ I0+

ABIp−1
0+ F (t).

In view of Proposition 3.3, we obtain

ABCDp−1
0+ w(t) = c2

B(p− 1)

2− q
tEp−1,2

[

−
p− 1

2− q
tp−1

]

+

∫ t

0

F (Sw(t), Tw(t))ds.

By using boundary condition at t = b given in (3.1), it follows that

c2 = 1
∆

[

w1 −
∫ b

0
F (Sw(t), Tw(t))ds

]

. Substitution of the above values of c1 and c2 into (3.3) leads to

the desired solution given in (3.2).

For the elementary results of the Equation (1.2), we need some following hypotheses:

(H1) |F (t, w)| ≤ ϕ1(t) + ϕ2(t)|w|, for all (t, w) ∈ Ω.

(H2) |F (t, w)− F (t, w̃)| ≤ φ(t)|w − w̃| for a.e. (t, w), (t, w̃) ∈ Ω.

(H3) Let w ∈ C [0, T ] & function ϕ ∈ (C[0, T ]× R × R × R,R) is continuous function & a positive
constant ζ1, ζ2 & ζ s.t.,
‖ϕ(, w1, w2, w3)− ϕ(, ϕ1, ϕ2, ϕ3)‖ ≤ ζ1 (‖w1 − ϕ1‖+ ‖w2 − ϕ2‖+ ‖w3 − ϕ3‖) ∀
w1, w2, w3, ϕ1, ϕ2, ϕ3 in w. ζ2 = maxw∈R ‖f(,R,R,R)‖&ζ = max {ζ1, ζ2}.
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4 Existence Result

We first convert the FDE (1.1) to an integral equation and then consider it as a fixed-points problem for
an integral operator. On the basis of Lemma 3.5, and solution operator G : C(T ) → C(T ) as follows:

(Gw)(t) = w0 +
1

∆

[

w1 −

∫ b

0

F (r, w(r))dr

]

t+
2− q

B(p− 1)

∫ t

0

F (r, (Sw(t), Tw(t)))ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1
F (r, (Sw(t), Tw(t)))ds, for all t ∈ J. (4.1)

We now only need to seek the fixed-points of G in C(T ), because the fixed-points of G are solutions of
(1.1). For brevity, we use the notations

Λ =
b

∆
+

2− q

B(p− 1)
+

bp−1

B(p− 1)Γ(p− 1)

Λ̃ =
b2

∆
+

b(2− q)

B(p− 1)
+

bq

qB(p− 1)Γ(p− 1)
.

By considering the growth condition on nonlinearity, we now establish the result based on Leray-Schauder
alternative theorem [14].

Theorem 4.1. Let Ω =
{

(t, w) ∈ R
2 : t ∈ T and |w| ≤ λ for fixed λ > 0}. Suppose that F : Ω → R is

absolutely continuous and there exist ϕi ∈ C(T, [0,∞)), i = 1, 2 such that If F (0, w(0)) = 0, then (1.1)

has a solution in C(T ), provided Λ
∫ b

0
ϕ2(r)ds < 1.

Proof. The operator G : C(T ) → C(T ) is completely continuous. Suppose D ⊂ C(T ) is an arbitrary
bounded set. Then, by using (H1), there is a number RL > 0 such that |F (t, (Sw(t), Tw(t)))| ≤ RL for
t ∈ T,w ∈ D. Now, ∀w ∈ D, we obtain

|(Gw)(t)| ≤ |w0|+
1

∆

[

|w1|+

∫ b

0

|F (r, (Sw(t), Tw(t)))|ds

]

t+
2− q

B(p− 1)

∫ t

0

|F (r, (Sw(t), Tw(t)))|ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1|F (r, (Sw(t), Tw(t)))ds

≤ |w0|+
b

∆
|w1|+RLΛ̃ < +∞,

=⇒ G (D) is bounded.
Next, we show that G (D) is equicontinuous. For all w ∈ D and 0 ≤ τ1 < τ2 ≤ b, we have

|(Gw) (τ2)− (Gw) (τ1)|

≤
1

∆

[

|w1|+

∫ b

0

|F (r, (Sw(t), Tw(t)))ds

]

(τ2 − τ1) +
2− q

B(p− 1)

∫ ττ2

τ1

|F (r, (Sw(t), Tw(t)))|ds

+
1

B(p− 1)Γ(p− 1)

[
∫ τ1

0

[

(τ2 − r)
p−1

− (τ1 − r)
p−1

]

|F (r, (Sw(t), Tw(t)))|ds

+

∫ τ2

τ1

(τ2 − r)
p−1

|F (r, (Sw(t), Tw(t)))|ds

]

≤

[

|w1|+ bRL

∆
+

2− q

B(p− 1)
RL

]

(τ2 − τ1) +
RL

qB(p− 1)Γ(q + 1)
(τ q2 − τ q1 ) .

Since the function τ q, 1 < q < 2, is uniformly continuous on J,G (D) is a family of equicontinuous
functions. Therefore, following the Arzela-Ascoli theorem, G (D) is relatively compact in C(T ). Hence,
we conclude that G is completely continuous.
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Now, we prove S = {w ∈ C(T ) : w = λGw and λ ∈ (0, 1)} is a bounded set.
Let w ∈ S, then w(t) = λ(Gw)(t) for t ∈ T . By (H1), for t ∈ T , one has

|w(t)| = |λ(G ,F (Sw(t), Tw(t)))|

< |w0|+
1

∆

[

|w1|+

∫ b

0

(ϕ1(r) + ϕ2(r)|F (Sw(t), Tw(t))|) ds

]

t

+
2− q

B(p− 1)

∫ t

0

(ϕ1(r) + ϕ2(r)|F (Sw(t), Tw(t))|) ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1 (ϕ1(r) + ϕ2(r)|F (Sw(t), Tw(t))|) ds

≤ |w0|+
b

∆
|w1|+ Λ

∫ b

0

ϕ1(r)ds+ Λ

∫ b

0

ϕ2(r)ds‖w‖∞.

Hence, for all w ∈ S, we have

‖w‖∞ ≤
|w0|+

b
∆ |w1|+ Λ

∫ b

0
ϕ1(r)ds

1− Λ
∫ b

0
ρ2(r)ds

< +∞,

=⇒ S is bounded. Therefore, the Leray-Schauder alternative theorem ensures us that G has at least
one fixed-point in C(T ), as required. Hence the theorem follows. By considering the generalized Lipschitz
condition on nonlinearity.

5 Uniqueness Result

Theorem 5.1. Let Ω =
{

(t, w) ∈ R
2 : t ∈ T and |w| ≤ λ for fixed λ > 0}. Suppose that F : Ω → R is

absolutely continuous and ∃φ ∈ L1(T, [0,∞)) s.t., If F (0, w(0)) = 0, then (1.1) has a unique solution in
C(T ), provided

Λ

∫ b

0

φ(r)ds < 1. (5.1)

Proof. The operator G : C(T ) → C(T ) is defined in (4.1). Let us first denote
M = supt∈J |F (t, 0)| < ∞ and fix a real number ρ, 0 < ρ ≤ λ, s.t.,

|w0|+
b
∆ |w1|+M Λ̃

1− Λ
∫ b

0
φ(r)ds

≤ ρ.

We now show that GBρ ⊂ Bρ, where Bρ = {w ∈ C(T ) : ‖w‖∞ ≤ ρ}. By (H2), for all w ∈ Br, one has

|(Gw)(t)| ≤ |w0|+
1

∆

[

|w1|+

∫ b

0

(φ(r)|F (Sw(t), Tw(t))|+M)ds

]

t

+
2− q

B(p− 1)

∫ t

0

(φ(r)|F (Sw(t), Tw(t))|+M)ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1(φ(r)|F (Sw(t), Tw(t))|+M)ds

≤ |w0|+
1

∆

[

|w1|+ ρ

∫ b

0

φ(r)ds+Mb

]

b

+
2− q

B(p− 1)

[

ρ

∫ b

0

φ(r)ds+Mb

]

+
1

qB(p− 1)Γ(p− 1)
bp−1

[

qρ

∫ b

0

φ(r)ds+Mb

]

for all t ∈ T.
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Therefore, for all w ∈ Bρ, we deduce that

‖Gw‖∞ ≤ |w0|+
b

∆
|w1|+M Λ̃ + Λρ

∫ b

0

φ(r)ds

≤ ρ

=⇒ G maps Bρ.
Next, we prove that G is a operator in C(T ). Let w, w̃ ∈ C(T ). By (H2), for each t ∈ T , one has

|(Gw)(t)− (G w̃)(t)| ≤
t

∆

∫ b

0

φ(r)|w(r)− w̃(r)|ds+
2− q

B(p− 1)

∫ t

0

φ(r)|w(r)− w̃(r)|ds

+
1

B(p− 1)Γ(p− 1)

∫ t

0

(t− r)p−1φ(r)|w(r)− w̃(r)|ds

≤ Λ

∫ b

0

φ(r)ds‖w − w̃‖∞.

Hence, for all w, w̃ ∈ C(T ) we deduce that

‖Gw − G w̃‖∞ ≤ Λ

∫ b

0

φ(r)ds‖w − w̃‖∞.

The assumption (5.1) ensures that G is contractive. Hence the Banach fixed point theorem allows us to
conclude that G has a unique fixed-point in C(T ), as required. This fixed-point is the aspired solution to
(1.1).

6 Numerical Result

This section is devoted to describe a numerical scheme based on the classical and fractional trapezoidal
methods [9, 15, 21], which are used to interpolate the vector field F by the first-degree polynomials. In
fact, it is shown that the trapezoidal method usually provides excellent accuracy under the consideration
of small step size. We here directly discretize the integral equation of (1.2) to derive the numerical scheme.
Let h be the step size, and choose n+ 1 equi-spaced grid points Ftk = kh : k = 0, 1, 2, ..., n on [0, b] such
that 0 = t0 < t1 < t2 < ... < tn = b with some positive integers n and h := b

n
.

We first rewrite the integral equation of (1.2) at any point t = tk in the following piecewise way,

w(tk) = w0 +
1

∆



w1 −
∑

0≤τ≤n−1

∈tτ+1
tτ

F (r, (Sw(t), Tw(t)))ds



 tk

+
2− q

B(p− 1)

∑

0≤τ≤k−1

∈tτ+1
tτ

F (r, (Sw(t), Tw(t)))ds

+
1

B(p− 1)Γ(p− 1)

∑

0≤τ≤k−1

∈tτ+1
tτ

(tk − r)p−1
F (r, (Sw(t), Tw(t)))ds

In order to formulate the numerical scheme for (1.2), the nonlinear function F (t, w(t)) is approximated,
on each subinterval [tτ , tτ + 1], by the following piece-wise linear function,

F (t, w(t)) =
1

h
[(tτ+1 − t)F (tτ , (Sw(tτ ), Tw(tτ ))) + (t− tτ )F (tτ+1), (Sw(tτ + 1), Tw(tτ + 1))] ,

t ∈ [tτ , tτ + 1].
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After integrating, one obtains the following unknown approximations

w(tk) = w0 +
1

∆



w1 −
h

2

∑

0≤τ≤k−1

[F (tτ , (Sw(tτ ), Tw(tτ ))) + F (tτ+1), (Sw(tτ + 1), Tw(tτ + 1))]



 tk

+
2− q

B(p− 1)

h

2

∑

0≤τ≤k−1

[F (tτ , (Sw(tτ ), Tw(tτ ))) + F (tτ+1), (Sw(tτ + 1), Tw(tτ + 1))]

+
(p− 1)

B(p− 1)

hq

Γ(q + 2)
[{(k − 1)q+1 − kq(k − p− 1)}F (t0, (Sw(t0), Tw(t0)))

+
∑

1≤τ≤k−1

{(k − τ + 1)q+1 + (k − τ − 1)q+1 − 2(k − τ)q+1}F (tτ , (Sw(tτ ), Tw(tτ )))

+ F (tk, (Sw(tk), Tw(tk)))]. (6.1)

Due to the nonlinear nature of the function F and the presence of all unknown quantities w(tk) on the
RHS of each equation of (6.1), we cannot solve (6.1) for w(tk) directly, in general. So Newton-Raphson
method is used to determine each w(tk); k = 0, 1, 2, ..., n from the above implicit numerical scheme (6.1).
This implicit method is seldomly encountered in the numerical simulation for solving fractional differen-
tial equations. However, this method is useful in dealing with the problem (1.2).

7 Example

Our theoretical results are illustrated here with the following example. We also present the trajectory of
the numerical solution to the nonlinear problem (1.1) by using the proposed numerical scheme (6.1). Let
the normalization function as B(α) = 1− α+ α

Γ(α) , α ∈ [0, 1].

Example 7.1 Consider the linear problem
{

ABCDq

a+
w(t) = hλ, t ∈ [0, b]

w(0) = w0, ABCDp−1

a+

w(b) = w1
(7.1)

where λ > 0 is a real number. Its exact solution is,

w(t) = w0 +
1

∆

[

w1 −
bλ+1

λ+ 1

]

t+
2− q

B(p− 1)

tλ+1

λ+ 1
+

p− 1

B(p− 1)

Γ(λ+ 1)

Γ(q + λ+ 1)
tq+λ

Now we consider α = 0.1,∆ = 2, comparison of the exact and numerical solutions to equation (6.1) for
q = 1.9, λ = 1.5, b = 5, w0 = 1, w1 = 17 and h = 0.05.
In Figure 1, the numerical solution shows good agreement with the exact solution in the entire interval.

Conclusion

In this paper, the essential outcomes of the existence and uniqueness solutions are gained by using the
Leray-Schauder alternative theorem and Banach fixed point theorem respectively. We also discussed
a numerical scheme for (1.1), which helps to study the numerical solution when F is nonlinear. Our
theoretical and numerical findings were verified with examples. We have presented some important
properties of higher-order AB operators, which will be useful for further study in this direction. Besides,
the stability analysis of the solution may be considered as an extension work for the problem (1.1), and
examples may solve by using Simpson’s 1

3 rule.
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Figure 1: Graph of the approximate solution w(t)
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Abstract

We establish, the existence and uniqueness of solutions to a class of Atangana-Baleanu

(AB) derivative-based nonlinear fractional integro-differential equations with fractional

boundary conditions by using special type of operators over general Banach and Hilbert

spaces with bounded approximation numbers. The Leray-Schauder alternative theorem

guarantees the existence solution and the Banach contraction principle is used to derive

uniqueness solutions. Furthermore, we present an implicit numerical scheme based on the

trapezoidal method for obtaining the numerical approximation to the solution. To illustrate

our analytical and numerical findings, an example is provided and concluded in the final

section.

1 Introduction

Fractional differential equations (FDEs) seemed as an excellent mathematical tool for model-

ing of many physical phenomena appearing in various branches, such as viscoelasticity, self-

similar protein dynamics, continuum and statistical mechanics, dynamics of particles etc

[1, 2]. A number of non-integer derivatives and their associated integrals have been developed

and a systematic classification of fractional integrals with certain generalized Leibniz (type)

rules was presented in [3]. Consequently, fractional calculus allows us to choose what kind of

derivative to be used to solve a model, resulting in more accurate solutions [4–7].

Recently many authors have studied mathematical models involving AB fractional deriva-

tive. AB derivative in Caputo sense has also received considerable attention from researchers

in the theoretical area of nonlinear FDEs [8, 9]. For instance, [10–12] addressed the existence

of solutions to nonlinear Cauchy problems containing AB derivative.

Researchers in the theoretical domain of nonlinear fractional differential equations have

shown significant interest in the Caputo sense AB derivative as well [13–16]. In this situation,

a fractional derivative with a nonsingular kernel that relied on the M-L function was
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introduced by Atangana and Baleanu(A-B). This new dimension demonstrates the close con-

nection between fractional calculus and the M-L function. It helps us to more effectively han-

dle computing needs, nonlocal dynamics, and distinguish between various traits. [17–19].

In addition, the Gronwall inequality was established in the context of AB integral in order

to analyze the Ulam-Hyers stability of the solution [20, 21]. The existence and qualitative

behaviors of solutions of fractional integro-differential equations(FIDE) were investigated and

which involved an extension model of [15, 22–24]. In [26], the authors proposed a new explicit

numerical scheme based on two-step Lagrange polynomial for solving nonlinear FDEs of AB

derivative and also presented the error analysis.

[25–28] has defined higher-order AB fractional operators and established some useful rela-

tions among the operators. Some recent progress on the existence of solutions to various

higher-order nonlinear FDEs based on AB derivative with classical boundary conditions can

be found in a series of papers [29–37].

Now, we consider the nonlinear FIDE with fractional boundary conditions of the following

from:

ABCDq
aþwðtÞ ¼ F

�

t;
R t

0
K ðt; sÞwðsÞds;

R t
0
H ðt; sÞwðsÞds

�

; 1 < q < 2; t 2 ½0; a� ¼ J; ð1:1Þ

wð0Þ ¼ w0;
ABCDq� 1

aþ wðaÞ ¼ w1: ð1:2Þ

Where ABCDq
aþ and ABCDq� 1

aþ denote the AB fractional derivatives (FD) in Caputo sense;F is

any real-valued absolutely continuous function and w0, w1 are real numbers. Here,K ;H are

given function which fulfills certain conditions to be defined later on.

For our convenient, we consider SwðtÞ ¼
R t

0
K ðt; sÞwðsÞds and TwðtÞ ¼

R t
0
H ðt; sÞwðsÞds.

Then (1.1) becomes,

(
ABCDq

aþwðtÞ ¼ Fðt; SwðtÞ;TwðtÞÞ; 1 < q < 2; t 2 ½0; a� ¼ J;

wð0Þ ¼ w0;
ABCDq� 1

aþ wðaÞ ¼ w1:
ð1:3Þ

In this work, we derive the necessary preliminaries in Section 2. In Section 3, some basic

properties of AB operators, along with an auxiliary lemma for the linear version of (1.1), are

derived. In Section 4, we study the existence of solution to (1.1). Section 5 contains an implicit

numerical scheme for solving the proposed nonlinear FDE (1.1). In Section 6, illustrative

examples for our obtained results are provided with their numerical simulations.

2 Preliminaries

Here, we recall basic concepts and useful lemmas related to AB fractional derivatives and AB

fractional integral. Let C[a, b], a< b, be the Banach space of all real-valued continuous func-

tions on [a, b] with the norm ||y||1 = supt2[a,b]{|y(t)|}. Let AC[a, b] be the space of all real value

absolutely continuous functions on [ab] and

ACm½a; b� ¼ fyjy : ½a; b� ! R; yðm� 1Þ 2 AC½a; b�g;m 2 N:

Definition 2.1 [19, 26] The classical & two-parametric Mittag-Leffler functions are,

EpðzÞ ¼
X1

k¼0

zk

Gðkpþ 1Þ
;Ep;qðzÞ ¼

X1

k¼0

zk

Gðkpþ qÞ
; ðz; p; q 2 C;RðpÞ > 0Þ;

respectively, where Ep,1(z) = Ep(z).
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Definition 2.2 [2, 26, 38] The RL fractional integral of order q> 0 is, Iqaþw
� �

ðtÞ ¼
1

GðqÞ

R t
aðt � rÞq� 1wðrÞdr; where w 2 L1(a, b).

Remark 2.3 [26] For 0< q< 1, Iqaþ maps AC[a, b] into AC[a, b] and maps C[a, b] into
C[a, b].

Definition 2.4 [8, 10, 18, 26, 32] Let 0< q< 1. The AB FD in Caputo sense is,

ABCDq
aþw

� �
ðtÞ ¼

BðqÞ
ð1 � qÞ

Z t

a
Eq �

q
1 � q

ðt � rÞq
� �

w0ðrÞdr;

where w 2 AC[a, b].

The AB FD in RL sense is,

ABRDq
aþw

� �
ðtÞ ¼

BðqÞ
ð1 � qÞ

d
dt

Z t

a
Eq �

q
1 � q

ðt � rÞq
� �

wðrÞdr;

where w 2 L1(a, b).

The AB fractional integral is,

ABIqaþw
� �

ðtÞ ¼
1 � q
BðqÞ

wðtÞ þ
q
BðqÞ

Iqaþw
� �

ðtÞ;

where w 2 L1(a, b). Now, we consider the normalization functionBðqÞ to be real-valued strictly
positive such thatBð0Þ ¼ Bð1Þ ¼ 1.

Lemma 2.5 [8, 26] Let 0< q< 1. Then

ABCDq
aþw

� �
ðtÞ ¼ ABRDq

aþfFðSwðtÞ;TwðtÞÞg
� �

�
BðqÞ
ð1 � qÞ

wðaÞEq �
q

1 � q
ðtÞq

� �

; ð2:1Þ

where w 2 AC[a, b].

The higher-order AB fractional derivatives and integral defined in [3, 26, 29–37] based on

Definition 2.4 are as follow:

Definition 2.6 [3, 26] Let m< q<m + 1(m 2 N0) and p = q −m and N0 is denoting 0.

The AB FD in caputo sense is,

ðABC Dq
aþwÞðtÞ ¼ ð

ABCDq
aþfFðt; SwðtÞ;TwðtÞÞgÞ;

where w 2 ACm+1[a, b].

The AB FD in RL sense is,

ðABR Dq
aþwÞðtÞ ¼ ð

ABRDq
aþfFðt; SwðtÞ;TwðtÞÞgÞ;

where w 2 L1(a, b).

The AB fractional integral is,

ðAB IqaþwÞðtÞ ¼ ðI
m
aþ I

p
aþfFðt; SwðtÞ;TwðtÞÞgÞ;

where w 2 L1(a, b).

Lemma 2.7 [3, 26] Let m< q<m + 1(m 2 N0). Then

ABIqaþ
ABCDq

aþw
� �

ðtÞ ¼ fFðt; SwðtÞ;TwðtÞÞg �
Xm

k¼0

wðkÞðaÞ
k!
ðt � kÞk; ð2:2Þ

where w 2 ACm+1[a, b].
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3 Equivalent linear system solutions

This section is devoted to obtaining several important properties and results that will be help-

ful in our forthcoming discussion. We first define the Laplace transform of higher-order AB

operators as follows:

Proposition 3.1. [26] Let m < q < mþ 1 m 2 N0ð Þ. Then, in particular a = 0, we get

Lf ABCDq
0þ
w

� �
ðtÞgðsÞ ¼

Bðq � mÞ
mþ 1 � p

sqLfFðt; SwðtÞ;TwðtÞÞgðsÞ �
X

0�k�m

sq� k� 1wðkÞð0Þ

sq� m þ
q � m

mþ 1 � p

;

Lf ABRDq
0þ
w

� �
ðtÞgðsÞ ¼

Bðq � mÞ
mþ 1 � p

sqLfFðt; SwðtÞ;TwðtÞÞgðsÞ �
X

0�k�m� 1

sq� k� 1wðkÞð0Þ

sq� m þ
q � m

mþ 1 � p

;

Lf ABIq0þw
� �

ðtÞgðsÞ ¼
1

Bðq � mÞ
ðmþ 1 � pÞs� m þ ðq � mÞs� q½ �

LfFðt; SwðtÞ;TwðtÞÞgðsÞ;

provided the Laplace transform of w exists.

Lemma 3.2 [26] Let m< q<m + 1(m 2 N0). Then, in particular a = 0 yields the following

result,

ðABCDq
aþwÞðtÞ ¼ ð

ABR Dq
aþfFðt; SwðtÞ;TwðtÞÞgÞ

�
Bðq � mÞ
mþ 1 � p

wðmÞEq� m �
q � m

mþ 1 � p
ðtÞq� m

� �

;

where w 2 ACm+1[a, b].

Proposition 3.3 [26] Let m< q<m + 1(m 2 N0). Then,

ABIqaþ
ABCDq

aþw
� �

ðtÞ ¼ fFðt; SwðtÞ;TwðtÞÞg � wðaÞEq� m �
q � m

mþ 1 � p
ðtÞq� m

� �

;

where w 2 AC[a, b].

Proof: From [26] and Definition 2.4, by setting p = q −m and using AB fractional derivative

in Caputo sense and AB fractional integral operators, we get

ABIqaþ
ABCDq

aþw
� �

ðtÞ ¼ ABIqaþ
dm

dtm
ABCDq

aþfFðt; SwðtÞ;TwðtÞÞg
� �

¼ ðABIqaþ
ABCDq

aþfFðt; SwðtÞ;TwðtÞÞgÞ:

Hence the final conclusion follows from Eq 2.1 and [[3], Proposition 3.1].

Lemma 3.4 [26] Let 0< α� 1 and λ> 0. Then, for all x> 0, the function xEα,2(−λxα) is

strictly positive and monotonically increasing with respect to ‘x’.

Proof. From [2, 26], we have

Z x

0

tb� 1Ea;bð� lt
aÞdt ¼ xbEa;bþ1ð� lx

aÞ; b > 0:

In particular, by setting β = 1, the above equation reduces to

xEa;2ð� lxaÞ ¼2x0 Eað� ltaÞdt:
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From[[39] in Lemma 2.2], xEα,2(−λxα), x> 0, is strictly positive and monotonically increas-

ing with respect to ‘x’.

Remark 3.5 [26] Let, l ¼
q� 1

2� q, 1< q< 2, from Lemma 3.4, for all x> 0,

xEq� 1;2 �
q � 1

2 � q
xq� 1

� �

> 0:

Lemma 3.6 LetF 2 AC½0; b� withFð0Þ ¼ 0 and 1< q< 2. Then the solution to the linear

system

( ABCDq
aþwðtÞ ¼ Fðt; SwðtÞ;TwðtÞÞ; t 2 ½0; a�

wð0Þ ¼ w0;
ABCDq� 1

aþ wðbÞ ¼ w1

ð3:1Þ

is

wðtÞ ¼ w0 þ
1

D
w1 �

Z b

0

Fðr; SwðrÞ;TwðrÞÞdr
� �

t þ
2 � q
Bðq � 1Þ

Fðr; SwðrÞ;TwðrÞÞdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1Fðr; SwðrÞ;TwðrÞÞdr; for all t 2 J;
ð3:2Þ

where,

D ¼
Bðq � 1Þ

2 � q
bEp� 1;2 �

q � 1

2 � q
bq� 1

� �

:

Proof. Use of Atangana-Baleanu integral operator ABIq0þ on both sides of the equation in

(3.1) with the help of Eq 2.2, results in

wðtÞ ¼ c1 þ c2t þ AB Iq0þFðt; SwðtÞ;TwðtÞÞ

¼ c1 þ c2t þ
2 � q
Bðq � 1Þ

Z t

0

Fðr; SwðrÞ;TwðrÞÞdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1Fðr; SwðrÞ;TwðrÞÞdr;

ð3:3Þ

where c1; c2 2 R. The condition w(0) = w0 yields c1 = w0. Moreover, by Definition 2.6, we have

wðtÞ ¼ w0 þ c2t þ I0þAB I
q� 1

0þ Fðt; SwðtÞF;TwðtÞÞ:

In view of Proposition 3.3, we obtain

ABC Dq� 1

0þ
wðtÞ ¼ c2

Bðq � 1Þ

2 � q
tEp� 1;2 �

q � 1

2 � q
tq� 1

� �

þ

Z t

0

Fðr; SwðrÞ;TwðrÞÞdr:

By using boundary condition at t = b given in (3.1), it follows that

c2 ¼
1

D
w1 �

Z b

0

Fðr; SwðrÞ;TwðrÞÞdr
� �

:

Substitution of the above values of c1 and c2 into (3.3) leads to the desired solution given in

(3.2). This Lemma derive the integral equation for the problem (1.1).
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Remark 3.7 [26] From 3.2, one can obtain

w0ðtÞ ¼
1

D
w1 �

Z b

0

Fðr; SwðrÞ;TwðrÞÞdr
� �

t þ
2 � q
Bðq � 1Þ

fFðr; SwðrÞ;TwðrÞÞdrg

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1Fðr; SwðrÞ;TwðrÞÞdr:

Therefore, our assumptionF 2 ACðJÞ together with Remark 2.3, that y 2 AC2(J). By Defi-

nition 2.6, we can define the AB fractional derivative of the function y in Caputo sense on J.
Moreover, it follows from Proposition 3.3 that w satisfies the linear problem (3.1).

For the elementary results of the Eq (1.3), we need some following hypotheses:

(H1) jFðr; ðSwðrÞ;TwðrÞÞÞj � φ
1
ðtÞ þ φ

2
ðtÞjwj, for all (t, w) 2 O andF � R3

.

(H2) jFðt;wÞ � Fðt; ~wÞj � �ðtÞjw � ~wj for a.e. ðt;wÞ; ðt; ~wÞ 2 O andF � R3
.

(H3) Let w 2 C[0, T] & function φ 2 C½0;T� �R �R �R;Rð Þ is continuous function & a

positive constant z1, z2 & z s.t., kφðJ;w1;w2;w3Þ � φðJ;φ
1
;φ

2
;φ

3
Þk � z1 kw1 � φ

1
kþ

�

kw2 � φ
2
k þ kw3 � φ

3
kÞ8 w1, w2, w3, φ1, φ2, φ3 in w. z2 ¼ maxw2Rkf ðJ;R;R;RÞk&z ¼

maxfz1; z2g.

4 Existence result

We first convert the FIDE (1.1) to an integral equation and then consider a fixed-points prob-

lem for an integral operator. On the basis of Lemma 3.6, and solution operator G : CðTÞ !
CðTÞ as follows:

ðGwÞðtÞ ¼ w0 þ
1

D
w1 �

Z b

0

Fðr; ðSwðrÞ;TwðrÞÞÞdr
� �

t

þ
2 � q
Bðq � 1Þ

Z t

0

Fðr; ðSwðrÞ;TwðrÞÞÞdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1
Fðr; ðSwðrÞ;TwðrÞÞÞdr; for all t 2 J:

ð4:1Þ

We now only need to seek the fixed-points of G in CðTÞ, because the fixed-points of G are

solutions of (1.1). For brevity, we use the notations

L ¼
b
D
þ

2 � q
Bðq � 1Þ

þ
bq� 1

Bðq � 1ÞGðq � 1Þ

~L ¼
b2

D
þ

bð2 � qÞ
Bðq � 1Þ

þ
bq

qBðq � 1ÞGðq � 1Þ
:

By considering the growth condition on nonlinearity, we now establish the result based on

Leray-Schauder alternative theorem [40].

Theorem 4.1 Let O ¼ fðt;wÞ 2 R2 : t 2 J and |w|� λ for fixed λ> 0}. Suppose thatF :

O! R is absolutely continuous and there exist φi 2 C(J, [0,1)), i = 1, 2 and if
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Fð0;wð0ÞÞ ¼ 0, then (1.1) has a solution in C(T), provided

L

Z b

0

φ
2
ðFðr; ðSwðrÞ;TwðrÞÞÞÞdr < 1:

Proof. The operator G : CðTÞ ! CðTÞ is completely continuous.
SupposeD � CðTÞ is an arbitrary bounded set. Then, by using (H1), there is a number RL>

0, such that jFðr; ðSwðrÞ;TwðrÞÞÞj � RL for t 2 T;w 2 D:
Now, 8w 2 D, we obtain

jðGwÞðtÞj � jw0j þ
1

D
jw1j þ

Z b

0

jFðr; ðSwðrÞ;TwðrÞÞÞjdr
� �

t

þ
2 � q
Bðq � 1Þ

Z t

0

jFðr; ðSwðrÞ;TwðrÞÞÞjdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1
jFðr; ðSwðrÞ;TwðrÞÞÞjdr

� jw0j þ
1

D
jw1j þ

b
D
þ

2 � q
Bðq � 1Þ

þ
bq� 1

Bðq � 1ÞGðq � 1Þ
þ
b2

D
þ

bð2 � qÞ
Bðq � 1Þ

�

þ
bq

qBðq � 1ÞGðq � 1Þ
jFðr; ðSwðrÞ;TwðrÞÞÞjdr

�

� jw0j þ
b
D
jw1j þ RL~L < þ1;

) G ðDÞ is bounded.

Next, we show that G ðDÞ is equicontinuous. For all w 2 D and 0� τ1 < τ2� b, we have

jðGwÞðt2Þ � ðGwÞðt1Þj

�
1

D
jw1j þ

Z b

0

jFðr; ðSwðrÞ;TwðrÞÞÞdr
� �

t2 � t1ð Þ

þ
2 � q
Bðq � 1Þ

Z tt2

t1

jFðr; ðSwðrÞ;TwðrÞÞÞjdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t1

0

ðt2 � rÞq� 1
� ðt1 � rÞq� 1

� �
jFðr; ðSwðrÞ;TwðrÞÞÞjdr

�

þ
R t2

t1
ðt2 � rÞq� 1

jFðr; ðSwðrÞ;TwðrÞÞÞjdr
�

�
jw1j þ bRL

D
þ

2 � q
Bðq � 1Þ

RL
� �

t2 � t1ð Þ þ
RL

qBðq � 1ÞGðqþ 1Þ
t
q
2 � t

q
1ð Þ:

Since the function τq, 1< q< 2, is uniformly continuous on J;G ðDÞ is a family of equicontin-
uous functions. Therefore, following the Arzela-Ascoli theorem, G ðDÞ is relatively compact set

in C(T). Hence, we conclude that G is completely continuous.
Now, we prove S ¼ fw 2 CðTÞ : w ¼ lGw and λ 2 (0, 1)} is a bounded set.
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Let w 2 S, then wðtÞ ¼ lðGwÞðtÞ for t 2 T. By (H1), for t 2 T, one has

jwðtÞj ¼ jlðG ;Fðr; ðSwðrÞ;TwðrÞÞÞj

< jw0j þ
1

D
jw1j þ

Z b

0

φ
1
ðFðr; ðSwðrÞ;TwðrÞÞÞÞ þ φ

2
ðrÞjFðr; ðSwðrÞ;TwðrÞÞÞj

� �
dr

� �

t

þ
2 � q
Bðq � 1Þ

Z t

0

φ
1
ðrÞ þ φ

2
ðrÞjFðr; ðSwðrÞ;TwðrÞÞÞj

� �
dr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1 φ
1
ðrÞ þ φ

2
ðrÞjFðr; ðSwðrÞ;TwðrÞÞÞj

� �
dr

� jw0j þ
1

D
jw1j þ

b
D
þ

2 � q
Bðq � 1Þ

þ
bq� 1

Bðq � 1ÞGðq � 1Þ

Z b

0

φ
1
ðrÞdr þ

b
D
þ
ð2 � qÞ
Bðq � 1Þ

�

þ
bq � 1

Bðq � 1ÞGðq � 1Þ

Z b

0

φ
2
ðrÞjFðr; ðSwðrÞ;TwðrÞÞÞjdr�

� jw0j þ
b
D
jw1j þ L

Z b

0

φ
1
ðFðr; ðSwðrÞ;TwðrÞÞÞÞdr

þ L

Z b

0

φ
2
ðFðr; ðSwðrÞ;TwðrÞÞÞÞdrk w k1:

Hence, for all w 2 S, we have

k w k1 �
jw0j þ

b
D
jw1j þ L

Z b

0

φ
1
ðFðr; ðSwðrÞ;TwðrÞÞÞÞdr

1 � L
R b

0
φ

2
ðFðr; ðSwðrÞ;TwðrÞÞÞÞdr

< þ1;

) S is bounded. Therefore, the Leray-Schauder alternative theorem ensures us that G has at
least one fixed-point in C(T), as required. Hence the theorem follows. By considering the general-
ized Lipschitz condition on nonlinearity.

5 Uniqueness result

Theorem 5.1 LetO ¼ fðt;wÞ 2 R2 : t 2 J and |w|� λ for fixed λ> 0}. Suppose thatF : O!

R is absolutely continuous and there exist ϕ 2 L1(J, [0,1)). IfFð0;wð0ÞÞ ¼ 0, then (1.1) has a
unique solution in C(T), provided

L

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞdr < 1: ð5:1Þ

Proof. The operator G : CðTÞ ! CðTÞ is defined in (4.1). Let us first denote M =

supt2J jFðt; 0Þj <1 and fix a real number ρ, 0< ρ� λ, s.t.,

jw0j þ
b
D
jw1j þM ~L

1 � L
R b

0
�ðFðr; SwðrÞ;TwðrÞÞÞdr

� r:
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We now show that GBr � Br, whereBr ¼ w 2 CðTÞ : kwk1 � r
� �

. By (H2), for all
w 2 Br, one has

jðGwÞðtÞj � jw0j þ
1

D
jw1j þ

Z b

0

ð�ðFðr; SwðrÞ;TwðrÞÞÞjFðr; SwðrÞ;TwðrÞÞj þMÞdr
� �

t

þ
2 � q
Bðq � 1Þ

Z t

0

ð�ðFðr; SwðrÞ;TwðrÞÞÞjFðr; SwðrÞ;TwðrÞÞj þMÞdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1
ð�ðFðr; SwðrÞ;TwðrÞÞÞjFðr; SwðrÞ;TwðrÞÞj þMÞdr

� jw0j þ
1

D
jw1j þ r

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞdr þMb
� �

b

þ
2 � q
Bðq � 1Þ

r

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞdr þMb
� �

þ
1

qBðq � 1ÞGðq � 1Þ
bq� 1 qr

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞdr þMb
� �

for all t 2 J:

Therefore, for all w 2 Br, we deduce that

k Gw k1 � jw0j þ
b
D
jw1j þM ~L þ Lr

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞdr

� r

) G mapsBr.

Next, we prove that G is a operator in C(T). Let w; ~w 2 CðTÞ. By (H2), for each t 2 T, one
has

jðGwÞðtÞ � ðG ~wÞðtÞj

�
t
D

Z b

0

�ðFðr; SwðrÞ;TwðrÞÞÞjwðrÞ � ~wðrÞjdr

þ
2 � q
Bðq � 1Þ

Z t

0

�ðFðr; SwðrÞ;TwðrÞÞÞjwðrÞ � ~wðrÞjdr

þ
1

Bðq � 1ÞGðq � 1Þ

Z t

0

ðt � rÞq� 1
�ðFðr; SwðrÞ;TwðrÞÞÞjwðrÞ � ~wðrÞjdr

� L
R b

0
�ðFðr; SwðrÞ;TwðrÞÞÞdrk w � ~w k1:

Hence, for all w; ~w 2 CðTÞ we deduce that

k Gw � G ~wk1 � L
R b

0
�ðFðr; SwðrÞ;TwðrÞÞÞdrk w � ~w k1:

The assumption (5.1) ensures that G is contractive. Hence the Banach fixed point theorem
allows us to conclude that G has a unique fixed-point in C(T), as required. This fixed-point is the
aspired solution to (1.1).

6 Numerical result

This section is devoted to describe a numerical scheme based on the classical and fractional

trapezoidal methods, which are used to interpolate the vector fieldF by the first-degree poly-

nomials [26, 41].
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The fractional trapezoidal method is a numerical technique used for approximating the def-

inite integral of a function. It is a modification of the traditional trapezoidal rule, which divides

the area under a curve into trapezoids and sums their areas to estimate the integral [42–46]. It

is particularly useful when dealing with functions that may have singularities or other com-

plexities and also can provide more accurate results compared to the traditional trapezoidal

rule, especially when dealing with functions that have rapidly changing behavior or singulari-

ties. It’s a simple numerical integration method that can be computationally efficient for many

problems but may require more intervals to achieve high accuracy [47–49].

Now, we can directly discretize the integral equation of (1.3) to derive the numerical

scheme.

Let h be the step size, and choose n + 1 equi-spaced grid pointsF tk ¼ kh : k ¼ 0; 1; 2; :::; n
on [0, b] such that 0 = t0 < t1 < t2 < . . .< tn = b with some positive integers n and h≔ b

n.

We first rewrite the integral equation of (1.3) at any point t = tk in the following piecewise

way,

wðtkÞ ¼ w0 þ
1

D
w1 �

X

0�t�n� 1

Z ttþ1

tt

Fðr; ðSwðrÞ;TwðrÞÞÞdr

" #

tk

þ
2 � q
Bðq � 1Þ

X

0�t�k� 1

Z ttþ1

tt

Fðr; ðSwðrÞ;TwðrÞÞÞdr

þ
1

Bðq � 1ÞGðq � 1Þ

X

0�t�k� 1

Z ttþ1

tt

ðtk � rÞq� 1Fðr; ðSwðrÞ;TwðrÞÞÞdr:

In order to formulate the numerical scheme for (1.3), the nonlinear functionFðt;wðtÞÞ is

approximated, on each subinterval [tτ, tτ + 1], by the following piecewise linear function,

Fðt;wðtÞÞ ¼
1

h
½ðttþ1 � tÞFðtt; ðSwðttÞ;TwðttÞÞÞ

þ ðt � ttÞFðttþ1Þ; ðSwðtt þ 1Þ;Twðtt þ 1ÞÞ�; t 2 ½tt; tt þ 1�:

After integrating, one obtains the following unknown approximations

wðtkÞ ¼ w0

þ
1

D
w1 �

h
2

X

0�t�k� 1

½Fðtt; ðSwðttÞ;TwðttÞÞÞ þFðttþ1Þ; ðSwðtt þ 1Þ;Twðtt þ 1ÞÞ�

" #

tk

þ
2 � q
Bðq � 1Þ

h
2

X

0�t�k� 1

Fðtt; ðSwðttÞ;TwðttÞÞÞ þFðttþ1Þ; ðSwðtt þ 1Þ;Twðtt þ 1ÞÞ
� �

þ
ðq � 1Þ

Bðq � 1Þ

hq

Gðqþ 2Þ
½fðk � 1Þ

qþ1
� kqðk � p � 1ÞgFðt0; ðSwðt0Þ;Twðt0ÞÞÞ

þ
X

1�t�k� 1

fðk � tþ 1Þ
qþ1
þ ðk � t � 1Þ

qþ1
� 2ðk � tÞ

qþ1
gFðtt; ðSwðttÞ;TwðttÞÞÞ

þFðtk; ðSwðtkÞ;TwðtkÞÞÞ�:

ð6:1Þ

Due to the nonlinear nature of the functionF and the presence of all unknown quantities

w(tk) on the RHS of each equation of (6.1), we cannot solve (6.1) for w(tk) directly, in general.

Then, the Newton-Raphson method is a numerical technique for finding approximate solu-

tions to equations of the form f(x) = 0. It is a powerful iterative method commonly used for

root finding and optimization problems.
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The method starts with an initial guess and then refines that guess in each iteration until it

converges to a root of the equation. It’s important to note that the Newton-Raphson method

may not always converge to a solution, and it can even diverge if certain conditions are not

met.

Therefore, it’s essential to choose a suitable initial guess and be aware of the characteristics

of the function being analyzed. So Newton-Raphson method is used to determine each w(tk);
k = 0, 1, 2, . . ., n from the above implicit numerical scheme (6.1). This implicit method is sel-

domly encountered in the numerical simulation for solving fractional differential equations.

However, this method is useful in dealing with the problem (1.3).

7 Example

Our theoretical results are illustrated here with the example.

Let the normalization function asBðaÞ ¼ 1 � aþ a

GðaÞ
; a 2 ½0; 1�: We also present the tra-

jectory of the numerical solution to the nonlinear problem (1.1) by using the proposed numer-

ical scheme (6.1).

ABCDq
aþwðtÞ ¼ Fðr; ðSwðrÞ;TwðrÞÞÞ; t 2 ½0; b�

wð0Þ ¼ w0;
ABCDq� 1

aþ wðbÞ ¼ w1

8
<

:
ð7:1Þ

Now, Consider the linear problem

ABCDq
aþwðtÞ ¼ hl; t 2 ½0; b�

wð0Þ ¼ w0;
ABCDq� 1

aþ wðbÞ ¼ w1

8
<

:
ð7:2Þ

where λ> 0 is a real number. Its exact solution is,

wðtÞ ¼ w0 þ
1

D
w1 �

blþ1

lþ 1

� �

t þ
2 � q
Bðq � 1Þ

tlþ1

lþ 1
þ

q � 1

Bðq � 1Þ

Gðlþ 1Þ

Gðqþ lþ 1Þ
tqþl

Now we consider t = 1, α = 0.5, Δ = 2, comparison of the exact and numerical solutions to

Eq (6.1) for q = 1.5, λ = 1.5, b = 2, w0 = 1, w1 = 17 and h = 0.05.

wðtÞ ¼ wð1Þ ¼ w0 þ
1

D
17 �

21:5þ1

1:5þ 1

� �

1þ
2 � 1:5

Bð1:5 � 1Þ

11:5þ1

1:5þ 1

þ
1:5 � 1

Bð1:5 � 1Þ

Gð1:5þ 1Þ

Gð1:5þ 1:5þ 1Þ
11:5þ1:5

¼ 1þ
1

D
½12:2288� þ 0:2557þ 5:0991

¼ 12:4692:

Hence, t = 1; w(t) = 12.4692.

The numerical solution for t = 1 has been derived above. The derivation of numerical solu-

tions w(t) for t ranging from 0 to 2 is similar and the values are presented in Table 1 below:

Table 1. The approximation values of w(t).

Numerical Values

t 0 0.5 1 1.5 2

w(t) 1.0000 4.7398 12.4692 28.0858 55.4683

https://doi.org/10.1371/journal.pone.0301338.t001
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The obtained results are demonstrated as a graph in Fig 1. The numerical solution shows

agreement with the solution in the entire interval.

8 Conclusion

In this paper, the essential outcomes of the existence and uniqueness solutions are gained by

using the Leray-Schauder alternative theorem and Banach fixed point theorem respectively.

We also discussed a numerical scheme for (1.1), which helps to study the numerical solution

whenF is nonlinear. Our theoretical and numerical findings were verified with examples. We

have presented some important properties of higher-order AB operators. However, the stabil-

ity analysis of the solution may be considered as an extension work for the problem (1.1).
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Abstract

In this work, to show the existence and continuous dependence of integral solution for neutral integro-

differential equation with finite delay situation. This result established by using integrated resolvent

operator with support of Lipschitz continuous and uniqueness part using Banach contraction mapping. Also

study the existence of strict solution on reflexive and general Banach spaces. In the last section, an example

is provided related to this theory.
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1. Introduction

Neutral differential equations have been studied by many authors using delay situations and have been

used to model various real-world applications in different fields such as population dynamical systems,

electronics, circuits, chemical kinetics, biological sciences and others. The following system used

a b c d d
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continuously to describing the heat conduction materials in [1], [2].

where  is open,  and  denotes the heat in  at any time . Let

 are internal force and the heat flux relaxation. In many references, such as [3], [4], [5],

[6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], authors have established neutral differential equations

and the existence of solutions using the resolvent operator technique. In many phenomena, the authors

studied the Neutral differential equations with nonlocal conditions which are more accuracy in the

solutions and uniqueness than the classical one in handing physical problem. In [4], [12], [14], [17], [18],

[19], [20], [21], [22], [23] authors studied their integrodifferential equation using nonlocal conditions and

obtained effective result with support of resolvent operator theory and semigroup theory. Omar Abu Arqub

et al. in [24], [25], [26], [27] established their results in various type of integrodifferential equations and

proved the numerical simulations employing Legendre-shifted spectral approach for Caputo–Fabrizio

fractional stochastic integrodifferential equations. In [28] the author proved about the mild solution, strong

solution and classical solutions using semigroup theory of evolution system also explained the uniqueness

of solution. The semigroup and resolvent operator theory are important methods to find the solutions of

integrodifferential equations in Banach space . In the current year, many differential systems are

reformed as integral equations and proved the solutions obtained via appropriate fixed point theorems,

which is the common technique to proving the existence solutions of the integral equations. Recently in

[29], [30], [31] the author established the application of multiobjective programming models, Optimality

and duality for E-differentiable multiobjective programming problems and E-differentiable E-Univex

Programming model. In particular, Park et al. [15] derived an impulsive neutral integrodifferential delay

system to analyze its existence behavior. Kucche and Dhakne [7] provided results for an infinite delay

differential system. In [32], [33], the existence of a solution for integrodifferential equations with finite

delay in the support of the resolvent operator was proven, and the authors used the integrated resolvent

operator in [33]. Many authors discussed about the solution of integrodifferential equation with their

different techniques in delay system see in [5], [11], [34], [35], [36].

Recently published an article, [33] the author established the following system with finite delay

In this problem authors proved the existence of integral solution using strict contraction mapping and

proved regularity of solutions using integrated resolvent operator technique. Also proved the continuous

dependence of solution about initial data. Here assumed  is not necessarily dense and satisfied the Hille–

Yosida condition on the space . Motivated by this above article, we established this theory with the

neutral integrodifferential problem with and finite delay. This theory contains the existence and regularity

of solution using the assumptions of Lipschitz continuous which proved the existence and uniqueness part

using Banach fixed point theory and verified its differentiability using integrated resolvent operator

technique.
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Regarding this, we study the following problem,

In this article,  denote the Banach space(BS) and  be the closed linear operator on  and its domain

 and is satisfied the Hille–Yosida theorem. The set of operators  is bounded in  and

 from  into . The functions ,  and

 are continuous specified later. Let  is set of functions on  in  are continuous

and  is continuous functions defined on .

For  belongs to the continuous function , , the history function  as

 for . The study of above problem contains the existence of solution and

existence of strict solution such as the solution function is continuously differentiable in the given domain

and satisfies the given equation. The general form of (1) as an abstract formation of large number of partial

integro differential equation such as electronic circuit, economic, biological, medical domain and more. In

this article used Banach theorem for proving the solution to Eq. (1). Existence and uniqueness of abstract

form Eq. (1) have been established in distinct articles and different approaches especially used by resolvent

operator technique. Several authors [6], [8], [19], [34], [37], [38], [39], [40], [41], [42], [43] have paid

attention on differential equations with different approaches in BS.

This work summarized as, in Section 2 has little preliminary and definitions about integrated resolvent

operator theory which applied this work. In Section 3, to prove the uniqueness and continuous dependence

of solution of Eq. (1). In Section 4, to show the differentiability of solution and in Section 5, to provide an

application related to this work.

2. Basic results and definitions

Here, this section includes some basic results and definitions regarding integrated resolvent operators. Let

 is BS and  be closed linear operator and  then  exists. Let  be the BS  with

graph of the norm , . Let  be the bounded linear operator 

with the norm  and  when . Let  represents as the functions on 

denoted by  are continuous in  and sup-norm .

Next we recall few definitions and results about integrated resolvent operators established in [44] for linear

nondensely defined integrodifferential equations.

Consider the below homogeneous linear integrodifferential system,

Here, the operators  and  are defined already in Eq. (1). Then the integrated resolvent operator for

Eq. (2) as follows

Definition 2.1

[44]

(1)

(2)
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A set of operator  in  is an integrated resolvent operator to Eq. (2) if it satisfies

, .

, .

, , .

, , .

Definition 2.2

[44]
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The operator  defined in above definition is locally Lipschitz continuous(LLC) if ,

 implies

Definition 2.3

[44]

Assume that  is LLC integrated resolvent operator and  is differentiable on

.

Further we applied the below axioms for the Eq. (1),

 satisfies the Hille–Yosida theorem, let ,  then  and

and  is resolvent set of .

 be the set of operators on  to  and , then the

functions  are bounded variation on ,  for .

Lemma 2.4

[44], Theorem 3.2

Suppose that  and  are satisfied, then  a unique LLC integrated resolvent operator for (2).

Remark 2.5

[45], Theorem 2.5

Lemma 2.4 shows that  characterizes a LLC integrated semigroup when .

Consider the below nonhomogeneous integrodifferential system,

We follow the article see [44], to write the integral solution, strict solution of Eq. (3) as follows,

Definition 2.6

For  and . A function  is an integral solution of (3) if

(1) ,

(3)
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(2) ,

(3)  for .

Definition 2.7

A function  is strict solution of (3) if  and satisfied

the Eq. (3).

The Lemma 2.8 is very useful results for proving integral solution and strict solution of (3) used by a

variation of constants formula.

Lemma 2.8

[44]

Assume that  is LLC integrated resolvent operator and  then

(i) If  and  then  a unique integral solution  of system (3)

then

Further

(ii) Suppose ,  and ,  unique strict solution

 for Eq. (3) and

(4)

(5)
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Here  is constant.

Remark 2.9

Suppose that  is LLC integrated resolvent operator. From [44], if then  is

differentiable on .

Lemma 2.10

[44], Theorem 2.6

The set of  be LLC with  then

(i) If , implies 

Here ,  and  is Lipschitzian of

. Further if , , 

(ii) Suppose  is strongly bounded variation then  is Lipschitz continuous on

.

3. Existence of solution

Here, we have to show the existence of the solution of (1). Due to Lemma 2.8, The integral solution of (1)

with nonlocal condition is as follows,

Definition 3.1

Let . A function  is an integral solution of system (1) if it satisfies,

Remark 3.2

From the above Definition, if  is integral solution of (1) on  then to each

. Further .

Definition 3.3

A function  is called strict solution of (1) if

(6)

(7)

(8)
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(i) .

(ii)  holds the Eq. (1) on .

If  is solution of equation of (1) in  and , . Further  and  is

strict solution if either  or .

To establish this theory, solution of existence for Eq. (1), we need the support of the below assumptions

The function  is satisfies the Lipschitz continuous, there exist a

constant  such that

for any  and .

The function  is Lipschitz continuous,  such that

and

For every .

The map  is Lipschitz continuous, there exist a constant  such

that

For each , .

Theorem 3.4

If the Eq. (1) has an integrated resolvent operator  which is LLC and . Let ,  are satisfied

 and  such that  then the system (1) has unique solution  on

.

proof: Let  and  is set of continuous maps from  into . Let  and

. The set

Clearly .

For , the extension  is such that
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Now define the map  by

First we prove . From  and Definition 2.3, it follows that the functions

 and  are continuous on . Further from

, we infer that the function  is continuous on  then by

Lemma 2.10,

is continuous differentiable on . Hence .

Next to prove  is a strict contraction map on .

If  are solutions of (1). For  then

Then

By using hypotheses

Implies that

where . Here  is from Lemma 2.8 and ,
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. Choose  small enough such that . Hence  is a strict contraction in .

Which shows that the Eq. (1) has unique solution  on .

Next to consider the continuous dependence of solution for Eq. (1) as the sense of below Theorem

Theorem 3.5

The solution of (1) is continuous dependence if for any  and  such

that  for  provided

Proof

Let  be two solutions of (1). Let ,

(9)
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Now

Hence by Gronwall’s Lemma,

Where . Thus from Eq. (9), the integral solution of (1) is continuous dependence on initial

conditions.

4. Existence of strict solution
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Here, we study the existence of strict solution of the system (1) and under some consideration.

Definition 4.1

A function  is called a strict solution of (1), if

 and  holds the Eq. (1) on

.

Theorem 4.2

If the axioms of Theorem 3.4 are true and if

There is holds that

then the integral solution of (1) become a strict solution.

Proof

Let the operator  on  is given in Theorem 3.4. Let the closed ball

. Here  is

constant and to prove  has a fixed point on . By Theorem 3.4, clearly , it is suffices to

show that

The extension of the operator solution  as

(10)

(11)
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Now

where

Now take ,

From , differentiate on both sides with respect to  we have

≕
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From , we note that

Now

From the estimates of  we have

Here  different from , , thus from 

Where assume that  is large enough .

Thus  has a unique fixed point  and is integral solution of (1). Further  is Lipschitz continuous

, moreover

is also Lipschitz continuous on ,  is a reflexive BS, hence by Radon–Nikodym property,

By Lemma 2.8, we have  is differentiable on  and also strict solution

of Eq. (1) on . Next we consider  is a general BS, in the sense further we assume
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The function  and the partial derivatives 

are LLC functions with respect to the second variable.

The function  and the partial derivatives 

are LLC functions with respect to the second variable.

Theorem 4.3

Suppose  and  are true with . If  is a integral solution of (1)

and ,  then  is a strict solution of (1).

Proof

Let  is an integral solution of (1) and consider the following equation

From the Banach principle, to show the existence of unique solution  to Eq. (12). Let the

map  is defined by

To prove  on .

From , differentiate on both sides with respect to  we have

(12)

(13)

(14)
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Consequently,

Further, we obtain

Since  from Eqs. (14), (15), (16) in (13), gives

(15)

(16)
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Now

where

≔
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where . By the values of  we have

where  and ,

. Since , we obtain that

Where

. Then by Gronwall Lemma, implies  for all , which shows  is continuously

differentiable on , consequently  is a strict solution of (1).

5. Example
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The example of this work, consider the following system

Here  is the initial map and  are continuous functions,  is

locally bounded variation from  to  and is marked by . Now take  with

the supreme norm and  by

Moreover . Next the operator  by

In [44], then  is set of bounded operator  to ,  for any .

This implies that (2) has a LLC integrated resolvent operator  on . In order to reform Eq. (17), let

 and

Then the Eq. (17) is of the following form

To investigate the existence solution of (17), we assume the following

(i) ,

(17)
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(ii)  and  then

(iii) There exist  then

Hence , . Further  and  are continuous then from (ii)  is

Lipschitzian about second argument. For ,  such that

Hence (H1) satisfied, similarly by assumption of (H2) and since  is continuous then hold condition (iii).

Thus all the axioms of Theorem 3.4 are verified for the system (17). From the above suppositions, Eq. (17)

has a unique integral solution on .

6. Conclusion

In this article, we obtained the results for the system of neutral integrodifferential equation (1) with finite

delay using integrated resolvent operator and proved the uniqueness by using Banach fixed point theorem

and verified the solution is continuously dependence with respect to initial data. Also discussed the

existence of strict solution with support of Lipschitz continuous. Further the future will consider the

existence results for neutral equation with impulsive condition by support of integrated resolvent operator

and Lipschitz continuous.
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Abstract
In our article, we are primarily concentrating on approx-

imate controllability results for fractional Sobolev type

Volterra-Fredholm integro-differential inclusions of order

1< r< 2. By applying the results and ideas belongs to the

cosine function of operators, fractional calculus and fixed

point approach, the main results are established. Initially,

we establish the approximate controllability of the consid-

ered fractional system, then continue to examine the system

with the concept of nonlocal conditions. In the end, we

present an example to demonstrate the theory.

KEYWORDS

approximate controllability, fractional derivative, integro-

differential system, nonlocal conditions, Sobolev-type

system

1 INTRODUCTION

Fractional calculus, as a significant area of Mathematics, was initiated in 1695. It was nearly simulta-

neously as classical calculus. Recently, the ideas about fractional calculus became effectively applied

to different regions, and the investigators progressively found that the fractional calculus can well por-

tray several non-local events in the areas of natural science and architecture. Presently, the mainstream
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2 VIJAYAKUMAR ET AL.

areas of fractional calculus containing rheology, liquid stream, diffusive transport likened to disper-

sion, dynamical cycles in self-comparable and porous structures, viscoelasticity, and, optics, etc. The

effective utilization of the fractional systems in these areas has incited several researchers to contem-

plate their mathematical estimate strategies, as the diagnostic arrangements are commonly hard to get.

For interesting results related to fractional dynamical systems, the readers may refer to the books [1–4]

and the articles [5–19].

Control theory is a significant region of utilization situated in Mathematics which manages the

structure and examination of control frameworks. Recently, controllability concerns for different sorts

of nonlinear dynamical frameworks in infinite dimensional spaces became examined in numerous

research articles by utilizing various types of techniques. A broad list of these distributions can be

discovered in [6, 9, 11–16, 18–24, 43, 44–50]. The studies about existence and controllability related

to fractional evolution system of order 1<𝛼 < 2 attracted many researchers and one can review the

articles [10, 17, 25–33]. The study related to approximate controllability results for fractional Sobolev

type Volterra-Fredholm integro-differential inclusions having order 1< r< 2 have not been discussed

yet and it gives the additional motivation for writing this article.

Motivated by the theory developed in the works mentioned previously, our objective in this article

is to discuss the approximate controllability of Sobolev type Volterra-Fredholm integro-differential

inclusions of fractional order r ∈ (1, 2) of the form

CDr
𝜚 (Jz (𝜚)) ∈ Az (𝜚)+ℬ x (𝜚)+E

(
𝜚, z (𝜚) ,∫

𝜚

0

e (𝜚, s, z (s)) ds,∫
c

0

h (𝜚, s, z (s)) ds
)
, 𝜚 ∈ V = [0, c] ,

(1.1)

z (0) = z0, z′ (0) = z1 ∈ 𝒴 , (1.2)

where z(⋅) takes values in 𝒴 and 𝒴 is a Hilbert space; CDr
𝜚 represents fractional derivative in Caputo

sense of order r ∈ (1, 2), and the control function x (⋅) ∈ L2 (V ,𝒰), a Hilbert space of admissible

control functions. A is the infinitesimal generator of a C0− cosine family {C(𝜚)}𝜚≥ 0 on 𝒴 . ℬ is a

bounded linear operator from 𝒰 → 𝒴 . Here D = {(𝜚, s)∈V ×V : s≤ 𝜚}, e, h ∶ D × 𝒴 → 𝒴 are

continuous, and E ∶ V ×𝒴 ×𝒴 ×𝒴 → 2𝒴∖
{
∅
}

satisfying some conditions.

The arrangement of our article as follows: In Section 2, we recollect several fundamental defini-

tions and few well-known results belong to fractional calculus and multivalued maps. In Section 3, we

present the approximate controllability of (1.1)–(1.2) and in Section 4, we examine the system with

concept of nonlocal conditions. In Section 5, the theory is validated with suitable example.

2 BASIC FACTS

We now recollect few well-known results and definitions for proving our main results of this article.

Assume that C (V ,𝒴 ) ∶ V → 𝒴 be the Hilbert space of continuous functions along with

||z || = sup𝜚∈V || z(𝜚)||, z ∈ C (V ,𝒴 ). Denote D(A), R(A) be the domain and range of A. ρ(A) stands for

the resolvent set of A and we define the resolvent as follows:

R (Λ,A) = (ΛI − A)−1 ∈ Lc (𝒴 ) .

A measurable function g ∶ V → 𝒴 is Bochner’s integrable provided ||g|| is Lebesgue. Let

Lp (V ,𝒴 ) (p≥ 1) be the Hilbert space of measurable functions endowed along with

‖g‖p =
(
∫V

‖g (𝜚) ‖p𝑑𝜚

) 1

p

.
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We now present the linear operators A ∶ D (A) ⊂ 𝒴 → 𝒴 and J ∶ D (A) ⊂ 𝒴 → 𝒴 satisfy the

following properties established in [34]:

(E1) D(J)⊂D(A) and J is bijective.

(E2) The operators A and J are closed linear operators.

(E3) J−1 ∶ 𝒴 → D (J) is continuous.

Additionally, because of (E1) and (E2), J−1 is closed, by (E3) and by referring the closed graph

theorem, AJ−1 ∶ 𝒴 → 𝒴 is bounded. Denote ‖J−1‖ = J̃1 and ‖J‖ = J̃2.

By referring [1], we introduce definitions and remarks belongs to fractional calculus.

Definition 2.1 The integral of fractional order 𝜈 for the function f : [0,∞)→R with

lower limit zero is given by

I𝜈 f (𝜚) = 1

Γ (𝜈) ∫
𝜚

0

f (𝜄)
(𝜚 − 𝜄)1−𝜈

d𝜄, 𝜚 > 0, 𝜈 ∈ R
+.

Definition 2.2 The R-L derivative of order ν for the function f : [0,∞)→R having

lower limit zero is given by

LD𝜈 f (𝜚) = 1

Γ (n − 𝜈)
𝑑n

𝑑𝜚n ∫
𝜚

0

f (n) (𝜄)
(𝜚 − 𝜄)𝜈+1−n d𝜄, 𝜚 > 0, n − 1 < 𝜈 < n, 𝜈 ∈ R

+.

Definition 2.3 The Caputo derivative of order 𝜈 for the function f having lower limit

zero is given by

CD𝜈 f (𝜚) =LD𝜈

(
f (𝜚) −

n−1∑
j=0

f (j) (0)
j!

𝜚j

)
, 𝜚 > 0, n − 1 < 𝜈 < n, 𝜈 ∈ R

+.

Remark 2.4 (1) If f (𝜚)∈Cn[0,∞), then

CD𝜈 f (𝜚) = 1

Γ (n − 𝜈) ∫
𝜚

0

f (n) (𝜄)
(𝜚 − 𝜄)𝜈+1−n d𝜄 = In−𝜈 f (n) (𝜚) , 𝜚 > 0, n − 1 < 𝜈 < n.

(2) The above integrals are considered in Bochner’s sense if the function g is abstract with

values belonged to 𝒴 .

(3) The Caputo derivative of a constant function is equal to zero.

Definition 2.5 [35] The operator {C (𝜚)}
𝜚∈R ∶ 𝒴 → 𝒴 is called a strongly continuous

cosine family if and only if

(a) C(𝜄+ 𝜚)+C(𝜄− 𝜚) = 2C(𝜄)C(𝜚), for all 𝜄, 𝜚∈R;

(b) C(𝜚)z is strongly continuous on R for every z ∈ 𝒴 ;

(c) C(0) = I.

Assume that the sine family associated with {C(𝜚)}
𝜚∈R is {S(𝜚)}

𝜚∈R, where

S (𝜚) z = ∫
𝜚

0

C (𝜄) zd𝜄, z ∈ 𝒴 , 𝜚 ∈ R. (2.1)

Further, if (
Az = 𝑑2

𝑑𝜚2
C (𝜚) z

||||𝜚=0

, for all z ∈ D (A),

where

D (A) =
{

z ∈ 𝒴 ∶ C (𝜚) z ∈ C2 (R,𝒴 )
}
.
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Determine

G =
{

z ∈ 𝒴 ∶ C (𝜚) z ∈ C1 (R,𝒴 )
}
.

Clearly, A is a closed dense operator in 𝒴 , there exists a constant P≥ 1 if ‖N (𝜚) ‖Lc(𝒴 ) ≤ P, where

𝜚≥ 0. Let us fix a = r
2

for r ∈ (1, 2) which is discussed in [25, 33].

Definition 2.6 The upper semicontinuous (u.s.c) operator  on 𝒴 provided for all

z0 ∈ 𝒴 and  (z0) is a nonempty closed subset of 𝒴 , for each open set 𝒞 of 𝒴 including

 (z0), there exists an open neighborhood  of z0 with

 () ⊆ 𝒞 .

Definition 2.7  is completely continuous if  (𝒞 ) is relatively compact for each

bounded subset 𝒞 of 𝒴 . If  is completely continuous and nonempty, then  is u.s.c.,

if and only if  has a closed graph.  has a fixed point such that there exists z ∈ 𝒴 such

that z ∈  (z).

The fractional system (1.1)–(1.2) is similar to the following system

z (𝜚) = J−1z0J + J−1z1J𝜚

+ 1

Γ (r) ∫
𝜚

0

(𝜚 − 𝜄)r−1J−1

[
Az (𝜄) + E

(
𝜄, z (𝜄) ,∫

𝜄

0

e (𝜄, s, z (s)) ds,∫
c

0

h (𝜄, s, z (s)) ds
)]

d𝜄

+ 1

Γ (r) ∫
𝜚

0

(𝜚 − 𝜄)r−1J−1𝒴 x (𝜄) d𝜄. (2.2)

In view [36] and using Laplace transform, we introduce the solution of (1.1)–(1.2).

Definition 2.8 [36] A function z ∈  =  (V ,𝒴 ) is called a mild solution of (1.1)–(1.2)

if z(0) = z0, z′ (0) = z1, x (⋅) ∈ L2 (V ,𝒰) and there exists g ∈ L1 (V ,𝒴 ) such that g (𝜚) ∈
E
(
𝜚, z (𝜚) , ∫ 𝜚

0
e (𝜚, s, z (s)) ds, ∫ c

0
h (𝜚, s, z (s)) ds

)
on a.e. 𝜚∈V and

z (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬx (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g (𝜄) d𝜄, (2.3)

where

Ma (𝜚) = ∫
∞

0

Sa (𝜌)C (𝜚a𝜌) d𝜌, Wa (𝜚) = ∫
𝜚

0

Ma (𝜄) d𝜄, Qa (𝜚) = ∫
∞

0

a𝜌Sa (𝜌) S (𝜚a𝜌) d𝜌,

Sa (𝜌) =
1

a
𝜌−1− 1

a 𝜁a

(
𝜌−

1

a

)
, 𝜁a (𝜌) =

1

𝜋

∞∑
n=1

(−1)n−1𝜌−na−1 Γ (na + 1)
n!

sin (n𝜋a) , 𝜌 ∈ (0,∞) ,

where Sa(⋅) is a probability density function defined on (0,∞) such that

Sa (𝜌) ≥ 0 where 𝜌 ∈ (0,∞) also ∫
∞

0

Sa (𝜌) d𝜌 = 1.

Remark 2.9 Clearly for n∈ [0, 1]

∫
∞

0

𝜌nSa (𝜌) d𝜌 = ∫
∞

0

𝜌−an𝜁 (𝜌) d𝜌 = Γ (1 + n)
Γ (1 + an)

.
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Lemma 2.10 [25]. Ma(𝜚), Wa(𝜚) and Qa(𝜚) satisfy the following properties:
(a) for all 𝜚≥ 0, Ma(𝜚), Wa(𝜚) and Qa(𝜚) are linear and bounded;
(b) ∀ z ∈ 𝒴 and for all 𝜚≥ 0, we have

‖Ma (𝜌) z‖ ≤ P‖z‖, ‖Wa (𝜌) z‖ ≤ P‖z‖𝜌, ‖Qa (𝜌) z‖ ≤ P
Γ (2a)

‖z‖𝜌a;

(c) {Ma(𝜚), 𝜚≥ 0}, {Wa(𝜚), 𝜚≥ 0} and {𝜚a− 1Qa(𝜚), 𝜚≥ 0} are strongly continuous.

Lemma 2.11 [35].
(i) If z∈G, subsequently S(𝜚)z∈D(A), also;

𝑑

𝑑𝜚
C (𝜚) z = AS (𝜚) z;

(ii) There exists P≥ 1, 𝜔≥ 0 such that ‖C (𝜚) ‖Lc(𝒴 ) ≤ Pe𝜔∣𝜌∣, for all 𝜚∈R;

(iii) ‖S (𝜚 + ℏ) − S (𝜚) ‖Lc(𝒴 ) ≤ P ∣ ∫ 𝜚+ℏ
𝜚

e𝜔∣𝜄∣d𝜄 ∣ for all 𝜚+ℏ, 𝜚∈R.

Lemma 2.12 Assume that {C(𝜚)}
𝜚∈R on 𝒴 , then

lim
𝜚→0

1

𝜚
S (𝜚) z = z

for some z ∈ 𝒴 .

Lemma 2.13 [35] Suppose {C(𝜚)}
𝜚∈R on 𝒴 satisfying ‖C (𝜚) ‖Lc(𝒴 ) ≤ Pe𝜔∣𝜚∣, 𝜚 ∈ R.

Subsequently for ReΛ>𝜔, Λ2 ∈ 𝜌(A). Additionally

ΛR
(
Λ2;A

)
z = ∫

∞

0

e−𝛬𝜚C (𝜚) zd𝜚, R
(
Λ2;A

)
z = ∫

∞

0

e−𝛬𝜚S (𝜚) zd𝜚, for z ∈ 𝒴 .

We present the essential operators and some useful results as follows:

Γc
0 = ∫

c

0

(c − 𝜄)a−1J−1Qa (c − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜄) d𝜄 ∶ 𝒴 → 𝒴 ,

R
(
𝜇,Γc

0

)
=
(
𝜇I + Γc

0

)−1 ∶ 𝒴 → 𝒴 ,

where ℬ∗, Q∗
a (c) stand for adjoints ℬ and Qa(c). Now, we come to an end that Γc

0 is bounded.

We start with the following assumption:

H0 𝜇R
(
𝜇,Γc

0

)
→ 0 as 𝜇→ 0+ in the strong operator topology.

In view of [22], H0 holds if and only if the linear fractional system{
CDr

0+ (Jz (𝜚)) ∈ Az (𝜚) + (ℬ x) (𝜚) , 𝜚 ∈ V ,
z (0) = z0, z′ (0) = z1 ∈ 𝒴 ,

(2.4)

is approximately controllable on V .

Lemma 2.14 [36]. Suppose BCC (𝒴 ) be the set of all nonempty, bounded, closed and
convex subset of 𝒴 , V be a compact real interval. Let E be a multivalued map satisfying
E ∶ V ×𝒴 → BCC (𝒴 ) is measurable to 𝜚 for every fixed z ∈ 𝒴 , u.s.c. to z for every
𝜚∈V, and for every z ∈ ,

SE,z =
{

g ∈ L1 (V ,𝒴 ) ∶ g (𝜚) ∈ E
(
𝜚, z (𝜚) ,∫

𝜌

0

e (𝜚, s, z (s)) ds,∫
c

0

h (𝜚, s, z (s)) ds
)
, 𝜚 ∈ V

}
is nonempty. Suppose  be linear continuous from L1 (V ,𝒴 )→ , then

◦SE ∶  → BCC () , z → (◦SE) (z) =  (
SE,z

)
,
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is a closed graph operator in  → .

Lemma 2.15 Suppose H be a closed, bounded and convex nonempty subset H of 𝒴 .
Assume  ∶ H → 2𝒴∖

{
∅
}

is upper semicontinuous with closed, convex values such that
 (H) ⊂ H and  (H) is compact, then  has a fixed point.

3 RESULTS ON APPROXIMATE CONTROLLABILITY

We here particularly focusing on approximate controllability of (1.1)–(1.2). Let us introduce the

important assumptions to discuss the primary theorems.

H1 For 𝜚≥ 0, {C(𝜚)} is compact.

H2 The function E ∶ V ×𝒴 ×𝒴 ×𝒴 → BCC (𝒴 ) is measurable to 𝜚, for all z ∈ 𝒴 , u.s.c. to z,

for all 𝜚∈V , and for all z ∈ 
SE,z =

{
g ∈ L1 (V ,𝒴 ) ∶ g (𝜚) ∈ E

(
𝜚, z (𝜚) ,∫

𝜚

0

e (𝜚, s, z (s)) ds,∫
c

0

h
(
𝜚, s, z (s)

)
ds
)
, 𝜚 ∈ V

}
,

is nonempty.

H3 For each (𝜚, s)∈D, the functions e (𝜚, s, ⋅) , h (𝜚, s, ⋅) ∶ 𝒴 → 𝒴 are continuous and for all

z ∈ 𝒴 , e (⋅, ⋅, z) , h (⋅, ⋅, z) ∶ D → 𝒴 are strongly measurable.

H4 For 𝛼 > 0, z ∈  along with ‖z‖ ≤ 𝛼, there exists v∈ (0, b) and Lg,𝛼 (⋅) ∈ L
1

v
(
V ,R+) such that

sup

{‖g‖ ∶ g (𝜚) ∈ E
(
𝜚, z (𝜚) ,∫

𝜚

0

e (𝜚, s, z (s)) ds,∫
c

0

h
(
𝜚, s, z (s)

)
ds
)} ≤ Lg,𝛼 (𝜚) ,

for almost everywhere 𝜚∈V .

H5 The function 𝜄→ (𝜚− 𝜄)a− 1Lg,𝛼(𝜄)∈ L1(V , R+) and there exists a constant 𝜆> 0 such that

lim
𝛼→∞

inf
∫ 𝜚

0
(𝜚 − 𝜄)a−1Lg,𝛼 (𝜄) d𝜄

𝛼
= 𝜆 < +∞.

For discussing the approximate controllability of (1.1)–(1.2), if for all 𝜇 > 0, there exists z (⋅) ∈ 
such that

z (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) d𝜄, g ∈ SE,z, (3.1)

x (𝜚) = ℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
q (z (⋅)) , (3.2)

where

q (z (⋅)) = zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜄)a−1J−1Qa (c − 𝜄) g (𝜄) d𝜄.

Theorem 3.1 Assume H0–H5 holds, subsequently (1.1)–(1.2) has a solution on V
provided

PJ̃1

Γ (2a)

[
1 + 1

𝜇

(
PJ̃1PB
Γ (2a)

)2
c2a

2a

]
𝜆 < 1, (3.3)
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where PB = ‖ℬ‖.

Proof . The fundamental point is to discover conditions for solvability of (3.1) and (3.2) for 𝜇 > 0.

Now, we prove  ∶  → 2 determined by

 (z) =
{

z ∈ ;m (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) d𝜄, g ∈ SE,z

}
,

has a fixed point. We subdivide our proof for simplicity:

Step 1: For all 𝜇 > 0, (z) is convex for all z ∈ . Suppose m1,m2 ∈ , then there exists g1,

g2 ∈ SE,z such that 𝜚∈V , we have

mi (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) gi (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

) [
zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1

− ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) gi (𝜑) d𝜑
]
(𝜄) d𝜄, i = 1, 2.

Let 0≤ 𝛽 ≤ 1, then for each 𝜌∈V we have

(𝛽m1 + (1 − 𝛽)m2) (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)
[
𝛽g1 (𝜄)

+ (1 − 𝛽) g2 (𝜄)
]
d𝜄 + ∫

𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

) [
zc − J−1Ma (c) Jz0

− J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑)
[
𝛽g1 (𝜑) + (1 − 𝛽) g2 (𝜑)

]
d𝜑

]
(𝜄) d𝜄.

Since SE,z is convex, 𝛽m1 + (1− 𝛽)m2 ∈ SE,z. Hence 𝛽m1 + (1− 𝛽)m2 ∈(z).

Step 2: On the space , consider 𝛼 = {z ∈  ∶ ‖z‖ ≤ 𝛼, 0 ≤ 𝜚 ≤ c}, 𝛼 > 0. Clearly, 𝛼 is

bounded, closed and convex set of . For 𝜇 > 0, our property is that there exists 𝛼 > 0 such that

 (𝛼) ⊂ 𝛼.

If not, then for all 𝛼 > 0, there exists z𝛼 ∈ 𝛼 , but  (z𝛼) ∉ 𝛼 , i.e.,

‖ (z𝛼) ‖ ≡ sup {‖m𝛼‖ ∶ m𝛼 ∈ (z𝛼)} > 𝛼

and

m𝛼 (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g𝛼 (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬ x𝛼 (𝜄) d𝜄,

for some g𝛼 ∈ SE,z𝛼 .

Using assumptions H3 and Lemma 2.10, we have

‖x𝛼 (𝜌) ‖ = ‖ℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
q (z (⋅)) ‖

= ‖ℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

) [
zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1

− ∫
c

0

(c − 𝜄)a−1J−1Qa (c − 𝜄) g𝛼 (𝜄) d𝜄
]‖
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≤ ‖J−1‖‖ℬ∗‖‖Q∗
a (c − 𝜚) ‖‖R

(
𝜇,Γc

0

) ‖‖[zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1

− ∫
c

0

(c − 𝜄)a−1J−1Qa (c − 𝜄) g𝛼 (𝜄) d𝜄
]‖

≤ PBJ̃1

(
P

Γ (2a)

)
1

𝜇

[‖zc‖ + ‖J−1Ma (c) Jz0‖ + ‖J−1Wa (c) Jz1‖
+ ∫

c

0

(c − 𝜄)a−1‖J−1Qa (c − 𝜄) g𝛼 (𝜄) ‖d𝜄
]

≤ 1

𝜇

PJ̃1PB
Γ (2a)

[‖zc‖ + J̃1PJ̃2‖z0‖ + J̃1PcJ̃2‖z1‖ + PJ̃1

Γ (2a) ∫
c

0

(c − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄
]

For such 𝜇 > 0, we prove that

𝛼 < ‖ (z𝛼) (𝜚) ‖ ≤ ‖J−1Ma (𝜚) Jz0‖ + ‖J−1Wa (𝜚) Jz1‖ + ∫
𝜚

0

(𝜚 − 𝜄)a−1‖J−1Qa (𝜚 − 𝜄) g𝛼 (𝜄) ‖d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1‖J−1Qa (𝜚 − 𝜄)ℬ x𝛼 (𝜄) ‖d𝜄

≤ J̃1PJ̃2‖z0‖ + J̃1P𝜌J̃2‖z1‖ + PJ̃1

Γ (2a) ∫
𝜚

0

(𝜚 − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄

+ PJ̃1PB
Γ (2a) ∫

𝜚

0

(𝜚 − 𝜄)2a−1 1

𝜇

J̃1PPB
Γ (2a)

[‖zc‖ + J̃1PJ̃2‖z0‖ + J̃1PcJ̃2‖z1‖
+ PJ̃1

Γ (2a) ∫
c

0

(c − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄
]
d𝜄

≤ J̃1PJ̃2‖z0‖ + J̃1P𝜚J̃2‖z1‖ + PJ̃1

Γ (2a) ∫
𝜚

0

(𝜚 − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄

+ 1

𝜇

(
PJ̃1PB
Γ (2a)

)2
c2a

2a

[‖zc‖ + J̃1PJ̃2‖z0‖ + J̃1PcJ̃2‖z1‖ + PJ̃1

Γ (2a) ∫
c

0

(c − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄
]
.

(3.4)

Dividing the Equation (3.4) by 𝛼, applying limit as 𝛼→∞ to the above inequality and utilizing H4,

we obtain

PJ̃1

Γ (2a)

[
1 + 1

𝜇

(
PJ̃1PB
Γ (2a)

)2
c2a

2a

]
𝜆 ≥ 1,

which contradicts our assumption. Hence 𝜇 > 0, there exists 𝛼 > 0 such that  maps 𝛼 → 𝛼 .

Step 3:  mapping bounded sets into equicontinuous sets of .

For all m∈(z) and z ∈ 𝛼 , there exists g∈ SE,z, we define

m (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) d𝜄.

Let 0< ϵ<𝜚<𝜚+ h≤ c.

Then,

‖m (𝜚 + h) − m (𝜚) ‖ ≤ ‖J−1 [Ma (𝜚 + h) − Ma (𝜚)] Jz0‖ + ‖J−1 [Wa (𝜚 + h) − Wa (𝜚)] Jz1‖
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+ ∫
𝜚+h

𝜚

(𝜚 + h − 𝜄)a−1‖J−1Qa (𝜚 + h − 𝜄) g (𝜄) ‖d𝜄

+ ∫
𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)a−1‖ [J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄)

]
g (𝜄) ‖d𝜄

+ ∫
𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)a−1 − (𝜚 − 𝜄)a−1

] ‖J−1Qa (𝜚 − 𝜄) g (𝜄) ‖d𝜄

+ ∫
𝜚−ϵ

0

(𝜚 + h − 𝜄)a−1‖ [J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄)
]

g (𝜄) ‖d𝜄

+ ∫
𝜚−ϵ

0

[
(𝜚 + h − 𝜄)a−1 − (𝜚 − 𝜄)a−1

] ‖J−1Qa (𝜚 − 𝜄) g (𝜄) ‖d𝜄

+ ∫
𝜚+h

𝜚

(𝜚 + h − 𝜄)a−1‖J−1Qa (𝜚 + h − 𝜄)ℬ x (𝜄) ‖d𝜄

+ ∫
𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)a−1‖ [J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄)

]
ℬ x (𝜄) ‖d𝜄

+ ∫
𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)a−1 − (𝜚 − 𝜄)a−1

] ‖J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) ‖d𝜄

+ ∫
𝜚−ϵ

0

(𝜚 + h − 𝜄)a−1‖ [J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄)
]
ℬ x (𝜄) ‖d𝜄

+ ∫
𝜚−ϵ

0

[
(𝜚 + h − 𝜄)a−1 − (𝜚 − 𝜄)a−1

] ‖J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) ‖d𝜄

=
12∑
i=1

i.

Let b = 2a−1

1−v
∈ (−1, 0). By applying H1, H3 and Lemma 2.10 for 3,4,5,6 and 7, we have

3 ≤ PJ̃1

Γ (2a) ∫
𝜚+h

𝜚

(𝜚 + h − 𝜄)2a−1‖g (𝜄) ‖d𝜄

≤ PJ̃1

Γ (2a) ∫
𝜚+h

𝜚

(𝜚 + h − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄

≤ PJ̃1

Γ (2a)

(
∫

𝜚+h

𝜚

(𝜚 + h − 𝜄)
2a−1

1−v d𝜄
)1−v‖Lg,𝛼‖L

1
v
(

V ,R
+)

≤ PJ̃1

Γ (2a)

[
h(b+1)(1−v)

(b + 1)1−v

] ‖Lg,𝛼‖L
1
v
(

V ,R
+),

4 ≤ 2PJ̃1

Γ (2a) ∫
𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)2a−1‖g (𝜄) ‖d𝜄

≤ 2PJ̃1

Γ (2a) ∫
𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄

≤ 2PJ̃1

Γ (2a)

(
∫

𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)

2a−1

1−v d𝜄
)1−v‖Lg,𝛼‖L

1
v
(

V ,R
+)
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≤ 2PJ̃1

Γ (2a)

[
ϵ(b+1)(1−v)

(b + 1)1−v

] ‖Lg,𝛼‖L
1
v
(

V ,R
+),

5 ≤ PJ̃1

Γ (2a) ∫
𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖g (𝜄) ‖d𝜄

≤ PJ̃1

Γ (2a)

(
∫

𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] 1

1−v d𝜄
)1−v‖Lg,𝛼‖L

1
v
(

V ,R
+)

≤ PJ̃1

Γ (2a)

[
2h(b+1)(1−v)

(b + 1)1−v

] ‖Lg,𝛼‖L
1
v
(

V ,R
+),

6 ≤ sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖∫ 𝜚−ϵ

0

(𝜚 + h − 𝜄)2a−1‖g (𝜄) ‖d𝜄

≤ sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖∫ 𝜚−ϵ

0

(𝜚 + h − 𝜄)2a−1Lg,𝛼 (𝜄) d𝜄

≤ sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖(∫ 𝜚−ϵ

0

(𝜚 + h − 𝜄)
2a−1

1−v d𝜄
)1−v‖Lg,𝛼‖L

1
v
(

V ,R
+)

≤ sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖[(𝜚 + h)b+1 − (h + ϵ)b+1
]1−v

(b + 1)1−v ‖Lg,𝛼‖L
1
v
(

V ,R
+),

7 ≤ PJ̃1

Γ (2a) ∫
𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖g (𝜄) ‖d𝜄

≤ PJ̃1

Γ (2a) ∫
𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

]
Lg,𝛼 (𝜄) d𝜄

≤ PJ̃1

Γ (2a)

(
∫

𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] 1

1−v d𝜄
)1−v‖Lg,𝛼‖L

1
v
(

V ,R
+)

≤ PJ̃1

Γ (2a)

[
2h(b+1)(1−v)

(b + 1)1−v

] ‖Lg,𝛼‖L
1
v
(

V ,R
+),

For 8,9,10,11 and 12, using the H1, H3 and Lemma 2.10

8 ≤ PJ̃1

Γ (2a) ∫
𝜚+h

𝜚

(𝜚 + h − 𝜄)2a−1‖ℬ x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a) ∫

𝜚+h

𝜚

(𝜚 + h − 𝜄)2a−1‖x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a)

(
∫

𝜚+h

𝜚

(𝜚 + h − 𝜄)
2a−1

1−v d𝜄
)1−v‖x‖

≤ PJ̃1PB
Γ (2a)

[
h(b+1)(1−v)

(b + 1)1−v

] ‖x‖,
9 ≤ 2PJ̃1

Γ (2a) ∫
𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)2a−1‖ℬ x (𝜄) ‖d𝜄

≤ 2PJ̃1PB
Γ (2a) ∫

𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)2a−1‖x (𝜄) ‖d𝜄



VIJAYAKUMAR ET AL. 11

≤ 2PJ̃1PB
Γ (2a)

(
∫

𝜚

𝜚−ϵ
(𝜚 + h − 𝜄)

2a−1

1−v d𝜄
)1−v‖x‖

≤ 2PJ̃1PB
Γ (2a)

[
ϵ(b+1)(1−v)

(b + 1)1−v

] ‖x‖,
10 ≤ PJ̃1

Γ (2a) ∫
𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖ℬ x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a) ∫

𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a)

(
∫

𝜚

𝜚−ϵ

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] 1

1−v d𝜄
)1−v‖x‖

≤ PJ̃1PB
Γ (2a)

[
2h(b+1)(1−v)

(b + 1)1−v

] ‖x‖,
11 ≤ sup

𝜄∈[0,𝜚−ϵ]
‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖∫ 𝜚−ϵ

0

(𝜚 + h − 𝜄)2a−1‖ℬ x (𝜄) ‖d𝜄

≤ PB sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖∫ 𝜚−ϵ

0

(𝜚 + h − 𝜄)2a−1‖x (𝜄) ‖d𝜄

≤ PB sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖(∫
𝜚−ϵ

0

(𝜚 + h − 𝜄)
2a−1

1−v d𝜄
)1−v‖x‖

≤ PB sup
𝜄∈[0,𝜚−ϵ]

‖J−1Qa (𝜚 + h − 𝜄) − J−1Qa (𝜚 − 𝜄) ‖[(𝜚 + h)b+1 − (h + ϵ)b+1
]1−v

(b + 1)1−v ‖x‖,
12 ≤ PJ̃1

Γ (2a) ∫
𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖ℬ x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a) ∫

𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] ‖x (𝜄) ‖d𝜄

≤ PJ̃1PB
Γ (2a)

(
∫

𝜚−ϵ

0

[
(𝜚 + h − 𝜄)2a−1 − (𝜚 − 𝜄)2a−1

] 1

1−v d𝜄
)1−v‖x‖

≤ PJ̃1PB
Γ (2a)

[
2h(b+1)(1−v)

(b + 1)1−v

] ‖x‖.
It is easy to verify 3-5,7-10,12 →0 as h→ 0. Additionally, by referring the compactness of

T (𝜚) ,1,2,6,11 tends to zero. Therefore

‖m (𝜚 + h) − m (𝜚) ‖ → 0

when h→ 0 for all z ∈ 𝛼 , which implies  (𝛼) ⊂  is equicontinuous.

Step 4: For 𝛼 > 0, fix W𝛼 = {z ∈ 𝒴 ∶ |z| ≤ 𝛼}. Clearly, W𝛼 a bounded subset in 𝒴 . To prove for

all 𝛼 > 0 and 𝜌> 0,

𝒰 (𝜚) =
{
∫

∞

0

a𝜌J−1Sa (𝜌) S (𝜚a𝜌) zd𝜌, z ∈ W𝛼

}
,

are relatively compact in 𝒴 .
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Assume that 𝜌> 0 be determined. For every 𝛿 > 0, 0<𝜀≤ 𝜚, determine a subset in 𝒴 by

𝒰𝜀,𝛿 (𝜚) =
{

S (𝜀a𝛿)
𝜀a𝛿 ∫

∞

𝛿

a𝜌J−1Sa (𝜌) S (𝜚a𝜌 − 𝜀a𝛿) zd𝜌, z ∈ W𝛼

}
.

Clearly for every 𝜚> 0, 𝒰𝜀,𝛿 (𝜚) is clearly defined. Indeed, referring uniform convergence of

Mainardi’s Wright-type function 𝜌∈ (𝛿,∞) and uniform boundedness of cosine family and, we get for

every z∈W𝛼 ,||||S (𝜀a𝛿)
𝜀a𝛿 ∫

∞

𝛿

a𝜌J−1Sa (𝜌) S (𝜚a𝜌 − 𝜀a𝛿) zd𝜌
|||| ≤ J̃1P2 ∣ z ∣ ∫

∞

𝛿

a𝜌Sa (𝜌) (𝜚a𝜌 + 𝜀a𝛿) d𝜌

≤ 2J̃1P2 ∣ z ∣ 𝜚a ∫
∞

𝛿

a𝜌2Sa (𝜌) d𝜌 ≤ 2J̃1P2

Γ (2a)
∣ z ∣ 𝜚a.

Therefore, 𝒰𝜀,𝛿 (𝜚) is relatively compact because S(𝜀a𝛿) is compact for 𝜀a𝛿 > 0.

Additionally,||||S (𝜀a𝛿)
𝜀a𝛿 ∫

∞

𝛿

a𝜌J−1Sa (𝜌) S (𝜚a𝜌 − 𝜀a𝛿) zd𝜌 − ∫
∞

0

a𝜌J−1Sa (𝜌) S (𝜚a𝜌) zd𝜌
||||

≤ ||||S (𝜀a𝛿)
𝜀a𝛿 ∫

∞

𝛿

a𝜌J−1Sa (𝜌) S (𝜚a𝜌 − 𝜀a𝛿) zd𝜌 − ∫
∞

0

a𝜌J−1Sa (𝜌) S (𝜚a𝜌) zd𝜌
||||

+
||||∫

∞

𝛿

a𝜌J−1Sa (𝜌) S (𝜚a𝜌) zd𝜌 − ∫
∞

0

a𝜌J−1Sa (𝜌) S (𝜚a𝜌) zd𝜌
||||

≤ ∫
∞

𝛿

a𝜌J̃1Sa (𝜌)
||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z
|||| d𝜌 + ∫

𝛿

0

a𝜌J̃1Sa (𝜌) ∣ S (𝜚a𝜌) z ∣ d𝜌

≔ l1 + l2.

Since

a𝜌J̃1Sa (𝜌)
||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z
|||| ≤ 2J̃1P2𝜚aa𝜌2Sa (𝜌) ∣ z ∣,

and

∫
∞

0

a𝜌2J̃1Sa (𝜌) d𝜌 = 2J̃1

Γ (1 + 2a)
,

we can see that

∫
∞

0

a𝜌J̃1Sa (𝜌)
||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z
|||| d𝜌,

is uniformly convergence. Since from the strongly continuous of sine family {S(𝜚)}𝜚> 0, where

𝜌∈ (𝛿,∞), by referring Lemma 2.12, we have||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z
||||

≤ ||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌 − 𝜀a𝛿) z
|||| + |S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z| → 0,

when 𝛿→ 0. Therefore, we have

l1 ≤ ∫
∞

0

a𝜌J̃1Sa (𝜌)
||||S (𝜀a𝛿)
𝜀a𝛿

S (𝜚a𝜌 − 𝜀a𝛿) z − S (𝜚a𝜌) z
|||| d𝜌→ 0, as 𝛿 → 0.

However, by ∫ 𝛿

0
a𝜌2J̃1Sa (𝜌) d𝜌→ 0 when 𝛿→ 0, we have

l2 ≤ J̃1P ∣ z ∣ 𝜌a ∫
𝛿

0

a𝜌2Sa (𝜌) d𝜌 → 0, when 𝛿 → 0.
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Thus, there are relatively compact sets arbitrarily close to 𝒰 (𝜚), for all 𝜚> 0. Thus 𝒰 (𝜚) is

relatively compact in 𝒴 , for all 𝜚> 0.

Step 5:  has a closed graph.

Assume that zn → z* when n→∞, and mn →m* when n→∞. We shall prove that m* ∈(z*).

Since mn ∈(zn), there exists gn ∈ SE,zn such that

mn (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) gn (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗ J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

) [
zc − J−1Ma (c) Jz0

− J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) gn (𝜑) d𝜑
]
(𝜄) d𝜄.

We need to show that there exists g∗ ∈ SE,z∗ such that for all 𝜚∈V ,

m∗ (𝜚) = J−1Ma (𝜚) Jz0 + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g∗ (𝜄) d𝜄

+ ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗ J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
×
[

zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) g∗ (𝜑) d𝜑
]
(𝜄) d𝜄,

clearly,||||||||
(

mn (𝜚) − J−1Ma (𝜚) Jz0 − J−1Wa (𝜚) Jz1 − ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)

(×)R
(
𝜇,Γc

0

) [
zc −J−1Ma (c) Jz0 −J−1Wa (c) Jz1 −∫

c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) gn (𝜑) d𝜑
]
(𝜄) d𝜄

))
−
(

m∗ (𝜚) − J−1Ma (𝜚) Jz0 − J−1Wa (𝜚) Jz1 − ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)

(×)R
(
𝜇,Γc

0

) [
zc −J−1Ma (c) Jz0 −J−1Wa (c) Jz1 −∫

c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) g∗ (𝜑) d𝜑
]
(𝜄) d𝜄

)||||||||
→0 as n→ ∞ . Assume that  ∶ L1 (V ,𝒴 ) → ,

( g) (𝜚) = ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)
[
gn (𝜄) +ℬℬ∗J−1Q∗

a (c − 𝜚)R
(
𝜇,Γc

0

)
×
(
∫

c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) g∗ (𝜑) d𝜑
)
(𝜄)
]

d𝜄

clearly, from Lemma 2.14, that  ◦SE,z is a closed graph operator. Additionally, by referring  ,we have

(
mn (𝜚) − J−1Ma (𝜚) Jz0 − J−1Wa (𝜚) Jz1 − ∫

𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
×
[

zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) gn (𝜑) d𝜑
]
(𝜄) d𝜄

)
∈  (

SE,zn
)

Because gn → g*, and by referring Lemma 2.14, we have

(
m∗ (𝜚) − J−1Ma (𝜚) Jz0 − J−1Wa (𝜚) Jz1 − ∫

𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
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×
[

zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜑)a−1J−1Qa (c − 𝜑) g∗ (𝜑) d𝜑
]
(𝜄) d𝜄

)
∈  (

SE,z∗
)

Hence,  is closed graph.

Hence, by referring Step 1–5, and applying Arzela-Ascoli theorem,  is a completely continuous

multivalued mapping with compact value and thus  is u.s.c. Therefore  has a fixed point z(⋅) on

𝛼 , and in view of Lemma 2.15, z(⋅) is the mild solution of (1.1)–(1.2). □

Definition 3.2 The system (1.1)–(1.2) is called approximately controllable on V if

R (c, z0) = 𝒴 , R (c, z0) =
{

zc (z0; x) ∶ x (⋅) ∈ L2 (V ,𝒰)
}

is a solution of (1.1)–(1.2). □

Theorem 3.3 Assume that H1 −H5 are satisfied. Further, there exists

ℐ ∈ L1
(
V ,

[
0,+∞

))
such that sup

z∈
‖E (𝜚, z) ‖ ≤ ℐ (𝜚)

for a.e. 𝜚∈V , then (1.1)–(1.2) is approximately controllable.

Proof . Consider ẑ𝜇 (⋅) a fixed point of  in 𝛼 . Referring 3.1, any fixed point of  is a solution of

(1.1)–(1.2) with

x̂𝜇 (𝜌) = ℬ∗J−1Q∗
a (c − 𝜚)R

(
𝜇,Γc

0

)
q
(̂
z𝜇
)

and satisfies the following inequality

ẑ𝜇 (c) = zc + 𝜇R
(
𝜇,Γc

0

)
q
(̂
z𝜇
)
. (3.5)

Further from E and Dunford-Pettis Theorem, we conclude that {g𝜇(𝜄)} is weakly compact in

L1 (V ,𝒴 ), so there exists a subsequence, {g𝜇(𝜄)}, that converges weakly to g(𝜄) in L1 (V ,𝒴 ). Determine

 = zc − J−1Ma (c) Jz0 − J−1Wa (c) Jz1 − ∫
c

0

(c − 𝜄)a−1J−1Qa (c − 𝜄) g (𝜄) d𝜄.

Now, we have

‖q
(̂
z𝜇
)
− ‖ = ‖∫ c

o
(c − 𝜄)a−1J−1Qa (c − 𝜄)

[
g
(
𝜄, ẑ𝜇 (𝜄)

)
− g (𝜄)

]
d𝜄‖

≤ sup
𝜚∈V

‖∫ 𝜚

o
(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)

[
g
(
𝜄, ẑ𝜇 (𝜄)

)
− g (𝜄)

]
d𝜄‖. (3.6)

By Ascoli-Arzela theorem, we can prove

 (⋅) → ∫
⋅

0

(⋅ − 𝜄)a−1J−1Qa (⋅ − 𝜄)ℒ (𝜄) d𝜄 ∶ L1 (V ,𝒴 ) → C (V ,𝒴 )

is compact. Hence, we have ‖q
(̂
z𝜇
)
− ‖ → 0 when 𝜇 → 0+.

Furthermore, in view of Equation (3.5), we have

‖̂z𝜇 (c) − zc‖ ≤ ‖𝜇R
(
𝜇,Γc

0

)
() ‖ + ‖𝜇R

(
𝜇,Γc

0

) ‖‖q
(̂
z𝜇
)
− ‖

≤ ‖𝜇R
(
𝜇,Γc

0

)
() ‖ + ‖q

(̂
z𝜇
)
− ‖.

It follows from H0 and (3.6) that

‖̂z𝜇 (c) − zc‖ → 0 as 𝜇 → 0+.
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Therefore the system (1.1)–(1.2) is approximately controllable on V . □

4 NONLOCAL CONDITIONS

Differential systems with nonlocal conditions have become a very lively field of recent research. Their

investigation is driven by hypothetical enthusiasm as well as by the way that these kinds of issues

normally happen when demonstrating practical applications. For instance, few events in designing,

material science, and life sciences can be portrayed by methods for the differential system subject to

nonlocal boundary conditions, and one can refer [6, 9, 11, 14, 16, 18, 25, 32, 37–41]. Consider the

nonlocal fractional Sobolev type Volterra-Fredholm integro-differential inclusions of order r ∈ (1, 2)

of the type

CDr
𝜚 (Jz (𝜚)) ∈ Az (𝜚) +ℬ x (𝜚) + E

(
𝜚, z (𝜚) ,∫

𝜚

0

e(𝜚, s, z(s))𝑑s,∫
c

0

h(𝜚, s, z(s)) 𝑑s
)
, 𝜚 ∈ V , (4.1)

z (0) + l (z) = z0, z′ (0) = z1 ∈ 𝒴 , (4.2)

where the function l ∶ C ([0, c] ,𝒴 ) → 𝒴 satisfies the following hypothesis:

H6 The function l ∶ C ([0, c] ,𝒴 ) → 𝒴 is compact and continuous, and there exists constants L1,

L2 such that ||l(z) || ≤ L1 || z||C +L2, where z ∈ C (V ,𝒴 ).
The mild solution of the nonlocal fractional evolution system (4.1)–(4.2) defined as follows:

Definition 4.1 A function z ∈  =  (V ,𝒴 ) is called a solution of (4.1)–(4.2) if

z(0)+ l(z) = z0, z′ (0) = z1, x (⋅) ∈ L2 (V ,𝒰) and there exists g ∈ L1 (V ,𝒴 ) such that

g (𝜚) ∈ E
(
𝜚, z (𝜌) , ∫ 𝜚

0
e (𝜚, s, z (s)) ds, ∫ c

0
h (𝜚, s, z (s)) ds

)
on a.e. 𝜚∈V and

z (𝜚) = J−1Ma (𝜚) J [z0 − l (z)] + J−1Wa (𝜚) Jz1 + ∫
𝜚

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄)ℬ x (𝜄) d𝜄

+ ∫
𝜌

0

(𝜚 − 𝜄)a−1J−1Qa (𝜚 − 𝜄) g (𝜄) d𝜄,

is satisfied.

Theorem 4.2 If H1–H6 are satisfied, then the system (4.1)–(4.2) is approximately
controllable on V .

5 EXAMPLE

Let us consider 𝜒 ⊂RN be an open C2 bounded domain. Assume that 𝒴 = 𝒰 = L2 (𝜒) . Let us assume

the fractional integro-differential system

𝜕r
𝜌 (u (𝜚, v) − Δu (𝜚, v)) ∈ Δu (𝜚, v) + ℏ (𝜚, v)

+ P
(
𝜚, u (𝜚, z) ,∫

𝜚

0

e (𝜚, s, u (𝜚, z)) ds,∫
c

0

h (𝜚, s, u (𝜚, z)) ds
)
, 𝜚 ∈ [0, 1] , v ∈ 𝜒, (5.1)

u (𝜚, v) = 0, 𝜚 ∈ [0, 1] , v ∈ 𝜕𝜒, (5.2)

u (0, v) = u0 (v) , u′ (0, v) = u1 (v) , v ∈ 𝜒. (5.3)
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In the above, 𝜕r
𝜚 is the partial derivative in Caputo sense of fractional order r ∈ (1, 2). Let us consider

V = [0, 1]. Assume that A be the Laplace operator with Dirichlet boundary conditions given as Au = Δ
and assume A ∶ D (A) ⊂ 𝒴 → 𝒴 , J ∶ D (J) ⊂ 𝒴 → 𝒴 be the operators defined by Au = Δ, and

Ju = u−Δ where each domain D(A) and D(J) is presented by

D (A) = D (J) =
{

g ∈ H1
0 (𝜒) , Ag ∈ L2 (𝜒)

}
.

It is clear that D (A) = H1
0 (𝜒) ∩ H2 (𝜒). Obviously A gives a uniformly bounded C0 cosine fam-

ily C(𝜚) for 𝜚≥ 0, refer [42]. Indeed, let 𝜄n = n2𝜋2 and 𝜓n (v) =
√

2

𝜋
sin (n𝜋v), for all n∈N are the

orthonormal of vectors of A.

Assume {−𝜄n, 𝜓n}∞n=1 is the eigensystem of the operator A, then 0< 𝜄1 ≤ 𝜄2 ≤ · · ·, 𝜄n →∞ as n→∞,

and {𝜓n}∞n=1 create the orthonormal basis of 𝒴 . Now

Au =
∞∑

n=1

𝜄n ⟨u, 𝜓n⟩𝜓n, u ∈ D (A) ,

Ju =
∞∑

n=1

(1 + 𝜄n) ⟨u, 𝜓n⟩𝜓n, u ∈ D (J) .

Additionally, for z ∈ 𝒴 , we have

J−1u =
∞∑

n=1

1

(1 + 𝜄n)
⟨u, 𝜓n⟩𝜓n,

AJ−1u =
∞∑

n=1

𝜄n
(1 + 𝜄n)

⟨u, 𝜓n⟩𝜓n,

where ⟨⋅, ⋅⟩ stands for inner product in 𝒴 . Accordingly, we now define the cosine family by

C (𝜚) u =
∞∑

n=1

cos
(√

𝜄n𝜚
) ⟨u, 𝜓n⟩𝜓n, u ∈ 𝒴 ,

which is connected with sine family S(𝜚) compact for (𝜚> 0) as follows

S (𝜚) y =
∞∑

n=1

1√
𝜄n

sin
(√

𝜄n𝜚
) ⟨u, 𝜓n⟩𝜓n, u ∈ 𝒴 .

It is not difficult to verify ‖C (𝜚) ‖Lc(𝒴 ) ≤ 1, for all 𝜚∈R.

Let us assume u(𝜚) = u(𝜚, ⋅), that is, u(𝜚)(v) = u(𝜚, v), 𝜚∈ [0, 1], and x(𝜚) = ℏ(𝜚, ⋅), consider ℏ : [0,

1]×𝜒→𝜒 is continuous. Determine ℬ ∶ 𝒰 → 𝒴 by ℬ x (𝜚) (v) = ℏ (𝜚, v). We now define

E
(
𝜚, u (𝜚) ,∫

𝜚

0

e (𝜚, s, u (s)) ds,∫
c

0

h (𝜚, s, u (s)) ds
)
(z)

= P
(
𝜚, u (𝜚, z) ,∫

𝜚

0

e (𝜚, s, u (𝜚, z)) ds,∫
c

0

h (𝜚, s, u (𝜚, z)) ds
)
.

Therefore, entire needs of Theorem 3.1 are satisfied, hence (5.1)–(5.3) is approximately control-

lable on V .

6 CONCLUSION

In our article, we primarily concentrated on approximate controllability results for fractional Sobolev

type Volterra-Fredholm integro-differential inclusions of order r ∈ (1, 2). By applying the results and

ideas belongs to the cosine function of operators, fractional calculus and fixed point approach, the main
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results are established. Initially, we established the approximate controllability of the considered frac-

tional system, then continued to examine the system with the concept of nonlocal conditions. Finally,

we presented an example to demonstrate the theory.
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Abstract

The focus of this work is on the absolute controllability of Hilfer impulsive non-instantaneous

neutral derivative (HINND) with integral boundary condition of any order. Total controllability

refers to the system’s ability to be controlled during the impulse time. Kuratowski measure

and semigroup theory in Banach space yield the results. Furthermore, we talked about opti-

mal controllability in conjunction with appropriate limitations. Our established outcomes are

described using an example.

1 Introduction

The concept of differential equations with non-instantaneous impulses(NII) involves many

physical processes due to its tremendous applications. Impulse is an action, that starts at an

arbitrary fixed point and remains active on a finite time interval is called as NI impulse that

occurs in many physical processes like harvesting, vaccination, natural disasters, and shocks

subjected to unexpected change in their state. The above situations have to be modeled by

impulses [1, 2] if necessary that can not be solved using ordinary differential equations. For

some processes, instantaneous impulsive dynamic systems do not support a perfect descrip-

tion, for example, endorsement of insulin of hyperglycemia patients. The change in the above

system caused by this medication will remain until the total absorption for a finite time, thanks

to the evolutionary process can be modeled with NII. This theory is originated by Hernández

[3]. Recently, Vipin Kumar et al. [4–7] derived the controllability results of fractional systems

with and without NII for various models. To seek more about NI impulse, track and surf the

articles [8–16] and cited references.

On the other hand, the existence and controllability theory extended for both DEs of inte-

ger and non-integer order with NII. Fractional calculus is the most appropriate way to evalu-

ate the exact solutions to the given model. The results on Caputo and R-L fractional

derivatives were discussed in [17–19]. Theory on HFD was introduced by Hilfer [20] and the

results are discussed in [21–24]. One can refer to the monographs [25–29] to know more
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about fractional derivatives. In general, controllability enables directing the system from a

random initial state to the desired ultimate state. The articles [30–35] discuss the controlla-

bility results of Caputo and Hilfer fractional differential system in the nondense domain.

Furthermore, the existence and controllability of the Hilfer fractional system with infinite

delay were examined in [36, 37]. The exact controllability for Hilfer fractional differential

inclusions including nonlocal initial conditions was examined by Du et al. [38]. The approxi-

mate controllability results for the Hilfer fractional system were derived by [39, 40]. Recently,

a prospective field in control systems is optimal control studied in [41–43]. Ultimately, is

more appropriate to evaluate them using an optimization procedure involving fractional dif-

ferential equations.

The outcome of the existence of HINND of arbitrary order was discussed in [44]. More-

over, results on total controllability fractional neutral non-instantaneous system discussed by

[45]. In addition, optimization of the non-instantaneous neutral fractional system is investi-

gated by in [46]. No article was found in the existing literature about the investigation of total

controllability using semigroup theory.

We contribute this article to analyze the total controllability & optimal control results for

HINND of arbitrary order as:

Dp1 ;p2

ek

h
zðtÞ � Kðt; zðtÞÞ

i
¼ A

h
zðtÞ � Kðt; zðtÞÞ

i
þ BuðtÞ þ F

�
t; zðtÞ

�
; t 2

[N

k¼0

ðek; tkþ1�

zðtÞ ¼
1

Gðp1Þ

Z t

tk

ðt � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo; t 2
[N

k¼1

ðtk; ekÞ

Ið1� ZÞ
0þ

zð0Þ ¼ l

Z T

0

zðoÞdoþ c; c 2 R:

ð1:1Þ

Here, Y be a Banach space and A : DðAÞ � Y ! Y is closed together withDðAÞ 2 Y.Dp1 ;p2

ek

represents Hilfer derivative of fractional order with 0< p1 < 1, 0� p2� 1. Also, η = p1 + p2 −
p1p2, t 2 I ¼ ½0;T�;T > 0. HereK : I � Y ! DðAÞ � Y, F : I � Y ! DðAÞ � Y,I k :

½tk; ek� � Y ! Y are relevant functions. tk; ek fulfills

0 ¼ t0 ¼ e0 < t1 < e1 < t2 < . . . : < eN < tNþ1 ¼ T. Moreover, zðt�k Þ ¼ lim
h!0þ

zðtk � hÞ. B :

U ! Y is a bounded linear operator and uð�Þ 2 L2½I ;U�. The integral boundary condition λ =

+ 1 or −1. We briefly orchestrated our objective of this work:

(i) By incorporating HFD with semigroup operator theory and LT, we have introduced the

integral solution of (1.1).

(ii) Kuratowski’s measure with κ–set-contraction theory has been supported very much to the

total controllability of HINND with C0 semigroup operator for the first time in the

literature.

(iii) The results on optimal controllability of HINND had been discussed via Lipschitz

continuity.

(iv) We have gone through with an illustration that enables our analytical outcomes existence.

2 Key notes

The space of continuous functions is defined by CðI ;YÞ be a provided jjzjj ¼ sup
t2I
jjzðtÞjj:

C1� ZðI ;YÞ ¼ fz : Y ! Y provided t1� ZzðtÞ 2 CðI ;YÞg, jjzjjC1� Z
¼ sup

0�t�T
jt1� ZzðtÞj.
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Let PC1� Zððtk; tkþ1�;YÞ defines the space of piecewise functions as

PC1� ZðI ;YÞ ¼
ðt � tkÞ

1� Z
zðtÞ 2 C1� Zððtk; tkþ1�;RÞ

lim
t!tk
ðt � tkÞ

1� Z
zðtÞ; k ¼ 1; 2; . . . ;N;

8
<

:

9
=

;

provided

jjzjj ¼ max
n
sup
t2I
jjt1� ZzðtþÞjj; sup

t2I
jjt1� Zzðt� Þjj

o
:

LðYÞ, characterize the space of all bounded linear operators on Y. A, generates the semigroup

fSp1 ;p2
ðtÞg where t � 0 with supjjSp1 ;p2

ðtÞjjLðYÞ ¼M . Define a convex, bounded and closed set

‘ ¼ fz 2 PC1� ZðI ;YÞ; jjzðtÞjj < r; t 2 I ; r > 0g in PC1� ZðI ;YÞ.
Definition 2.1 [20]. For n − 1< p1 < n, n 2 N and p2 2 (0, 1], HFD is defined by:

Dp1 ;p2

0þ
yðtÞ ¼ I p1ðn� p2Þ

0þ

d
dt
I ð1� p1Þðn� p2Þ

0þ
yðtÞ ¼ I p1ðn� p2Þ

0þ
Dp2þp1n� p2p1

0þ
yðtÞ;

whereDp2þp1n� p2p1

0þ
andI p1ðn� p2Þ

0þ
are R-L derivative and integral respectively.

Definition 2.2 [8, 44, 47]. The Kuratowski noncompact measure ℓ(�) characterized as:

‘ðℏÞ≔ inffr > 0 : ℏ ¼
Sm

i¼1

with diamðℏiÞ � rg, where ℏ is a bounded set on Y.

Lemma 2.3. (see [8, 44, 47]) For ℏ1;ℏ2 � Y, the Kuratowski noncompact measure meets:

1. ‘ðℏÞ ¼ ‘ðℏÞ ¼ ‘ðconvℏÞ;

2. ℓ(ℏ) = 0 iff ℏ is compact;

3. for given λ 2 R, ℓ(λℏ)� |λ|ℓ(ℏ);

4. ℏ1� ℏ2 implies ℓ(ℏ1)� ℓ(ℏ2);

5. ℓ(ℏ1[ℏ2) = max{ℓ(ℏ1), ℓ(ℏ2)};

6. ℓ(ℏ1 + ℏ2)� ℓ(ℏ1) + ℓ(ℏ2), where ℏ1 þ ℏ2 ¼ fz j z ¼ z1 þ z2; z1 2 ℏ1; z2 2 ℏ2g;

7. The Lipschitz function< : Dð<Þ � Y ! Y and the subset W � Dð<Þ, ℓ(<(W))� κ ℓ(W) is
bounded.

LetD � C1� ZðI ;YÞ and t 2 I ,DðtÞ ¼ fzðtÞ j z 2 Dg and ‘ðDðtÞÞ � ‘C1� ZðDÞ.
Lemma 2.4. (see [8, 44, 47]) LetD � C1� Zð½c1; c2�;YÞ be bounded and equicontinuous such

that

‘C1� ZðDÞ ¼ max
t2½c1 ;c2 �

‘ðDðtÞÞ;

and ‘ðDðtÞÞ is continuous on [c1, c2].

Lemma 2.5. (see [8, 44, 47]) Assume that Y � Y is bounded and for someD0 � D, the
countable set meets ‘ðDÞ � 2 ‘ðD0Þ.

Lemma 2.6. (see [8, 44, 47]) LetD ¼ fzng � PC1� Zð½c1; c2�;YÞ where −1< c1 < c2 <1.

Hence ‘ðDðtÞÞ on [c1, c2] such that:

‘

��Z c2

c1

znðtÞdt
��

� 2

Z c2

c1

‘ðDðtÞÞdt; n 2 N:
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Lemma 2.7. (see [21, 22, 44]) The system (1.1) becomes:

zðtÞ ¼
tZ� 1

GðZÞ
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
� �

þKðt; zðtÞÞ

þ
1

Gðp1Þ

Z t

0

ðt � oÞ
p1 � 1 A z oð Þ � K o; z oð Þð Þ½ � þ BuðoÞ þ Fðo; zðoÞÞ
h i

do; t 2 ð0; t1�;

zðtÞ ¼
1

Gðp1Þ

Z t

tk

ðt � oÞ
p1 � 1
I kðo; zðt

�

k ÞÞdo; t 2 ðtk; ek�;

zðtÞ ¼
1

Gðp1Þ

Z ek

tk

ðt � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ þKðt; zðtÞÞ

þ
1

Gðp1Þ

Z t

ek

ðt � oÞ
p1 � 1 A

h
z oð Þ � K o; z oð Þð Þ

h i

þBuðoÞ þ Fðo; zðoÞÞ
i
do; t 2 ðek; tkþ1�:

Definition 2.8. (see [21, 22, 44]) A function z 2 PC1� ZðI ;YÞ is a solution of (1.1), if

(i)zðtÞ ¼ 1

Gðp1Þ

R t

tk
ðt � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�; k ¼ 1; 2; :::;N

(ii)I1� Z

0 zð0Þ ¼ l
R T

0
zðoÞdo þ c,

together with

zðtÞ ¼ Sp1 ;p2
ðtÞ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt; zðtÞÞ

þ

Z t

0

Kp1
ðt � oÞ

h
BuðoÞ þ Fðo; zðoÞÞ

i
do; t 2 ð0; t1�;

ð2:1Þ

zðtÞ ¼ Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1
I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

þKðt; zðtÞÞ

þ

Z t

ek

Kp1
ðt � oÞ

h
BuðoÞ þ Fðo; zðoÞÞ

i
do; t 2 ðek; tkþ1�; k ¼ 1; 2; :::;N:

ð2:2Þ

Tp1
ðtÞ ¼ p1

Z 1

0

ncyðnÞ<ðt
p1nÞdn; Kp1

ðtÞ ¼ tp1 � 1Tp1
ðtÞ; Sp1 ;p2

ðtÞ ¼ I p2ð1� p1Þ

0þ
Kp1
ðtÞ:

WyðnÞ ¼
1

p

X1

m¼1

ð� 1Þ
m� 1

n� my� 1 Gðmyþ 1Þ

m!
sinðmpzÞ; n 2 ð0;1Þ;

cyðnÞ ¼
1

z
n
� 1� 1

zð ÞWyðn
� 1

zÞ � 0:

Lemma 2.9. (see [8, 44, 47]) If a family fSp1
ðtÞ; t � 0g � BðYÞ satisfies

(i) for all z 2 DðAÞ, Sp1
ðtÞz ¼ zþ Ip1

0þ
Sp1
ðtÞAy, t � 0;

(ii)Sp1
ðtÞ is strongly continuous onRþ, Sp1

ð0Þ ¼ I;
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(iii)ASp1
ðtÞz ¼ Sp1

AðzÞ for each, z 2 DðAÞ; t � 0, D � Y.

Then, it is said to be p1–times resolvent generator by A.

Definition 2.10. A system is defined as totally controllable on I , if for k = 1, 2, . . ., N, it is
controllable on ð0; t1�, ðek; tkþ1� such that zð0Þ ¼ z0 and zðtkþ1Þ ¼ ztkþ1

.

For further discussions, we consider the subsequent assumptions as:

(H1)K : J0 � Y ! Y; J0 ¼
SN

k¼0

ðek; tkþ1� is continuous and for Lp; mp > 0 as

jjKðt; ẑ2Þ � Kðt; ẑ1Þjj � Lpjjẑ2 � ẑ1 jj; ẑ2 ; ẑ1 2 Y; t 2 J0;

also jjKðt; zjj � mp; z 2 Y; t 2 J0;

(H2) for any bounded set D1 � Y, exist Lp∗ > 0, such that

‘ðKðt;D1ÞÞ � Lp∗‘ðD1Þ;

(H3) Function F : J0 � Y ! Y is continuous with Lf > 0, satisfies

jjFðt; ẑ1Þ � Fðt; ẑ2Þjj � Lf jjẑ1 � ẑ2 jj; ẑ1 ; ẑ2 2 Y; t 2 J0:

jjFðt; zÞjj � CðtÞ} jjzjj
� �

and lim
l!1

inf
}ðlÞ
l
¼ n <1;

where } : [0,1)![0,1), a non decreasing continuous function, c : I ! ½0;1Þ, a Lebes-

gue integrable function and ν> 0 such that for all z 2 Y, t 2 I and meets jjzjjC1� Z
� l.

(H4) For k ¼ 0; 1; . . .N;Lk,

‘ðFðt; zÞÞ � Lk ‘ðDÞ; t 2 J0 with L ¼ max
k
Lk;

where the subset D of Y is a countable;

(H5) For Jk ¼ ½tk; ek�; k ¼ 1; 2; . . .N,I k : Jk � Y ! Y are continuous functions, for

KI k
> 0; k ¼ 1; 2; . . .N, provided for every ẑ1 ; ẑ2 2 Y,

jjI kðt; ẑ1Þ � I kðt; ẑ2Þjj � KI k
jjẑ1 � ẑ2 jj; for each t 2 ðtk; ek�; K≔ max

k¼0;1;...N
KIk :

Moreover,MI , together with jjI kðt; zÞjj �MI ;

(H6) W : L2ðI ;UÞ ! Y defined by:

Wu ¼

Z a

0

Kp1
ða � oÞBuðoÞdo;

is invertible. Also, forM b;M w � 0, and kW � 1k �M w, kBk �M b.

(H7) Given Lu
∗
> 0, for ‘ðuðz; mÞÞ � Lu

∗t1� Zsðz; mÞ‘ðzðmÞÞ, a.e. m 2 I and

sup
t2I

R t

0
sðt; mÞdo ¼ s∗ <1.
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Conveniently, we assign some notations as follows:

C2 ¼
M 1M bM

m
wT

p1

p1

; k1 ¼ maxfMlT þ Lp; M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp;
KI k

t
p1

kþ1

Gðp1 þ 1Þ
g;

N 1 ¼M
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1

kþ1

p1

}ðlÞjjCjjL½0;tkþ1 �
; C1 ¼

M 1M bM
1

wt
p1
1

p1

;

M 1 ¼ supjjKp1
ðtÞjjLðYÞ; N ¼M ljjzjj þ jcj þ mp

� �
þ mp þ

M 1t1
p1

p1

}ðlÞjjCjjL½0;t1 �:

3 Main sequels

Lemma 3.1. Let S � Y and< : S ! Y be called as κ-set-contractive for any bounded set ℵ in
S such that and for κ 2 [0, 1), as

‘ð<ð@ÞÞ � k ‘ð@Þ:

Lemma 3.2. Let ℵ be a convex, bounded and closed subset of Y. If< : ℵ! ℵ is κ-set-contrac-
tive. Then < has at least one fixed point in ℵ.

Lemma 3.3. If the assumptions (H1)–(H7) true, hence

uðtÞ ¼W � 1

"

zt1 � Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i
� Kðt1; zðt1ÞÞ

�

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

#

; t 2 ð0; t1�;

ð3:1Þ

uðtÞ ¼ W � 1

"

ztkþ1
� Sp1 ;p2

ðtkþ1 � ekÞ

ð�Þ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

� Kðtkþ1; zðtkþ1ÞÞ

�

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

#

; t 2 ðek; tkþ1�;

ð3:2Þ

drives to zðtÞ of (1.1) from zðt1Þ ¼ zt1 and zðtkþ1Þ ¼ ztkþ1
, also jjuðtÞjj ¼M 1

u, jjuðtÞjj ¼M k
u

with

M 1

u ¼M
1

wðjjzt1 jj þN Þ; M
k
u ¼M

m
w ðjjztkþ1

jj þN 1Þ; k ¼ 1; 2; . . . ;N:
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Proof. For t ¼ t1,

zðt1Þ ¼ Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt1; zðt1ÞÞ

þ

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

þ

Z t1

0

Kp1
ðt1 � tÞW � 1

"

zt1 � Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i

� Kðt1; zðt1ÞÞ �

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

#

dt

¼ Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt1; zðt1ÞÞ

þ

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo þ zt1 � Sp1;p2

ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i

� Kðt1; zðt1ÞÞ �

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

¼ zt1 ;

with

jjuðtÞjj �
�
�
�

�
�
�W � 1

h
zt1 � Sp1 ;p2

ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i
� Kðt1; zðt1ÞÞ

�

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

i�
�
�

�
�
�

�M 1

w

 

jjzt1 jj þM
�
�
�

�
�
�l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
�
�
�

�
�
�þ jjKðt1; zðt1ÞÞjj

þM 1

�
�
�

�
�
�

Z t1

0

o1� ZCðoÞ}ðjjzjjC1� Z
Þdo

�
�
�

�
�
�

!

�M 1

w jjzt1 jj þM lTjjzðoÞjj þ jcj þ mp

� �
þ mp þ

M 1t
p1
1

p1

}ðlÞjjCjjL½0;t1 �

� �

�M 1

wðjjzt1 jj þN Þ
¼M 1

u:

Also, for t 2 ðek; tkþ1� and t ¼ tkþ1,

zðtkþ1Þ ¼ Sp1 ;p2
ðtkþ1 � ekÞ

1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

þKðtkþ1; zðtkþ1ÞÞ þ

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

þ

Z tkþ1

ek

Kp1
ðtkþ1 � tÞW � 1

"

ztkþ1
� Sp1 ;p2

ðtkþ1 � ekÞ

ð�Þ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1� 1
I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

� Kðtkþ1; zðtkþ1ÞÞ �

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

#

dt

¼ ztkþ1
;
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with

jjuðtÞjj �Mm
w jjztkþ1

jj þM
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1

kþ1

p1

}ðlÞjjCjjL½0;tkþ1�

� �

�Mm
w ðjjztkþ1

jj þN 1Þ

¼Mm
u :

Theorem 3.4. The system (1.1) is totally controllable on I , if it meets the assumptions (H1)–

(H7) together with the conditions

½Mlþ 2L∗p þMI ðM þ 1Þ þ 4L∗us
∗M 1M bM w þ 4M 1Lk� < 1: ð3:3Þ

Proof. Construct G : PC1� ZðI ;YÞ ! PC1� ZðI ;YÞ as

ðGzÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zðoÞdoþ c � Kð0; zð0ÞÞ

i
þKðt; zðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ð0; t1�;

1

Gðp1Þ

R t

tk
ðt � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo � Kðek; zðekÞÞ
h i

þKðt; zðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ðek; tkþ1�;

8
>>>>>>>>>>><

>>>>>>>>>>>:

where uðtÞ is described in (3.1) and (3.2) for ð0; t1� and ðek; tkþ1�, respectively. Moreover, by

Lemma 3.1, zðt1Þ ¼ zt1 and zðtkþ1Þ ¼ ztkþ1
; k ¼ 1; 2; . . . ;N. Let

@g ¼ fz 2 PC1� ZðI ;YÞ : jjzjjPC1� Z
� gg � PC1� ZðI ;YÞ; g > 0, and

g > max N þ C1ðjjzt1 jj þN Þ; max
k¼1;2;...;N

fN 1 þ C2ðjjztkþ1
jj þN 1Þg;

MITp1

Gðp1 þ 1Þ

� �

:

Step 1: G : @g ! @g.

For t 2 ð0; t1�, let z 2 @g

jjðGzÞðtÞjj �
�
�
�

�
�
�Sp1 ;p2

ðtÞ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i�
�
�

�
�
�þ

�
�
�

�
�
�Kðt; zðtÞÞ

�
�
�

�
�
�

þ

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞFðo; zðoÞÞdo

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞBuðoÞdo

�
�
�

�
�
�

�M ðlTjjzjj þ jcj þ mpÞ þ mp þ
M 1t

p1
1

p1

}ðlÞjjCjjL½0;t1 � þ
M 1M bM

1

ut
p1

p1

� N þ
M 1M bM

1

wt
p1

p1

jjzt1 jj þN
h i

� g:

ð3:4Þ
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Also, for t 2 ðek; tkþ1�,

jjðGzÞðtÞjj �
�
�
�

�
�
�Sp1 ;p2

ðt � ekÞ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� ��

�
�

�
�
�

þ

�
�
�

�
�
�Kðt; zðtÞÞ

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞFðo; zðoÞÞdo

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞBuðoÞdo

�
�
�

�
�
�

�M
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1
1

p1

}ðlÞjjCjjL½0;tkþ1�
þ
M 1M bM

1

uT
p1

p1

� N 1 þ
M 1M bM

m
wT

p1

p1

jjztkþ1
jj þN 1

� �

� g:

ð3:5Þ

Also, for t 2 ðtk; ek�, and z 2 @g,

jjðGzÞðtÞjj �
MI t

p1

kþ1

Gðp1 þ 1Þ
� g: ð3:6Þ

Hence, from (3.4)–(3.6), for some t 2 I , gives jjðGzÞðtÞjjPC1� Z
� g. Then G : @g ! @g.

Construct G1, G2 as:

ðG1yÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zðoÞdoþ c � Kð0; zð0ÞÞ

i
þKðt; zðtÞÞ; t 2 ð0; t1�;

1

Gðp1Þ

R t

tk
ðt � oÞ

p1� 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�; k ¼ 1; 2; . . . ;N;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo � Kðek; zðekÞÞ
h i

þKðt; zðtÞÞ; t 2 ðek; tkþ1�; k ¼ 1; 2; . . . ;N;

8
>>>>>>><

>>>>>>>:

and

ðG2yÞðtÞ ¼

R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ð0; t1�;

0; t 2 ðtk; ek�;
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ðek; tkþ1�:

8
>><

>>:

Clearly, G ¼ G1 þ G2.

Step 2: G1 is contraction.

Let z 2 @g, for any t 2 ð0; t1�,

jj½ðG1z1ÞðtÞ � ðG1z2ÞðtÞ�jj ¼
�
�
�

�
�
�Sp1 ;p2

ðtÞ
�
l

Z T

0

z1ðoÞdo � l

Z T

0

z2ðoÞdo
��
�
�

�
�
�

þjjKðt; z1ðtÞÞ � Kðt; z2ðtÞÞjj

�MlTjjz1ðoÞ � z2ðoÞjjPC1� Z
þ Lpjjz1ðoÞ � z2ðoÞjjPC1� Z

� ðMlT þ LpÞjjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
:

ð3:7Þ
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Also, for z 2 @g, t 2 ðek; tkþ1�,

jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj � M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp

 !

jjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
:

ð3:8Þ

Also, for t 2 ðtk; ek�, and z 2 @g,

jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj �
KI k

t
p1

kþ1

Gðp1 þ 1Þ
jjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
: ð3:9Þ

For any t 2 I , jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj � k1jjz1 � z2jjPC1� Z
. Since k1 < 1; G1 is contracting

operator.

Step 3: By step 1, it is clear that G2 is bounded. To prove continuity, consider a sequence

fzng
1

n¼1
in ℵγ such that zn ! z in ℵγ. For t 2 ð0; t1�,

jjðG2z
nÞðtÞ � ðG2zÞðtÞjj

�

�
�
�

�
�
�tZ� 1

Z t

0

ðt � oÞ
p1 � 1
½Fðo; znðoÞÞ � Fðo; zðoÞÞ�do

�
�
�

�
�
�

þ

�
�
�

�
�
�tZ� 1

Z t

0

ðt � oÞ
p1 � 1
½BuznðoÞ � BuzðoÞ�do

�
�
�

�
�
�

�M 1Lf

Z t

0

jjznðoÞ � zðoÞjjdo

þM 1M bM
1

w

Z t

0

h�
�
�

�
�
�Sp1 ;p2

ðtÞðl

Z T

0

znðoÞdo � l

Z T

0

zðoÞdoÞ
�
�
�

�
�
�

þjjKðt1; z
nðt1ÞÞ � Kðt; zðtÞÞjj þ

Z t1

0

ðt � oÞ
p1 � 1
jjFðo; znðoÞÞdo � Fðo; zðoÞÞjjdo

i
dt

�M 1Lf
t
p1
1

p1

jjzn � zjjPC1� Z
þ C1 Lp þM 1Lf

t
p1
1

p1

� �

jjzn � zjjPC1� Z
:

ð3:10Þ

Therefore, jjðG2z
nÞðtÞ � ðG2zÞðtÞjj ! 0 as n!1. Also, for t 2 ðek; tkþ1�; k ¼ 1; 2; . . . ;N,

jjðG2z
nÞðtÞ � ðG2zÞðtÞjj

�

�
�
�

�
�
�t1� Z

Z t

ek

ðt � oÞ
p1 � 1
½Fðo; znðoÞÞ � Fðo; zðoÞÞ�do

�
�
�

�
�
�

þ

�
�
�

�
�
�t1� Z

Z t

ek

ðt � oÞ
p1 � 1
½BuznðoÞ � BuzðoÞ�do

�
�
�

�
�
�

�M 1Lf

Z t

ek

jjznðoÞ � zðoÞjjdo

þM 1M bM
m
w

Z t

ek

 
�
�
�

�
�
�Sp1 ;p2

ðtkþ1 � ekÞ
h 1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1

�½I kðo; z
nðt�k ÞÞ � I kðo; zðt

�

k ÞÞ�do þ ½Kðek; z
nðekÞÞ � Kðek; zðekÞÞ�

i�
�
�

�
�
�

þjjKðt; znðtÞÞ � Kðt; zðtÞÞjj þ
Z tkþ1

ek

ðtkþ1 � oÞ
p1 � 1
jjFðo; znðoÞÞdo � Fðo; zðoÞÞjjdo

!

dt

�M 1Lf
t
p1

kþ1

p1

jjzn � zjjPC1� Z

þC2 M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp þM 1Lf
t
p1

kþ1

p1

 !

jjzn � zjjPC1� Z
:

ð3:11Þ
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Hence, jjðG2z
nÞðtÞ � ðG2zÞðtÞjj approaches to 0 as n approaches to1. Hence from (3.10) and

(3.11) and for each t 2 I , jjðG2z
nÞðtÞ � ðG2zÞðtÞjj ! 0 as n!1.

Step 4: G2 is equicontinuous.

Take τ1 < τ2 on ℵγ, and for t1; t2 2 ð0; t1�,

jjðG2zÞðt2Þ � ðG2zÞðt1Þjj

�

�
�
�

�
�
�t

Z� 1

2

Z t2

0

ðt2 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

� t
Z� 1

1

Z t1

0

ðt1 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�
�
�

�
�
�

�M 1Lf
�Z t1

0

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�

þM 1M bM
1

wðjjzt1 jj þN Þ
�Z t1

0

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do

þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�
:

ð3:12Þ

Similarly, For t1; t2 2 ðek; tkþ1�,

jjðG2zÞðt2Þ � ðG2zÞðt1Þjj

�

�
�
�

�
�
�t

Z� 1

2

Z t2

ek

ðt2 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�

Z t1

ek

ðt1 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�
�
�

�
�
�

�M 1Lf
�Z t1

ek

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�

þM 1M bM
m
w ðjjztkþ1

jj þN 1Þ
�Z t1

ek

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do

þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�
:

ð3:13Þ

By (H3), jjðG2zÞðt2Þ � ðG2zÞðt1Þjj ! 0 as τ2! τ1. Then G2 is equicontinuous.

The countable subset D0 ¼ fzng
1

n¼1
� D, and by Lemma 2.4, we have

‘ðG2ðDÞÞPC1� Z
� 2 ‘ðG2ðD0ÞÞPC1� Z

; ð3:14Þ

where D is a bounded subset of ℵγ. Since G2ðD0Þ � G2ð@gÞ is bounded and equicontinuous, by

Lemma 2.6,

‘ðG2ðD0ÞÞPC1� Z
� max

t2ðek;tkþ1 �; k¼0;1;2;...;N
‘ðG2ðD0ÞÞPC1� Z

ðtÞ: ð3:15Þ
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Moreover, for t 2 ðek; tkþ1�, (H4), (H7) and G2, with Lemma 2.5, we have

‘ðG2ðD0ÞÞðtÞ � ‘
�
M 1

Z t

ek

h
Buðo; fznðoÞg

1

n¼1
Þ þ Fðo; fznðoÞg

1

n¼1
Þ
i
do
�

� ½2L∗us
∗M 1M bM w þ 2M 1Lk�

Z t

ek

‘ðfznðoÞg
1

n¼1
Þdo

� ½2L∗us
∗M 1M bM w þ 2M 1Lk�‘ðDÞPC1� Z

ðtkþ1 � ekÞ:

ð3:16Þ

Then, by (3.14)–(3.16) and (H2),

‘ðG2ðDÞðtÞÞPC1� Z
� ½2L∗us

∗M 1M bM w þ 2M 1Lk�‘ðDÞPC1� Z
ðtkþ1 � ekÞ

� ½4L∗us
∗M 1M bM w þ 4M 1Lk�‘ðDÞPC1� Z

:
ð3:17Þ

Now, for any t 2 ðek; tkþ1�, on D 2 ℵγ,

‘ðG1ðDÞÞ � ½Mlþ 2L∗p þMI ðM þ 1Þ�‘ðDÞ: ð3:18Þ

Also,

‘ðGðDÞÞ � ‘ðG1ðDÞÞ þ ‘ðG2ðDÞÞ

� ½Mlþ 2L∗p þMI ðM þ 1Þ þ 4L∗us
∗M 1M bM w þ 4M 1Lk�‘ðDÞPC1� Z

:
ð3:19Þ

Combining Lemma 3.1, and (3.3) and (3.19) it is clear that the mapping G from ℵγ to ℵγ is κ-

set-contractive. Hence, the system G has a fixed point by Lemma 3.2. This completes the proof.

4 Optimal control

(H8) (i) The Lagrange function L : I � Y � U ! R [ f1g is Borel measurable;

(ii) For t 2 I , and for every z1; z2 2 Y, Lðt; z; �Þ is convex on U;

(iii) For almost all t 2 I , Lðt; �; �Þ is sequentially lower semi continuous on Y � U;

(iv) For c1 � 0; c2 > 0, h 2 LPðI ;RÞ,

Lðt; z; uÞ � hðtÞ þ c1jjzjjPC1� Z
þ c2jjujj

P
:

This part deals with the verification of existence of optimal pair for the system (1.1) by

sequencing technique as discussed in [46, 48]. Let the cost function(L) as:

Iðzu; uÞ ¼

Z T

0

Lðt; zðtÞ; uðtÞÞdt; u 2 Uad:

Define the admissible control function Uad as:

Uad ¼ fu 2 L
PðI ;HÞ; uðtÞ 2 }ðtÞ; a:e: t 2 Ig; P > 1;

where uðtÞ takes its values in S � U. A multivalued map } : I ! PC1� Z, is measurable as

}ð�Þ � S. It is clear that Uad is bounded, convex & closed with Uad ¼ 0. Define the solution set

T ðuÞ ¼ fzu 2 @g : zu u 2 Uadg:

Also, the set of all Aad ¼ fðz
u; uÞ; u 2 Uad; zu 2 T ðuÞg.

PLOS ONE Optimal and total controllability approach of non-instantaneous Hilfer fractional derivative

PLOS ONE | https://doi.org/10.1371/journal.pone.0297478 February 28, 2024 12 / 18

https://doi.org/10.1371/journal.pone.0297478


Theorem 4.1. The system (1.1) is optimal controllable together with the assumptions (H1)-
(H8) provided

Ið~zu
0

; u0Þ ¼

Z T

0

Lðt;~zu
0

ðtÞ; u0ðtÞÞdt � Iðzu; uÞ; 8 ðzu; uÞ 2 Aad:

Proof. Define IðuÞ ¼ inf
zu2T ðuÞ

Iðzu; uÞ. Initially we prove Iðzu; uÞ ¼ IðuÞ; zu 2 T ðuÞ. If IðuÞ ¼

þ1 or T ðuÞ has finite elements, the proof is trivial. Using (H8)(iv), IðuÞ > � 1. Let

IðuÞ <1. By infimum properties, a sequence fzung
1

n¼1
2 T ðuÞ satisfies Iðzun; uÞ ! IðuÞ as n

!1. Using reflexive property, fu0g 2 T ðuÞ provided u0 2 Uad.
For n� 1,

ðzunÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zunðoÞdo þ c � Kð0; zð0ÞÞ

i
þKðt; zunðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do; t 2 ð0; t1�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1� 1I kðo; z
u
nðt
�

k ÞÞdo � Kðek; z
u
nðekÞÞ

h i

þKðt; zunðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do; t 2 ðek; tkþ1�;

8
>>>>>>>><

>>>>>>>>:

where

ðzunÞðtÞ ¼ ðG1z
u
nÞðtÞ þ ðG2z

u
nÞðtÞ ¼ ðGz

u
nÞðtÞ:

To prove ðBzunÞðtÞ : fG2ðtÞ; zun 2 @gg is relatively compact in PC1−η for each t 2 I .

It is clear that Bð0Þ : fG2ð0Þ; zun 2 @gg is relatively compact. For any

u 2 U; t 2 I ; zun 2 @g,

ðG2z
u
nÞðtÞ ¼

Z t

0

Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do:

By (H3), and the property of admissible of control functions the setW� ¼ fKp1
ðt � oÞ

½BuðoÞ þ Fðo; zunðoÞÞ�; 0 � ek � tk � �g is relatively compact. Therefore,W� , the convex hull

ofW� is compact due to Lemma 2.3(ii). Using Lemma 2.5, we can conclude ðG�
2
zunÞðtÞ 2W�

for all t 2 I . Therefore B�ðtÞ : fðG�
2
zunÞðtÞ; zun 2 @gg is relatively compact in PC1−η. For

t 2 ð0; t1�,

jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj

�

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do �

Z t� �

0

½Fðo; zunðoÞÞ þ BuðoÞ�do
�
�
�

�
�
�

�

Z t

t� �

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do

�M 1Lf

Z t

t� �

jjzunðoÞjjdoþM 1M bjjujjLP :
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Similarly, for t 2 ðek; tkþ1�,

jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj

�

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do �

Z t� �

ek

½Fðo; zunðoÞÞ þ BuðoÞ�do
�
�
�

�
�
�

�

Z t

t� �

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do

�M 1Lf

Z t

t� �

jjzunðoÞjjdoþM 1M bjjujjLP ;

implies that lim �! 0jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj ¼ 0. Hence B�ðtÞ, is a family of relatively com-

pact sets. Moreover, G1z
u
n is bounded and equicontinuous in ℵγ. By (3.16) and (3.18) we have

‘ðzunÞ � ½Mlþ 2L∗p þMI ðM þ 1Þ þ 4L∗us
∗M 1M bM w þ 4M 1Lk�‘ðzunÞ;

leads to ‘ðfzung
1

n¼0
Þ ¼ 0 by using (3.3). Hence, fzung

1

n¼1
is relatively compact in PC1−η. Assume

~zu, a subsequence in PC1−η of fzung
1

n¼0
such that zun ! ~zu as lim n!1. Moreover, by Lebesgue

theorem and (H1), (H3), (H5)

ð~zuÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
~zuðoÞdo þ c � Kð0; zð0ÞÞ

i
þKðt;~zuðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo;~zuðoÞÞ�do; t 2 ð0; t1�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo;~z
uðt�k ÞÞdo � Kðek;~z

uðekÞÞ
h i

þKðt;~zuðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo;~zuðoÞÞ�do; t 2 ðek; tkþ1�:

8
>>>>>>>><

>>>>>>>>:

Then, ~zu 2 T ðuÞ is continuously embedded in L1ðI ;UÞ, by Balder’s theorem [49] and (H8),

IðuÞ ¼ lim
n!1

Z T

0

Lðt; zunðtÞ; uðtÞÞdt �
Z T

0

Lðt;~zuðtÞ; uðtÞÞdt ¼ Ið~zu; uÞ � IðuÞ;

which shows Ið~zu; uÞ ! IðuÞ. Therefore, IðuÞ reaches its least value at ~zu 2 T ðuÞ for every

u 2 Uad.
Also, consider u0 2 Uad such that IðuÞ ¼ inf

u2Uad
IðuÞ. By the infimum property, fung

1

n¼0
� Uad

provided lim
n!1

IðunÞ ¼ inf
u2Uad

IðuÞ. Since fung
1

n¼0
in LPðI ;UÞ is bounded for P> 1, u0 2 LPðI ;UÞ

and by relative compactness of zun there is a subsequence ~zu
0

2 PC1� Z as lim
n!1

zun ! ~zu
0

. Using

Balder’s theorem [49] and the property that PC1� Z ! LðI ;UÞ is continuous, we conclude

inf
u2Uad

IðuÞ ¼ lim
n!1

Z T

0

Lðt; zunn ðtÞ; unðtÞÞdt �
Z T

0

Lðt;~zu
0

ðtÞ; u0ðtÞÞdt ¼ Ið~zu
0

; u0Þ

¼ Iðu0Þ � inf
u2Uad

IðuÞ:

Therefore, IðuÞ ¼ inf
u2Uad

IðuÞ, leads that I attains its minimum at u0 2 Uad. Subsequently, we

have

Ið~zu
0

; u0Þ ¼ inf
u2Uad

IðuÞ ¼ inf
ðzu;uÞ2Aad

Iðzu; uÞ:

Hence, ð~zu
0

; u0Þ 2 Aad. This completes the proof.
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5 Application

Consider a nonlinear equation of the form given below to validate the outcome,

D
1
2
;2
3 zðB; tÞ � exp z

3Bt

4

� �� �� �

¼
@

2

@t2
zðB; tÞ � exp z

3Bt

4

� �� �� �

þ

Z 1

0

hðB; tÞuðB; tÞdt þ sin expðBtÞ þ z
2Bt

5

� �� �

; B 2 ð0; 3�n ð1; 2�;

zðB; 0Þ ¼ zðB; pÞ ¼ 0; B 2 ½1; 2�;

zðB; tÞ ¼
1

G 1

2

� �

Z t

tk

1

ðB � tÞ
1
2

z 1

2

�
� �

20expðtÞ þ 1

� �

dt; B; t 2 ½1; 2�;

I
5
6

0zð0; tÞ ¼

Z 3

0

zðo; tÞdt þ 5; t 2 ½0; p�;

ð4:1Þ

with BuðBÞðtÞ ¼
R 1

0
hðB; tÞuðB; tÞdt, & p1 ¼

1

2
; p2 ¼

2

3
; Z ¼ 5

6
. AssumeN ¼ L2½0; p� and A :

DðAÞ � N ! N by Az ¼ @2

@t2
ðzÞ;

DðAÞ ¼ fz 2 N ; zt; ztt 2 N ; zðB; 0Þ ¼ zðB; pÞ ¼ 0g:

It is clear that A is a strongly continuous semigroup and ðSðBÞzÞ inN ,

ðSðBÞzÞðtÞ ¼

R p

0
M ðB; t � oÞzðoÞdo; B > 0;

zðtÞ; B ¼ 0;

(

with

M ðB; tÞ ¼

ffiffiffi
2

p

r

exp �
t2

4B

� �� �

; B > 0; 0 < t < p;

with zðBÞðtÞ ¼ zðB; tÞ. This leads to the conclusion jjSðBÞjj �M . Let Uad ¼

fu 2 UjjjujjL2 ½½0;3�; U� � 1g: Hence

Iðz; uÞ ¼

Z tkþ1

tk

Z p

0

jzðB; tÞj
2dtdBþ

Z tkþ1

tk

Z p

0

juðB; tÞj
2dtdB

related to the system (4.1) which correlates the system (1.1) with

Iðz; uÞ ¼

Z tkþ1

tk

�
jjzðBÞjj

2
þ jjuðBÞjj

2

U

�
dB:

Therefore, (H1)–(H8) satisfied. This completes the proof.

6 Conclusion

We examine the total controllability of non-instantaneous Hilfer fractional neutral system

under integral boundary condition. By incorporating HFD with semigroup operator theory

and Laplace transform technique, the integral solution is derived. Controllability outcomes

were attained using Kuratowski’s measure with contraction theory. Furthermore, the sequenc-

ing technique has been used to discuss the existence of the optimal pair for the system. To con-

firm the derived consequences, an example is given. The concept can be extended to Hilfer

stochastic differential equations.
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Abstract: The main objective of this manuscript is to establish the sufficient conditions for the existence of solutions to the proposed

inclusion problem under certain boundary conditions by applying fixed point results. Two cases of multivalued maps are explored with

convex and non convex values. The results in the case of convex set-valued map are established using the Leray-Schauder theorem while

the results in the case of non convex set-valued map are established through Nadler and Covitz set-valued theorem. The manuscript is

concluded with apt examples to demonstrate the theoretical findings and inclusive innovation.

Keywords: Fixed point theorem, inclusive innovation, inclusion problem, boundary conditions.

1 Introduction

In a fractional integro-differential inclusion (FIDI), the unknown function is defined on a given interval, and the inclusion
involves a set-valued operator that contains both fractional derivatives and integrals. The inclusion represents a family of
differential equations that can have multiple solutions [1,2,3,4,5,6].

The combination of fractional calculus and integro-differential equations in an inclusion setting allows for the
consideration of non-local effects, memory effects, and long-range interactions, making it a powerful tool for modeling
complex phenomena in physics, engineering, and other fields [7,8,9,10,11,12,13,14].

FIDI finds its applications in various areas such as population dynamics, fractional diffusion processes, and so on.
Analyzing and solving these inclusions typically involve specialized mathematical techniques such as fixed-point theory,
semigroup theory and so forth [15,16,17,18,19]. The application of Atangana-Baleanu (AB) derivative in variational
problems of mathematical physics and signal processing are aplenty [20].

Over the years, extensive research studies aimed at exploring the existence of solutions for various mathematical
problems in fractional differential equations (FDEs) and FIDEs have been conducted [21,22,23,24,25,26]. Lachouri et al
[27], in their work have established the sufficient conditions for the existence of solutions for a class of inclusion problems
of fractional order involving the Atangana-Baleanu-Caputo (ABC) derivative under certain boundary conditions.
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Motivated by the aforementioned studies, this manuscript explores the existence results of the following FIDI problem
with ABC derivative involving BCs as given below:

ABC
0 DF

ϖ z(ϖ) ∈ H

(
ϖ ,z(ϖ),

∫ b

0
e(ϖ ,v,z(v))dv,

∫ ϖ

0
h(ϖ ,v,z(v))dv

)
,ϖ ∈ I = [0,b]

z(0) = z0,z(b) = z. (1.1)

where ABC
0 DF

ϖ is the ABC derivative of order ϖ ∈ I = [0,b]. Here D = (ϖ ,s) ∈ v× v : s ≤ ϖ and e,h : D×Y → Y are
continuous functions and z0,z1 ∈ R, H : I×R → O(R) is an SVM.

For our convenience, we assume that E1w(α) =
∫ b

0 e(ϖ ,v,z(v))dv and E2w(α) =
∫ ϖ

0 h(ϖ ,v,z(v))dv.

ABC
0 DF

ϖ z(ϖ) ∈ H (ϖ ,z(ϖ),E1w(α),E2w(α)) ,ϖ ∈ I = [0,b]

z(0) = z0,z(b) = z. (1.2)

This manuscript is organized as follows: in Section 3 we determine the existence results for a class of FIDIs under certain
BCs. In section 4 we validate the results with suitable examples and in section 5 we conclude the results.

2 Preliminaries

Let E= C [I,R] be a Banach space under the norm ||X ||= supϖ∈I|X (ϖ)|.

Definition 2.1[28] Let X ∈ H′(I) and 0 < F < 1. For order 0 < F< 1, the non-singular derivatives for the function X
is given by,

ABC
0 DF

ϖ z(ϖ) =
M (F)

1−F

∫ ϖ

0
x
′
(v)EF

(
− F(ϖ − v)F

1−F

)
dv,

and

ABR
0 DF

ϖ z(ϖ) =
M (F)

1−F

∫ ϖ

0
x(v)EF

(
− F(ϖ − v)F

1−F

)
dv,

respectively. Here the normalizing function M (F) > 0 satisfies M (0) = M (1) = 1 where EF is a Mittag-Liffler
function.

Definition 2.2 [28] The fractional integral of AB of order ϖ ∈ (0,1) and function r : (d,F)→ R is,

ABC
0 IFϖ z(ϖ) =

1−F

M (F)
z(ϖ)+

F

M (F)Γ (F)

∫ ϖ

0
x(v)(ϖ − v)−1dv,F ∈ (0,1).

Definition 2.3 [29] Let F ∈ (n− 1,n] and let x be x(n) ∈ H1(I),

ABC
0 DF

ϖ z(ϖ) = ABC
0 Dτ

ϖ z(n)(ϖ).

Lemma 1 [30] Let h ∈ E, the soln of problem,

ABC
0 DF

ϖ z(ϖ) ∈ H [h(ϖ),E1w(α),E2w(α)] ,ϖ ∈ I

with boundary conditions

w(0) = w0,x(b) = x,

c© 2024 NSP
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is obtained as,

z(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
h(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)h(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
h(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1h(v) [E1w(α),E2w(α)]dv. (2.1)

Suppose (B, ||.||) is a normed space and let,

Ocl(B) = M ∈O(B) : M is closed,

Ocp(B) = M ∈O(B) : M is compact,

and

Ocp,c(B) = M ∈O(B) : M is compact and convex.

We refer [31,32,33] and H at point o ∈ E is QH,o = {ℑ ∈ L1(I,R) : ℑ(ϖ) ∈ H(ϖ ,o) (a.e)ϖ ∈ I}.

Definition 2.4 [27] Let H : I × R → O(R) is MVM. H can be called a Caratheodory, if the map ϖ → H(ϖ ,x) is
measurable for all x ∈ R,&x → H(ϖ ,x) is ϖ ∈ I a.e. Similarly, a SVM H is L1− Caratheodory, if for every w > 0,
Φ ∈ L1(I,R+) so,

||H(ϖ ,x)||= sup{|δ | ∈ H(ϖ ,x)} ≤ Φ(ϖ),

∀||x|| ≤ w and ϖ ∈ I a.e.

3 Existence results

Definition 3.1 The function x ∈ E is a solution of (1), if ℑ ∈ L1(I,R) with ℑ(ϖ) ∈ H(ϖ ,x), for every ϖ ∈ I satisfies the
BCs as, z(0) = z0,z(b) = z.
The solution is obtained as,

z(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv.

For multi-valued maps, we apply Leray-Schauder-type theorem [34] to obtain the existence results related to the convex
valued H map.

Theorem 3.2 Let

η =
1

M (F− 1)

(
2b+

2bF

Γ (F+ 1)

)
, (3.1)

and

(H1)H : I ×R → Ocp,c(R) is a L1− Caratheodory MVM.
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(H2)∃ ψ1 ∈C(I, [0,∞)) and a non-decreasing ψ2 ∈C([0,∞), [0,∞)) so that

||H(ϖ ,x)||O = sup|⊙ | : ⊙ ∈ H(ϖ ,x)≤ ψ1(ϖ)ψ2(||x||),∀(ϖ ,x) ∈ I×R.

(H3)Let a constant N > 0,
N

|x1|+ |x0|+η ||ψ1||ψ2(N )
> 1.

(H4)There exist e,h ∈ C (J ,R+),

||
∫ b

0 e(ϖ ,v,z(v))dv|| ≤ e(ϖ)||z||, for each ϖ ∈ J ,z ∈ E and

||
∫ ϖ

0 h(ϖ ,v,z(v))dv|| ≤ h(ϖ)||z||, for each ϖ ∈ J ,z ∈ E.

Then (1) has a solution on I.
Proof: Firstly, let the problem (1) be converted to a fixed point problem and for this purpose let us define Z : E→O(E)
as

z(x) = ζ ∈ E : ζ (ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv,

for ψ ∈ QH,x.
∴ Z is a fixed point solution of (1).

Case 1: Z (x) is convex for any ζ ∈ E.
Let ζ1,ζ2 ∈ Z (x). Then there exist ψ1,ψ2 ∈ QH,x, so that for every ϖ ∈ I,

ζ j(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ j(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ j(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ j(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ j(v) [E1w(α),E2w(α)]dv,

and letting δ ∈ [0,1], we have for all ϖ ∈ I

[δζ1 +(1− δ )ζ2](ϖ)

=
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
δℑ1(v)+ (1− δ )ℑ2(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)δℑ1(v)+ (1− δ )ℑ2(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
δℑ1(v)+ (1− δ )ℑ2(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1δℑ1(v)+ (1− δ )ℑ2(v) [E1w(α),E2w(α)]dv.

Hence, H and QH,x has a convex values, and [δℑ1(v)+ (1− δ )ℑ2(v)] ∈ QH,x.
Thus δζ1 +(1− δ )ζ2 ∈ Z (x).
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Case 2: Z be bounded on bounded sets of E. Let for ς ∈ R+,

Bς = {x ∈ E : ||x|| ≤ ς},

be a bounded set in E,

ζ ∈ Z (x),x ∈ Bς ,andψ ∈ QH,x

then,

ζ (ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv.

From (H2) and for every ϖ ∈ I, we have

|ζ (ϖ)| = ϖ |x1|+ |x0|(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
|ℑ(v) [E1w(α),E2w(α)] |dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)|ℑ(v) [E1w(α),E2w(α)] |dv

+
2−F

M (F− 1)

∫ ϖ

0
|ℑ(v) [E1w(α),E2w(α)] |dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1|ℑ(v) [E1w(α),E2w(α)] |dv.

≤ |x1|+ |x2|+
||ψ1||ψ2(ς)

M (F− 1)

(
2b+

2bF

Γ (F+ 1)

)
.

Thus,

||ζ || ≤ |x1|+ |X0|+η ||ψ1||ψ2(ς).

Case 3: To prove that Z (Bζ ) is equi-continuous.

Let x ∈ Bζ and ζ ∈ Z (x) and a function ψ ∈ QH,x, then

ζ (ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv.
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Let ϖ1,ϖ2 ∈ I < ϖ2. Then

|ζ (ϖ2)− ζ (ϖ1)|

≤ (ϖ2 −ϖ1)(|x1|+ |x0|)
b

− (ϖ2 −ϖ1)(2−F)

bM (F− 1)

∫ b

0
|ℑ(v) [E1w(α),E2w(α)] |dv

+
(ϖ2 −ϖ1)(F− 1)

bM (F− 1)Γ (F)

∫ b

0
(b− v)(F−1)|ℑ(v) [E1w(α),E2w(α)] |dv

+
2−F

M (F− 1)

∫ ϖ2

ϖ1

|ℑ(v) [E1w(α),E2w(α)] |dv

+
(F− 1)

M (F− 1)Γ (F)

∫ ϖ1

0

(
(ϖ2 − v)F−1 − (ϖ1 − v)F−1

)
|ℑ(v) [E1w(α),E2w(α)] |dv

+
(F− 1)

M (F− 1)Γ (F)

∫ ϖ2

ϖ1

(ϖ2 − v)F−1|ℑ(v) [E1w(α),E2w(α)] |dv.

Similarly by using (H2)− (H4), we get

|ζ (ϖ2)− ζ (ϖ1)|

≤ (ϖ2 −ϖ1)(|x1|+ |x0|)
b

+
(ϖ2 −ϖ1)||ψ1||ψ2(ς)||z||

M (F− 1)
+

bF(ϖ2 −ϖ1)||ψ1||ψ2(ς)||z||
bM (F− 1)Γ (F+ 1)

+
(ϖ2 −ϖ1)||ψ1||ψ2(ς)||z||

M (F− 1)
+

(ϖF
2 −ϖF

1 )||ψ1||ψ2(ς)||z||
M (F− 1)Γ (F+ 1)

.

As ϖ1 → ϖ2, we obtain

|ζ (ϖ2)− ζ (ϖ1)| → 0.

By Arzela-Ascoli theorem, Z is completely continuous and Z(Bζ ) is equi-continuous. From [[31], Proposition 1.2], Z has
a closed graph, then consequently Z is SVM.

Case 4: The graph of Z is closed.
Let xn → x∗,ζn ∈ Z(xn) and ζn converges to ζ∗.
To prove ζ∗ ∈ Z(x∗).
Because hn ∈ Z(xn), and ψn ∈ QH,xn ,

ζn(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑn(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑn(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑn(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑn(v) [E1w(α),E2w(α)]dv.

Thus, we need to show that ψ∗ ∈ QH,x∗ ,ϖ ∈ I,

ζ∗(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ∗(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ∗(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ∗(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ∗(v) [E1w(α),E2w(α)]dv.

c© 2024 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 149-160 (2024) / www.naturalspublishing.com/Journals.asp 155

Define the continuous linear operator P : L1(I,(−∞,∞))→C(I(−∞,∞)) by,

ψ → P(ψ)(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv.

Observe that,

||ζn − ζ∗||= ||− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑn(v)+ℑ∗(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑn(v)−ℑ∗(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑn(v)−ℑ∗(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑn(v)−ℑ2(∗) [E1w(α),E2w(α)]dv → 0||,

From Lazota-Opial result [35],when n → ∞ and P ◦QH,x ia a closed graph operator,
we get

ζn ∈ P (QH,xn) .

Because xn → x∗,

ζ∗(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ∗(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ∗(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ∗(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ∗(v) [E1w(α),E2w(α)]dv,

for some ℑ∗ ∈ QH,x∗ .

Case 5: Let V ⊆ E be an open set with x /∈ ∨Z(x) for every ∨ ∈ (0,1) and ∀x ∈ ιV .
Let ∨ ∈ (0,1) and x ∈ ∨Z(x). Then for ℑ ∈ QH,x,

|z(ϖ)|=
∣∣∨ϖx1 +∨x0(b−ϖ)

b
− ∨ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ∨ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
∨(2−F)

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
∨(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv

∣∣

≤ |x1|+ |x0|+η ||ψ1||ψ2(ς)||z||.

Thus, we have
|x(ϖ)| ≤ |x1|+ |x0|+η ||ψ1||ψ2(x)||z||,ϖ ∈ I
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and we obtain
||x||

|x1|+ |x0|+η ||ψ1||ψ2(x)||z||
≤ 1.

By [H3], we have N> 0 is a constant, ||x|| 6=N. Let the set V be defined as,

V = {x ∈ E : ||x||<N}.

By Case 1− 4, ZV →O((E)) is completely continuous.
∴ There is at least one solution to problem (1).

Next using a theorem of Covitz-Nadler [21], we derive an existence result for the inclusion problem (1), when H is a
nonconvex-valued mapping.
Define Hd : O(ε)×O(ε)→ [0,∞)∪∞ by,

Hd(G̃, J̃) = max

{
sup
g̃∈G̃

d(G̃, J̃),sup
j̃∈J̃

d(g̃, j̃)

}
,

where d(G̃, J̃) = in f
g̃,G̃

d(G̃, J̃) and d(g̃, J̃) = in f
j̃,J̃d(G̃, J̃). Then

(
(O)c,cl(ε),Hd

)
is a metric space.

Definition 3.3 Z : ε →Ocl(ε) is τ− Lipschitz iff there exists τ > 0, so that

Hd(Z(β ),Z(U2))≤ τd(β ,U2)for anyβ ,U2 ∈ ε.

In particular if, τ < 1, we have that Z is a contraction.

Theorem 3.4 Let,

(H5)H : I ×R → Ocp(R) is a H(x) : I → Ocp(R) is measurablefor any x ∈ R.
(H6)Hd(H(ϖ ,x),H(ϖ , x̄))≤ ρ(ϖ)|x− x̄|∀ϖ ∈ I and x, x̄ ∈ R with ρ ∈C(I, [0,∞)) and d(0.H(ϖ ,0))≤ ρ(ϖ)∀ϖ ∈ I.

The FIDI of (1) has one solution on I, for when
η ||ρ ||< 1,

η is given in equation (3.1).

Proof: From [H4] and [36], Theorem III H is measurable ℑ : I → R,ℑ ∈ L1((I),R). QH,x 6= ⊘. Let {ωn}n ≥ 0 ∈ Z(x) be
a ωn → ω(n → ∞) inE.ω ∈ E&ℑnω ∈ QH,xn ,

ωn(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

b(F− 1)

∫ b

0
ℑn(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑn(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑn(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑn(v) [E1w(α),E2w(α)]dv,∀ϖ ∈ I.

Thus ℑ ∈ QH,x and

ωn(ϖ)→ ω(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ(v) [E1w(α),E2w(α)]dv,∀ϖ ∈ I.

c© 2024 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 149-160 (2024) / www.naturalspublishing.com/Journals.asp 157

Hence ω ∈ Z(x).
Now to show that, 0 < ϖ < 1,(ϖ = η ||ρ ||),

Hd(Z(x),Z(x̄)≤ ϖ ||x− x̄||for eachx, x̄ ∈ I .

Here x, x̄ and ζ1 ∈ Z(x), and ℑ1(ϖ) ∈ H(ϖ ,x(ϖ)), ϖ ∈ I

ζ1(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ1(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ1(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ1(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ1(v) [E1w(α),E2w(α)]dv,∀ϖ ∈ I.

Using [H6]
Hd(H(ϖ ,x),H(ϖ , x̄))≤ ρ(ϖ)|x(ϖ)− x̄(ϖ)|.

Thus, ξ (ϖ) ∈ H(ϖ , x̄),
|ℑ1(ϖ)− ξ | ≤ ρ(ϖ)|x(ϖ)− x̄(ϖ)|,ϖ ∈ I.

Let the operator F : I →O(R) be defined as

F (ϖ) = ξ ∈ R : |ℑ1(ϖ)− ξ | ≤ ρ(ϖ)|x(ϖ)− x̄(ϖ)|.

We find that ℑ1 and Λ = ρ |x− x̄| are measurable, so MVM F (ϖ)∩H(ϖ , x̄) is measurable. Choosing ℑ2(ϖ) ∈ H(ϖ , x̄),
we have

|ℑ1(ϖ)−ℑ2(ϖ)| ≤ ρ(ϖ)|x(ϖ)− x̄(ϖ)|,∀ϖ ∈ I.

Using

ζ2(ϖ) =
ϖx1 + x0(b−ϖ)

b
− ϖ(2−F)

bM (F− 1)

∫ b

0
ℑ2(v) [E1w(α),E2w(α)]dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)ℑ2(v) [E1w(α),E2w(α)]dv

+
2−F

M (F− 1)

∫ ϖ

0
ℑ2(v) [E1w(α),E2w(α)]dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1ℑ2(v) [E1w(α),E2w(α)]dv,∀ϖ ∈ I.

Also,

|ζ1(ϖ)− ζ2(ϖ)|= ϖ(2−F)

bM (F− 1)

∫ b

0
|ℑ1(v)−ℑ2(v) [E1w(α),E2w(α)] |dv

− ϖ(F− 1)

bM (F− 1)(Γ (F))

∫ b

0
(b− v)(F−1)|ℑ1(v)ℑ2(v) [E1w(α),E2w(α)] |dv

+
2−F

M (F− 1)

∫ ϖ

0
|ℑ1(v)ℑ2(v) [E1w(α),E2w(α)] |dv

+
(F− 1)

M (F− 1)(Γ (F))

∫ ϖ

0
(ϖ − v)F−1|ℑ1(v)ℑ2(v) [E1w(α),E2w(α)] |dv

≤ ||α||||x− x̄||
(

2b

M (F− 1)
+

2bB

M (F− 1)Γ (F+ 1)

)
.

Hence
||ζ1 − ζ2|| ≤ η ||ρ || ||x− x̄||.
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Now, swapping x and x̄, one has
Hd(Z(x),Z(x̄))≤ η ||ρ || ||x− x̄||,

As I is a contraction, we can conclude that it has FP and hence according to Covitz-Nadler theorem problem (1) has a
solution.

4 Examples

To demonstrate the validation of the results obtained in the previous section, we consider the following two examples.
Example 1: Suppose we have the following FIDI

ABC
0 D

3
2

ϖ z(ϖ) ∈ H

(
ϖ ,z(ϖ),

∫ b

0
e(ϖ ,s,z(s))ds,

∫ ϖ

0
h(ϖ ,s,z(s))ds

)
,ϖ ∈ I = (0,1)

z(0) = z0,z(1) = 1,M (F− 1) = 1 (4.1)

Here, F= 3
2
,b = 1&H : [0,1]×R → O(R) is a MVM,

x → H(ϖ ,x) =

[
1

10(ϖ3 + 3exp(ϖ))

x4

(x4 + 1)
,

1√
ϖ + 16

|x|
|x|+ 1

]
.

Obviously H fulfills [H1], and

||H(ϖ ,x)||O = sup{|⊙ | :∈ H(ϖ ,x)}

≤ 1√
ϖ + 16

= ψ1(ϖ)ψ2(||x||)||z||,

which implies ||ψ1||= 1
4

and ψ2(||x||) = 1.
By [H3] and in view of theorem 3.2, we get N> 1.8761. Thus ∃ a soln for (1) on [0,1].

Example 2: Suppose we have the following FIDI

ABC
0 D

5
4

ϖ z(ϖ) ∈ H

(
ϖ ,z(ϖ),

∫ b

0
e(ϖ ,s,z(s))ds,

∫ ϖ

0
h(ϖ ,s,z(s))ds

)
,ϖ ∈ I = (0,1)

z(0) = z0,z(1) = 1,M (F− 1) = 1 (4.2)

Here, F= 5
4
,b = 1 and H : [0,1]×R → O(R) is a MVM,

x → H(ϖ ,x) =

[
0,

2sin(x2)

(ϖ2 + 10)
+

1

14

]
.

Hd(H(ϖ ,x),H(ϖ , x̄))≤ ρ(ϖ)|x− x̄|, where ρ(ϖ) = 2
ϖ2+10

as well d(0,H(ϖ ,0)) = 1
14

≤ ρ(ϖ),ϖ ∈ [0,1].

∴ ||ρ ||= 1
5

and η ||ρ || ≈ 0.75 < 1.
By [H5] and in view of theorem 3.4, ∃ at least a solution for the problem (1) on [0,1] .

5 Conclusion

In this study we have analysed a class of FIDIs using the ABC derivative. Two cases of MVM with convex and non
convex values were discussed wherein Leray-Schauder theorem was applied to study the former case and Covitz-Nadler
theorem was applied to study the latter. The results obtained were then validated with the help of suitable examples.
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Abstract: This paper explored the existence and uniqueness of a neutral fractional impulsive dynamic
equation over time scales that included nonlocal initial conditions and employed the Caputo-nabla
derivative (C∇D). The establishment of existence and uniqueness relies on the fine fixed point theorem.
Furthermore, a comparison was conducted between the fractional order C∇D and the Riemann-
Liouville nabla derivative (RL∇D) over time scales. Theoretical findings were substantiated through
a numerical methodology, and an illustrative graph using MATLAB was presented for the provided
example.

Keywords: neutral differential equations; C∇D; RL∇D; time scales
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1. Introduction

Similar to how fractional exponents evolve from integer exponents, classical calculus concepts like
integral and derivative operators serve as the foundation for fractional calculus [1,2]. Many people are
aware that depending on the geometrical and physical factors, integer-order derivatives and integrals
have different meanings. This assumption, however, is disproved when dealing with fractional-order
integration and differentiation, which covers a constantly expanding domain in both theory and
practical applications to real-life challenges [3]. The study of fluid flow, rheology, diffusive transport,
electrical networks, electromagnetic theory, probability, and research on viscoelastic materials are just
a few of the scientific and engineering domains where it has lately been employed [4–6]. Fractional
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differential equations (FDEs) have drawn attention from several researches as a result of its frequent
occurrence in disciplines such as physics, chemistry, and engineering. The commonly used Laplace
transform approach, the iterative method, the Fourier transform technique, and the operational method
are just a few of the strategies developed to deal with FDEs [7–9]. The majority of these techniques,
however, are only relevant to a few types of FDEs, particularly those that are linear and have constant
coefficients. The existence of solutions for fractional semilinear differential or integrodifferential
equations is one of the theoretical fields being investigated by many authors. There has been a
significant development in nonlocal problems for FDEs or inclusions [10, 11]. Reimann-Liouvile
fractional derivative-based linear FDEs with variable coefficients have been solved using the
decomposition approach. FDEs have recently received a lot of attention from academics. This is
because FDEs are frequently used in engineering and science, including in the study of diffusion in
porous media, nonlinear earth oscillation, fractional biological neurons, traffic flow, polymer
rheology, modeling of neural networks, and viscoelastic panels in supersonic gas flow [12–16].

In the real world, there may be situations that cannot be fully captured by either wholly continuous
or entirely discrete phenomena. In these cases, we require a shared domain to adequately support
both conditions. In order to unify continuous and discrete calculus, Stefan Hilger created a usual state
known as time scale T [17–19]. This domain is based on the unification of these requirements [20–23].
To solve this type of model, which combines differential and difference equations, dynamic equations
on a time scale were developed [24, 25]. Many scholars worked on dynamic equations that involve
local beginning and boundary conditions and might be either linear or nonlinear. Because fractional
calculus is accurate and has an advantage in the physical interpretation, several authors have studied
the dynamic equation using this method [26–28].

We have seen a number of equations in the real world where the systems are permitted to experience
a brief disturbance, the length of which may be insignificant compared to the overall process duration.
In this situation, jump discontinuities may appear in the solution of these equations at time ς1 < ς2 <

ς3 < · · · , given in the form
p(ς+k ) − p(ς−k ) = Ik(ςk, p(ς−k )).

Impulsive dynamic equations are dynamic equations with jump discontinuities as solutions [29–31].
Dynamic impulsive equations on time scales have caught the attention of many academics recently.
However, there are very few publications that investigate impulsive dynamic equations using fractional
calculus on time scales with nonlocal initial conditions [32, 33].

Neutral differential equations [34, 35] appear when max{n1, n2, · · · , nk} = n. The past and present
values of the function are determined by Neutral differential equations, which differs from retarded
differential equations in that they depend on derivatives with delays. Elastic networks are simulated by
neutral type differential equations in high speed computers for the express purpose of joining switching
circuits [36]. Due to their extensive use in practical mathematics, neutral differential equations have
recently attracted a lot of attention [37, 38]. Many scientists have sought to create neutral differential
systems, taking note of varied fixed point strategies, mild solutions, and nonlocal situations. Also,
in recent years, neural networks have been extensively studied and have been applied in many fields,
such as combinatorial optimization, multiagent systems, fault diagnosis, and industrial automation.
However, the practical applications of neural networks have been limited due to some inherent dynamic
properties, such as the information latching phenomenon [39–41].

While the authors of [24, 25] used the tools of the delta (Hilger) derivative to investigate the

AIMS Mathematics Volume 9, Issue 3, 8292–8310.
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fractional dynamic equation with local initial condition and instantaneous and non-instantaneous
impulses, authors of [42] investigated the nonlocal initial condition’s impulsive dynamic equation.
In [43], the authors have discussed the impulsive fractional dynamic equation on time scales with a
nonlocal initial condition. The exploration and elucidation of results pertaining to a generalized
neutral fractional impulsive dynamic equation over time scales, specifically incorporating nonlocal
initial conditions, is the main contribution of the this study.

As a result of the work described above, we assert that it’s important to investigate the impulsive
neutral fractional dynamic equation with nonlocal initial condition of the type:

CDw[u(ς) − g(ς, u)] = L(ς, u(ς), CDwu(ς)), ς ∈ I , ς , ςk

u(ς+k ) − u(ς−k ) = Ik(ςk, u(ς−k )), k = 1, 2, · · · ,m
u(0) = φ(u),

(1.1)

where k ∈ N ∪ {0} and
I = [0,T ] ∩ T

for T ∈ T. Let the left dense(ld) continuous function be

L : I ×R ×R → R

and CDw is Caputo nabla derivative (C∇D). We assume that

0 < ςo < ς1 < ς2 < ς3 < · · · < ςn < ςn+1 = T ,

which indicates the impulse at specific time, and the terms

u(ς+k ) = limd→0+u(ςk + d)

and
u(ς−k ) = limd→0+u(ςk − d)

represent the function’s right and left limits u at ς = ςk in relation to time scales. Ik are continuous
real valued functions on R ∀ k = 1, 2, · · · ,m, and Ik(ςk, u(ς−k )) are the action of impulses on the time
scale interval I .

2. Preliminaries

Definition 2.1. [44] A function ρ: T→ R defined by

ρ(ς) = in f {θ ∈ T : θ < ς}

is said to be a backward jump operator. Any ς ∈ T is said to be ld if ρ(ς) = ς and if ρ(ς) = ς − 1, then
ς is said to be a left scattered point on T.

Remark 2.2. If T is a minimum right scattered point y, then set Tυ = T\{y}, otherwise Tυ = T.

Definition 2.3. [42] A function
x : T ×R ×R → R

is said to be an ld continuous function, if x(·, p, q) is ld continuous on T for each ordered pair (ς, θ) ∈
R ×R and x(ς, ·, ·) is continuous on R ×R for fixed point ς ∈ T.

AIMS Mathematics Volume 9, Issue 3, 8292–8310.



8295

Proposition 2.4. [17] Assume g is an increasing continuous function on [0,T ]∩T. IfG is an addition
to g in [0,T ], T ∈ R, one can obtain

G(ς) =
{

g(ς), if ς ∈ T,
g(θ), if ς ∈ (ς, ρ(ς)) < R,

then, ∫ t

s
g(ς)∇ς ≤

∫ t

s
g(ς)dς, (2.1)

for s, t ∈ [0,T ] ∩ T, such that s < t.

Definition 2.5. ([44], Higher order nabla derivative) Consider an ld continuous function H: Tυ → R
over T. Here, H∇ is differentiable over T(2)

υ = Tυυ along

H
(2)
∇
= (H)∇ : T(2)

υ → R,

where H∇∇ = H
(2)
∇

is the second order nabla derivative. Also, proceeding upto nth order, one can get

H
(n)
∇

: T(n)
υ → R.

Definition 2.6. [44] Consider ld continuous function H: T(n)
υ → R, such that H(n)

∇
(ς) (nth order of

nabla derivative) appears, then the C∇D is

CDwaH(ς) =
1

Γ(n − w)

∫ ς

a
(ς − ρ(θ))n−w−1

H
n
∇(θ)∇θ.

If w ∈ (0, 1), we obtain

CDwaH(ς) =
1

Γ(1 − w)

∫ ς

a
(ς − ρ(θ))−wH∇∇θ.

Definition 2.7. [44] On the set Tυ, consider H to be any ld continuous function, then the Riemann-
Liouville nabla derivative (RL∇D) is

Dwςo
x(t) =

1
Γ(1 − w)

( ∫ ς

ςo

(ς − ρ(θ))−wx(θ)∇θ
)∇
.

Definition 2.8. [17] Assume H: IJ → R, then the RL∇D fractional integral of H is

D−wςo
H(ς) = Iwςo

H(ς) =
1
Γ(w)

∫ ς

ςo

(ς − ρ(θ))w−1
H(θ)∇θ.

The RL∇D integral always satisfies the condition

Iwςo
Iuςo
H(ς) = Iw+u

ςo
H(ς).

Lemma 2.9. [17] Assume the ld continuous function is u(ς), then{
DuIwıp(ς) = u(ς),
DuIwıp(ς) = Iw−uu(ς).

AIMS Mathematics Volume 9, Issue 3, 8292–8310.
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Theorem 2.10. [25] Assume D ⊂ C(T,R). Let D be bounded and equicontinuous simultaneously,
then it is relatively compact.

Theorem 2.11. [42] A function H(B) is relatively compact in A for H: A → B, which is completely
continuous.

Theorem 2.12. ([24], Nonlinear alternatives Leray-Schauder’s type) Let C ⊂ X be closed and convex
and X be as Banach space. Let G: U → C be a compact map andU be a relatively open subset of C
with 0 ∈ U, then

(i) G has a fixed point inU; or

(ii) there is a point u ∈ δU and γ ∈ (0, 1) with u = γG(u).

Theorem 2.13. [42] For w ∈ (0, 1), u is a solution for L: IJ ×R ×R → R, then

CDwu(ς) = L(ς, u(ς), CDwu(ς)), u(ς)|ς=0 = φ(u),

if u is the solution of equation

u(ς) = φ(u) +
1
Γ(w)

∫ ς

ςo

(ς − ρ(x))w−1
L(x, u(x), CDwu(x))∇x. (2.2)

Definition 2.14. [45] Let X be a Banach space and

A = {L(t) ∈ L (X ) : t ≥ 0},

where L (X ), a family of linear, bounded operators L (X ): X → X for all t ≥ 0. A is called a
semigroup if, and only if,

L(0) = I and L(s + t) = L(s)L(t), ∀t, s ≥ 0.

3. Analysis between RL∇D and C∇D

Proposition 3.1. Let m − 1 < w < m,m ∈ N for any w ∈ R, such that CDwςo
G(ς) exists over time scale

T, then

CDwςo
G(ς) = Im−wςo

G(m)
∇

(ς).

Proof. The proof is evident from Theorems 2.12 and 2.13. □

Theorem 3.2. For m = [w + 1] and for any ς ∈ Tvn , the C∇D and RL∇D satisfies:

CDwαG(ς) = Dwα (G(ς) −
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α)),

for a fixed point α ∈ T. Taylor’s theorem defined in [27] proves this theorem.

AIMS Mathematics Volume 9, Issue 3, 8292–8310.
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Proof. Assume ld continuous function G , then ∀ fixed α ∈ T and m ∈ N ∪ {0},m < n. One can obtain

G(ς) =
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α) +
1
Γ(m)

∫ ς

α

(ς − ρ(θ))∇θ

=

m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α) + ImαG
(m)
∇

(ς). (3.1)

Taking the Riemann-Liouville derivative Dwα in each side of Eq (3.1), Lemma 2.9 and Proposition 3.1
are used below:

DwαG(ς) = Dwα
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α) + Dwα I
m
αG

(m)
∇

(ς)

= Dwα
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α) + Im−wα G(m)
∇

(ς)

= Dwα
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α) + CDwαG(ς). (3.2)

From the above equation, we obtain

CDwαG(ς) = DwαG(ς) − Dwα
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α)

= Dwα (G(ς) −
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α)). (3.3)

□

Proposition 3.3. If w ∈ (0, 1), then m = 1. Hence, from the Eq (3.3),

CDwα (ς) = Dwα (G(ς) − G(α)).

Case 1. If G(α)→ 0, as α→ 0, then

CDwα (ς) = DwαG(ς). (3.4)

Hence, C∇D and the Riemann-Liouville derivative coincide with each other.

Case 2. If w ∈ N, by applying Eq (3.1) in Eq (3.2) and applying Lemma 2.9, one can get

CDwαG(ς) = Dwα (G(ς) −
m−1∑
v=0

(ς − α)v

Γ(v + 1)
G(v)
∇

(α))

= Dwα I
m
αG

(m)
∇

(ς)
= G(m)(ς).

∴ C∇D coincides with the nabla derivative.
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4. Existence and uniqueness of impulsive neutral fractional dynamic equation

A population dynamics model featuring a stop-start phenomenon can be used to compare the
dynamic Eq (1.1) to that model. If we take into account a negative impact on that particular species,
we can observe the population change, that the C∇D CDwu(ς) presents (at the initial stage of time),
with respect to ς on

I = [0,T ] ∩ T.

We investigate a scenario in specific times ς1, ς2, ς3, · · · such that

0 < ς1 < ς2 < ς3, · · · , ςm < ςm+1 = T , limk = ∞.

Impulse effects have an impact on people “ momentarily,” so there is a surge in the population u(ς),
and u(ς+k ) and u(ς−k ) show the species population at the time ςk before and after the impulsive effect.

Assume a collection of every ld continuous function C(I ,R). Put Io = [0, ς1] and Ik = [ςk, ςk+1]
for each k = 1, 2, · · · ,m. Let

PC(I ,R) = {u : Ik → R, u ∈ C(I ,R) and u(ς+k ) and u(ς−k ) exist with u(ς−k ) = u(ςk), k = 1, 2, · · · ,m}

and
PC

1(I ,R) = {u : Ik → R, u ∈ C1(I ,R), k = 1, 2, · · · ,m},

where PC1(I ,R) is collection of every function from Ik to R, i.e., ld continuously ∇ differentiable
function.

The set PC(I ,R) is a Banach space

||u||PC = supς∈I |u(ς)|.

Definition 4.1. A function u ∈ PC1(I ,R) is a solution of the Eq (1.1), if u satisfies the Eq (1.1) on I
having

u(ς+k ) − u(ς−k ) = Ik(ςk, u(ς−k )) and u(0) = φ(T ).

Lemma 4.2. Assume an ld continuous function H : I → R, such that solution (1.1) is
CDw[u(ς) − g(ς, u)] =H (ς), ς ∈ I , ς , ςk

u(ς+k ) − u(ς−k ) = Ik(ςk, u(ς−k )), k = 1, 2, 3, · · · ,m
u(0) = φ(u),

(4.1)

where the integral equation specifies

u(ς)


φ(u) + g(ς) + g(0)

Γ(w)

∫ ς
0

(ς − ρ(θ))w−1H (θ)∇θ, ς ∈ Io,

φ(u) + g(ς) + g(0)
Γ(w)

∑k
i=1

∫ ςi

ςi−1
(ςi − ρ(θ))w−1H (θ)∇θ

+
g(0)
Γ(w)

∫ ς
ςk

(ς − ρ(θ))w−1H (θ)∇θ +
∑k

i=1 Ii(ςi, u(ς−
i
)), ς ∈ Ik.

(4.2)

Proof. If ς ∈ Io, then the solution of the Eq (4.1) is given by

u(ς) = φ(p) + g(ς) +
g(0)
Γ(w)

∫ ς

0
(ς − ρ(θ))w−1H (θ)∇θ. (4.3)
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For ς ∈ I1, the problem {
CDw[u(ς) − g(ς, u)] =H (ς),
u(ς+1 ) − u(ς−1 ) = I1(ς1, u(ς−1 )),

holds the solution

u(ς) = u(ς+1 ) + g(ς) +
g(0)
Γ(w)

∫ ς

ς1

(ς − ρ(θ))w−1H (θ)∇θ. (4.4)

Again,

u(ς+1 ) − u(ς−1 ) = I1(ς1, u(ς−1 )). (4.5)

Applying Eq (4.5) in Eq (4.4), then

u(ς) = u(ς−1 ) + I1(ς1, u(ς−1 )) + g(ς) +
g(0)
Γ(w)

∫ ς

ς1

(ς − ρ(θ))w−1H (θ)∇θ,

which follows that

u(ς) =φ(p) + I1(ς1, u(ς−1 )) + g(ς) +
g(0)
Γ(w)

∫ ς

ς1

(ς − ρ(θ))w−1H (θ)∇θ

+
g(0)
Γ(w)

∫ ς

0
(ς − ρ(θ))w−1H (θ)∇θ, ς ∈ I1.

Using the idea of mathematical induction and generalizing in this way for ς ∈ Ik, k = 1, 2, · · · ,m, one
can say,

u(ς) =φ(u) + g(ς) +
g(0)
Γ(w)

∫ ς

0
(ς − ρ(θ))w−1H (θ)∇θ

+
g(0)
Γ(w)

k∑
i=1

∫ ςi

ςi−1

(ςi − ρ(θ))w−1H (θ)∇θ +
k∑

i=1

Ii(ςi, u(ςi)), k = 1, 2, 3, · · · ,m.

□

The following hypotheses are necessary in order to prove the existence and uniqueness of the
solution to Eq (1.1):

(A1) L: I × R × R → R is ld continuous and there should be a constant K > 0 and 0 < G < 1,
which contents

|L(ς, θ1, θ2) − L(ς, ζ1, ζ2)| ≤ K|θ1 − ζ1| + G |θ2 − ζ2|, ∀ς ∈ I,

θi, ζi ∈ R for i = 1, 2.

(A2) There exist constantsA > 0,F > 0, and 0 < E < 1, such that

|L(ς, θ, ζ)| ≤ A + F |θ| + E|ζ |, ∀θ, ζ ∈ R.
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(A3) Ik(ς, u) is continuous ∀ k = 1, 2, · · ·m and contents:
(i) There exists a “+” ve constant Mk for k = 1, 2, · · · ,m such that

|Ik(ς, u)| ≤Mk, ∀ς ∈ Ik, u ∈ R.

(ii) There exists a “+” ve constatnt Lk, for k = 1, 2, 3, · · · ,m such that

|Ik(ς, u) − Ik(ς, h)| ≤ Lk|u − h|, ∀ς ∈ Ik, u, h ∈ R.

(A4) There must be a non “-” ve increasing function µ: R+ → R+ such that

|φ(ς) − φ(θ)| ≤H |ς − θ|, ∀ς ∈ I ,

and a “+” ve constant H such that

|φ(ς) − φ(θ)| ≤H |ς − θ|, ∀ς, θ ∈ I .

(A5) For ς ∈ Io in a time scale interval, let the function u(ς) be

u(ς) = φ(p) + g(ς) +
g(0)
Γ(w)

∫ ς

0
(ς − ρ(θ))w−1

L(ς, u(ς), CDwu(ς))∇θ.

The Banach contraction theorem forms the basis of the following theorem.

Theorem 4.3. If all conditions (A1)–(A4) and

m∑
i=1

Li +H + g(ς) +
g(0)KT w(m + 1)

(1 − G )(w + 1)
< 1

hold, then Eq (1.1) must contain a solution on I .

Proof. Assume
CDw[u(ς) − g(ς, u)] = h(ς).

Let Π ⊆ PC(Ik,R) such that

Π = {u ∈ PC1(Ik,R) : ||u||PC ≤ ω}

and χ: Π → Π such that

(χu)(ς) = φ(u) + g(ς) +
g(0)
Γ(w)

∫ ς

0
(ς − ρ(θ))w−1

L(ς, u(ς), CDwu(ς))∇θ,

for ς ∈ Io, and

(χu)(ς) =φ(u) + g(ς) +
g(0)
Γ(w)

k∑
i=1

∫ ςi

ςi−1

(ς − ρ(θ))w−1
L(ς, u(ς), h(ς))∇θ +

k∑
i=1

Ii(ςi, u(ς−i ))

+
g(0)
Γ(w)

∫ ς

ςk

(ς − ρ(θ))w−1
L(ς, u(ς), CDwu(ς))∇θ,
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for ς ∈ Ik, then k = 1, 2, 3, · · · ,m.

Case 1. Let ς ∈ Ik, then u ∈ Π ,

|(χu)(ς)| =|φ(u)| + |g(ς)| + |
g(0)
Γ(w)

k∑
i=1

∫ ςi

ςi−1

(ς − ρ(θ))w−1
h(θ)∇θ| + |

k∑
i=1

Ii(ςi, u(ς−i ))|

+ |
g(0)
Γ(w)

∫ ς

ςk

(ς − ρ(θ))w−1
h(θ))∇θ|,

where h ∈ Π , ς ∈ I . By Eq (1.1), one can get

h = L(ς, u, h),

and

|h| = |L(ς, u, h)|
≤ A + F |u(ς)| + E|h(ς)|

≤
A + Fω

1 − E
. (4.6)

Again, taking the norm of PC(I ,R) in (4.6),

||u||PC ≤
α + Fω

1 − E
,

where
||A||PC = α.

Using the condition of Case 1 and Proposition 2.4, we obtain

||χ||PC =supς∈I|χu(ς)|

≤ µ|u| + g(ς) +
m∑

i=1

Mi +
g(0)[A + F |u|]

(1 − E)Γ(w)

[ m∑
i=1

∫ ςi

ςi−1
(ς − θ)(w−1)dθ +

∫ ς

ςk

(ς − θ)(w−1)dθ
]

≤ µω + g(ς) +
m∑

i=1

Mi +
g(0)T w(α + Fω)(m + 1)
Γ(w + 1)(1 − E)

≤ ω, (4.7)

where

ω =

∑m
i=1 Mi + g(ς) + g(0)(m+1)T wα

Γ(w+1)(1−E)

1 − µ + (m+1)T wF g(0)
Γ(w+1)(1−E)

.

Case 2. If ς ∈ Io, by a similar way, one can obtain

||χu||PC ≤ µω + g(ς) +
g(0)T w(α + Fω)
Γ(w + 1)

≤ ω. (4.8)
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Thus, from (4.8), ||χu||PC ≤ ω. Hence, χ(Π) is bounded. Also, for u, v ∈ Π ,

||χu − χv||PC =supς∈Ik |(χu)(ς) − (χv)(ς)|

≤

k∑
i=1

|Ii(ςi, u(ς−i )) − Ii(ςi, v(ς−i ))| + |g(ς)| +
g(0)
Γ(w)

∣∣∣∣∣ ∫ ς

ςk

(ς − ρ(θ))w−1(h(θ) − i(θ))∇θ
∣∣∣∣∣

+
g(0)
Γ(w)

∣∣∣∣∣ k∑
i=1

∫ ςi

ςi−1

(ςi − ρ(θ))w−1(h(θ) − i(θ))∇θ
∣∣∣∣∣ + |φ(u) − φ(v)|, (4.9)

where i ∈ Π , then i(ς) = L(ς, v(ς), i(ς)). For ς ∈ I , one can get

|h(ς) − i(ς)| = |L(ς, u(ς), h(ς)) − L(ς, v(ς), i(ς))|
≤ K|u(ς) − v(ς)| + G |h(ς) − i(ς)|

≤
K|u(ς) − v(ς)|

1 − G
. (4.10)

Taking the norm of PC(I ,R), (4.10) becomes

||h − i||PC ≤
K||u − v||PC

1 − G
. (4.11)

Using (4.11) in (4.9) and applying the Proposition 2.4,

||χu − χv||PC ≤

m∑
i=1

Li|u(ς−i ) − v(ς−i )| + g(ς) +
Kg(0)|u(θ) − v(θ)|

(1 − G )Γ(w)

∫ ς

ςk

(ς − θ)w−1dθ

+
Kg(0)|u(θ) − v(θ)|

(1 − G )Γ(w)

m∑
i=1

∫ ςi

ςi−1
(ς − θ)w−1dθ +H |u − v|

≤||u − v||PC
m∑

i=1

Li + g(ς) +
KT wg(0)||u − v||PC

(1 − G )Γ(w + 1)

+
mKT wg(0)||u − v||PC

(1 − G )Γ(w + 1)
+H ||u − v||PC

≤

( m∑
i=1

Li + g(ς) +
KT wg(0)(m + 1)
(1 − G )Γ(w + 1)

+H
)
||u − v||PC. (4.12)

Similarly, for ς ∈ Io,

||χu − χv||PC ≤

(
H + g(ς) +

KT wg(0)
(1 − G )Γ(w + 1)

)
||u − v||PC. (4.13)

Thus, from (4.12) and (4.13), we obtain

||χu − χv||PC ≤ U||u − v||PC,

where

U =

m∑
i=1

Li + g(ς) +
KT wg(0)(m + 1)
(1 − G )Γ(w + 1)

+H .

Here,U < 1, then χ: Π → Π is a contraction operator. According to the Banach contraction theorem,
it has a fixed point, which is the solution to Eq (1.1). □
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Equation (1.1)’s adequate condition for a solution is based on the nonlinear alternative to Leray-
Schauder’s fixed point theorem.

Theorem 4.4. If (A1) through (A4) are true and there is a positive constant β, then

µβ +

m∑
i=1

Mi + g(ς) +
(m + 1)T wg(0)(A + F β)
Γ(w + 1)(1 − E)

< β. (4.14)

Therefore, there is at least one solution to Eq (1.1) in I .

Proof. The following steps are used to demonstrate the theorem’s proof.

Step 1. χ: Π → Π is continuous.
Assume {un} is a sequence of Π such that un → u, then ς ∈ Ik, k = 1, 2, 3, · · · ,m.

||χun − χv||PC =supς∈Ik |(χun)(ς) − (χv)(ς)|

≤

m∑
i=1

|Ii(ςi, un(ς−i )) − Ii(ςi, u(ς−i ))| + |g(ς)| +
g(0)
Γ(w)

∣∣∣∣∣ ∫ ς

ςk

(ς − θ)w−1(hn(θ) − h(θ))dθ
∣∣∣∣∣

+
g(0)
Γ(w)

∣∣∣∣∣ m∑
i=1

∫ ςi

ςi−1

(ςi − θ)w−1(hn(θ) − h(θ))dθ
∣∣∣∣∣ + |φ(un) − φ(u)|, (4.15)

where hn ∈ Π , such that
hn = L(ς, un, hn),

and for ς ∈ Ik, we obtain

|hn − h| = |L(ς, un, hn) − L(ς, u, h)|
≤ K|un − u| + G |hn − h|

≤
K|un − u|

1 − G
. (4.16)

Taking the norm of PC(I ,R), (4.16) becomes

||hn − h||PC ≤
K||un − u||PC

1 − G
. (4.17)

Using (4.17) in (4.15), we obtain

||χun − χv||PC ≤ ||un − u||PC ≤
( m∑

i=1

Li + g(ς) +
KT wg(0)(m + 1)
(1 − G )Γ(w + 1)

+H
)

As n→ ∞, let un → u such that
||χun − χv||PC → 0.

As a result, χ is continuous.
Also, for ς ∈ Io, the proof is similar.

Step 2. The operator χ map Π to PC(I ,R).
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Assume x1, x2 ∈ Ik, k = 1, 2, · · · ,m, such that x1 < x2, then

||χu(x2) − χv(x1)||PC =supς∈Ik |(χu)(x2) − (χv)(x1)|

≤
g(0)
Γ(w)

∣∣∣∣∣ ∫ x1

ςk

(x2 − ρ(θ))w−1 − (x1 − ρ(θ)w−1)h(θ)∇θ
∣∣∣∣∣ + |g(ς)|

+
g(0)
Γ(w)

∣∣∣∣∣ ∫ x2

x1

(x2 − ρ(θ))w−1
h(θ)∇θ

∣∣∣∣∣ + ∑
0<ςk<x2−x1

|Iςk(ςk, u(ς−k ))|

≤
g(0)
Γ(w)

∣∣∣∣∣ ∫ x1

ςk

(x2 − (θ))w−1 − (x1 − (θ)w−1)h(θ)∇θ
∣∣∣∣∣ + |g(ς)|

+
g(0)
Γ(w)

∣∣∣∣∣ ∫ x2

x1

(x2 − (θ))w−1
h(θ)∇θ

∣∣∣∣∣ + ∑
0<ςk<x2−x1

|Iςk(ςk, u(ς−k ))|

≤
(A + Fω)g(o)

(1 − E)Γ(w)

(∣∣∣∣∣ ∫ x1

ςk

(x2 − (θ))w−1 − (x1 − (θ)w−1)h(θ)∇θ
∣∣∣∣∣

+
g(0)
Γ(w)

∣∣∣∣∣ ∫ x2

x1

(x2 − (θ))w−1
h(θ)∇θ

∣∣∣∣∣) + |g(ς)| +
∑

0<ςk<x2−x1

|Iςk(ςk, u(ς−k ))|.

Since (x − (θ))w−1 is continuous, if x1 → x2, then

||χu(x2) − χv(x1)||PC → 0.

Thus, the operator χ is equicontinuous in Ik. Since the result at x1, x2 ∈ Io is comparable, the
evidence is left out.

Step 3. Let χ map Π be a bounded set of PC(I ,R).

From (4.7), it is clear that ||χ(p)|| ≤ ω for ω ∈ R. As a consequence of Steps 1–3, using the Arzela-
Ascoli theorem, one can discover that χ is entirely continuous.

Step 4. Let γ ∈ (0, 1),
k = {u ∈ PC(Ik,R) : u = γχ(u), 0 < γ < 1}

be bounded.
Also, by ς ∈ Ik, k = 1, 2, 3, · · · ,m, one can obtain

|u(ς)| = |γχ(u)ς| =
∣∣∣∣∣γ(φ(u) + g(ς) +

g(0)
Γ(w)

k∑
i=1

∫ ςi

ςi−1
(ς − ρ(θ))w−1

h(θ)∇θ

+
g(0)
Γ(w)

∫ ς

ςk

(ς − ρ(θ))w−1
h(θ)∇θ +

k∑
i=1

Ii(ςi, u(ς−i ))
)∣∣∣∣∣

≤µ||u||PC +
n∑

i=1

Miti + +g(ς)
(A + F ||u||PC)g(0)T w(m + 1)

Γ(w + 1)(1 − E)
.

Thus,

||u||PC

µ||u||PC +
∑n

i=1 Miti + +g(ς)
(A + F ||u||PC)g(0)T w(m + 1)

Γ(w + 1)(1 − E)

≤ 1.
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From Eq (4.14), we get a “+” ve constant β such that ||u||PC , β. Consider a set

ψ = {u ∈ PC(I ,R) : ||u||PC < β},

such that
χ : ψ̃→ PC(I ,R)

is continuous and completely continuous.
Thus, no u ∈ ∂(ψ) can be found such that u = γχ(u), γ ∈ (0,1). Hence, a nonlinear alternative of

Leray Schauder’s fixed point theorem gives that the answer to Eq (1.1) is a fixed point for χ.
The outcome for ς ∈ Io is almost identical, thus it is not included. □

5. Example

Example 5.1. Take into account a nonlocal initial condition over time scale in a neutral impulsive
fractional dynamic equation

T = [0,
1
5

] ∪ [
1
4
, 1],

and we get
CD

1
4 [u(ς) − g(ς, u)] =

e−5ς[4 + g(0)(|u(ς)| + |CDwu(ς)|) + g(ς)]
25e2ς(1 + |u(ς)|)

, ς ∈ [0, 1] ∩T , ς , 1
5

u( 1
5
+) − u( 1

5
−) =

1 + u( 1
5 )

15
, ς1 =

1
5

u(0) =
u
10
.

(5.1)

We set

L(ς, u, v) =
e−5ς[4 + g(0)(|u(ς)| + |v(ς)|) + g(ς)]

25e2ς(1 + |u(ς)|)
. (5.2)

It is evident that (5.2)’s right side is continuous for u, v ∈ R in relation to time scale. Again, ∀
ς ∈ [0, 1] ∩ T and h, i ∈ R. We obtain

L(ς, u, v) ≤
4 + g(0)(|u(ς)| + |v(ς)|) + g(ς)

25e2

≤
4

25e2 +
1

25e2 |u(ς)| +
1

25e2 |v(ς)| +
2

25e2 ,

then, we get

A =
4

25e2 , F =
1

25e2 , E =
1

25e2 , g(0) = 1, g(ς) =
2

25e2 .

Next,

|L(ς, u, v) − L(ς, h, i)| ≤
1

25e2 |u − h| +
1

25e2 |v − i|,

|I1(ς, u) − I1(ς, v)| ≤
1

15
|u − h|,
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|φ(u) − φ(h)| ≤
1

10
|u − h|,

|φ(u)| ≤
1

10
.

Thus, one can obtain

K =
1

25e2 , G =
1

25e2 , L =
1

15
, H =

1
10
.

From the above data, we can say that the Eq (5.1) satisfies all the conditions of (A1)–(A4).
Again, for m = 1 we get

L + g(ς) +
KT wg(0)(m + 1)
(1 − G )Γ(w + 1)

+H ≤
1
15
+

1
10
+

1
25e2 +

4 1
25e2

(1 − 1
25e2 )Γ( 1

4 + 1)

≤ 1.

As a result, the requirements of Theorem 4.3 are met. Consequently, we came to the conclusion that
the solution to Eq (5.1) is unique.

Below Table 1 represents the numerical approach for the theoretical results.

Table 1. Variation of u(ς) value for different values of L and g.

g ↓ L=1/15 L=1/25 L = 1/35 L=1/45 L=1/55

1/50 0.6778 0.6511 0.6397 0.6333 0.6293
1/40 0.6828 0.6561 0.6447 0.6383 0.6343
1/30 0.6911 0.6645 0.6530 0.6467 0.6426
1/20 0.7078 0.6811 0.6697 0.6633 0.6593
1/10 0.7578 0.7311 0.7197 0.7133 0.7093

Figure 1 reveals a commendable correspondence between the numerical solution & exact solution
across the entire interval.

Figure 1. Graph of the approximate solution of u(ς).
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6. Conclusions

In this article, we examine both operators in the setting of time scales and analyze the C∇D and
RL∇D. Additionally, the C∇D of the fractional dynamic equation including instantaneous impulses
and a nonlocal initial condition are also examined. Later, the numerical technique is followed by an
example based on all theoretical findings on the existence and uniqueness of the solution. A graph
using MATLAB is also represented for the example.

Futher, in modeling the spread of infectious diseases like COVID-19, a dynamic equation in time
scales can be used to capture the various stages of infection, transmission rates, and the impact of
interventions over time. Mathematical models, often expressed as differential equations or agent-based
models, can be adapted to include time scales that represent different temporal aspects of the disease
dynamics.

Similarly, in cancer modeling, incorporating a dynamic equation in time scales allows for the
consideration of the progression of the disease, the growth of tumors, and the response to treatments
over time. This can lead to more accurate predictions and insights into the evolution of the disease
and the effectiveness of different therapeutic interventions.
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Abstract

The behaviour of the solid tumour invasion system in the sense of Caputo fractional with time  and space x is

analyzed by the high performance computational method: q-Homotopy Analysis Transform method (q-HATM).

The existence of the solutions has been verified with the assist of fixed point theorem and derived numerical

solution for different values of . The novel simulation for all cases is explained through figures. We derived

that the method is very efficient for analyzing the behaviour of the epidemiological system.
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1. Introduction

Cancer has a major repercussion on human society across the globe. Malignant tumours and Neoplasms are

generally known as cancer. There are some cancer surgeries, namely radiation therapy, chemotherapy, hormone

therapy and immunotherapy. However,  it cause the leading non-communicable deaths according to the Indian

National Cancer Registry Program report 2020 [1]. In 1889, an English surgeon, Stephen Paget, stated that cancer

spread via blood circulation. It stimulated researchers to study cancer growth, cause, stage, size, components and

evolution etc. A detailed study of different types of solid tumours has been explained [2]. Many researchers

modelled solid tumour growth mathematically using the biological components tumour cells, macro molecules

and matrix degradative enzymes [3], [4]. These researchers misapprehend the contribution of oxygen. A deeper
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Abstract: Food is one of the most prevalent wavs that humans are cxposed to metals. Heavy metals including cadmium, iron, zinc, lead, and 
mercury are harmful to humans and have a detrimernlal tmpact on ne rin distriets in Kamataka. India, namely 
Bengaluru, Tumakuru, Mangalunu, and Udupi, using an Alomic-Absorption Spectroplotometer (AAS). Heavy mctal concentrations in various 
chicken parts were found to be belowv deteclable limits (BDL)-0.0062, 0.027-3. 178, and0.262-2.103 ppm for Cd, Fe, and Zn, trespectively. whereas 
Hg and Pb were BDL. The content of Zn was found to be significantly lhigher in all chicken samples from all examined districts, followed by Fe 
and Cd. Hg Pb concentrations, on the oher hand, were below the detection level in all samples. The estimated daily intakes (EDIS) of the 
observed metals from country chicken consumpton were tnn be e an n the lsrd Ouotient (HO) and Hazard Index 
(HI) values. The HQ and HI values observed in is estimation were less than one, indicating that exposure to these hcavy melals through the 
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chicken indus (Poultry) is one of India's most rapidly increasing agro-based industries, and it is a major supplier of 
critical nutrients, namely protein (Burel and Valat, 2009). In India, two chicken varieties, broiler and country chicken (village 
reared), are consumed. Country chicken is raised locally by people in their homes and is identifiable by its more diminutive stature 
and different colours. Country chicken consumption by the native population is substantial, particularly in our research area. 
However, it is lower than broiler chicken consumption due to the later's ense of availability and low cost. Chicken meat is relatively 
less expensive than other meats, making up about 4$% of the total meat consumed in India (Russell et al., 2001; Chatterjee and 
Rajkumar, 2015). Recently, the high demand for chicken meat has substantially affected production, leading to increased production 
and extensive modification of poultry feeds to meet the increased demand. It has been reported that poultry fecds, whether local, 
natural or improved modifications from uniquc manufacturing processes, are affected by the content of heavy metals (Chatterjee 
and Rajkumar, 2015). The primary way that heavy metals bioaccumulation in chicken is via consuming contaminated food. 

Heavy metal food poisoning is a significant health hazard globally, especially in developing nations like India (Mohammed 
et al., 2013). Heavy metals commonly poison chickens through contaminatcd water, poultry feed, industrial effluents, sewage water, 
agricultural activitics, and aerial sprayig n cthe main source of intake (Das and Das, 2018; Korish and Atia, indicate that bioaccumuae 

Cadmium (Cd), Iron (Fe), Zinc (Zn), Mercury (Hg) and Lead (Pb) are plentiful in the environment and 
can also be found in small amounts in fishes and chickens. Humans are exposed to these heavy metals through the consumption of 
contaminated food, particularly livestock (Khan et al., 2015; Mathiyan et al, 2021). Furthernore, other heavy metals such as Hg. 
Cd, and Pb are not required for the body's health and operation (Ayar et al., 2009). In general, increasing toxic element intake 
endangers all living organisms (Qin et al., 2009). The International Research Agency on Cancer and the United States National 
Toxicology Program have both classified inereased human Cd consumption as a carcinogen (Congeevaram et al., 2007). Cd is a 
typical additive toxic compound that can build up in the kidneys over the years. It poses acute toxicity in humans due to taking more 
than the limit from contaminatcd food and beverages (Khan et al., 2015). Fe and Zn are useful and necessary elements in human 
development; Zn deficiency will cause abnonal growth, skin eruption, hair loss, etc., and excessive intake will Pb to nausea, 
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htp lorcid org 0000-0002-0054-3633 

cramps, and �iarhoea (Sharna and Agarwal, 2005). A deficiency of Fe causes anaemia in humans and the high accumulation leads 
to dangerous problems with the liver, pancreas, heart diseases, and diabetes (Whittaker, 1998). Hg and Pb are non-essential metals 
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A B S T R A C T   

The equimolar reaction mixture of isoelectronic picolinic acid N-oxide (PAHNO) and/or 3-hydroxy picolinic acid 
(3-HPAH) with guanyl hydrazine bicarbonate (AgunH.HCO3) in aqueous medium at room temperature produce 
1:1 salt. Irrespective of the molar ratios (1; 1, 1:2 & 2:1) and reaction conditions maintained, invariably gives the 
same product in the form of polycrystalline nature except 1:1 ratio which yields a single crystal. The isoelectronic 
salts were characterized by spectroscopic, PXRD, thermal study and single crystal X-ray diffraction techniques. In 
general, most of the salts were crystallized in a centric space group rather than a non-centric, the prevailing 
factors are nature of the organic species and reaction conditions like pH, pKa, solvent effects, temperature and 
molar ratio etc,. Surprisingly, in the present case, the isoelectric salt of [AgunH]+[PANO]- crystalized in centric 
(P21/n), where in case of [AgunH]+[3-HPA]- crystalized in non-centric (Pca21) space group even though in the 
same reaction conditions. This may be due to the presence of the 3rd position of hydroxyl group and non-covalent 
interactions in [AgunH]+[3-HPA]- that facilitate non-centric space group. Both salts are stabilized by the variety 
of hydrogen bond features leading to intra- and intermolecular N-H⋯O, N-H⋯N, and C-H⋯N hydrogen bonds 
and π-π stacking interactions along with homo- and hetero ring motifs [two R2

2 (8), R1
1 (6), and two R2

2 (9)]. These 
interactions render them an appropriate acid-base ion pair for the formation of sturdy hydrogen-bonded su
pramolecular synthons. Thermal studies on these salts reveal that the thermal degradation occurs via melting 
followed by complete loss of organic species. The solid-state emission spectra of free acids and its salts were 
recorded and compared. The materials exhibit a prominent luminescent character towards red shift than the 
starting compounds. Further, these materials show enhanced secondary antioxidant and antimicrobial activities, 
this is due to the crucial role of hydrazine species in guanyl hydrazinium cation.   

1. Introduction 

Guanyl hydrazine (Agun) also known as aminoguanidine, a versatile 
cation, dibasic in nature displays a similar fashion as like hydrazine 
(NH2-NH2), forming mono- [AgunH]+ and di-cationic [AgunH]2+ salts 

with various inorganic anions [1–7] including few carboxylic systems 
[8–15]. As expected, the guanyl hydrazinium salts exhibit mono-rather 
than di-cationic form due to the imine nitrogen (-C––NH, pKa1 = 11.5) 
appear as a more basic site than hydrazine end (-NH-NH2, pKa2 = 0.7) in 
the guanyl hydrazine molecule. However, a meager number of results 
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are noticed in the di-cationic form confirming the protonation occurring 
at imine (C––NH) and hydrazinic (-NH-NH2) nitrogens in the Agun 
molecule [6,7]. Furthermore, the number of preparative and computa
tional studies on the synthesis and energetics of guanyl hydrazinium 
salts resulting from inorganic acids, have been well studied [7]. Mean
while, the physical properties of guanidinium salts have attracted 
considerable interest in biotechnology, medicine, etc., since the guani
dine group is biologically significant and acts as a key functional group 
in few amino acids [16] such as creatinine, arginine, etc,. 

The syntheses of guanyl hydrazinium salts of aliphatic organic acids 
especially oxalic, tartaric, squaric, succinic, fumaric, oxamic, malonic, 
sulfoacetic, maleic and formic acids [9–15] have been well studied by 
various researchers including our team. From our best knowledge, there 
are no reports available in the literature for the crystal structures of 
guanyl hydrazinium with heteroaromatic carboxylic systems except our 
own previous reports [17–19]. In specific, guanyl hydrazinium salts of 
dipicolinate, quinolinate [17], pyrazole 3,5-dicarboxylate [18] and 
pyrazine-2-carboxylate [19] are exists solely in the mono-protonated 
form [AgunH]+. In recent years our research team were focusing to 
prepare the guanyl hydrazinium salts of organic acids, in particular, the 
multifunctional nature of the heteroaromatic mono- and dicarboxylic 
systems, namely, pyrazole, pyridine and pyrazine carboxylic acids. 

In this line, the search of literature survey towards pyridine related 
systems shows countable reports, namely 3-hydroxy picolinic acid (3- 
HPAH) with N6-benzyladenine [20], N6-benzoyladenine [21] and 
6-Amino-5-fluoro-1H-pyrimidin-2-one [22] are studied and structurally 
characterized. Surprisingly we couldn’t find any reports in the salts of 
the isoelectronic picolinic acid N-oxide (PAHNO) system. This made our 
interest to fulfill the research gap by studying the salt forming ability 
and multifunctional behavior of isoelectronic picolinic acids, namely, 
picolinic acid N-oxide and 3-hydroxy picolinic acid with dibasic nature 

of the guanyl hydrazine. Hence, we made a first attempt to study the 
isoelectronic guanyl hydrazinium picolinic derivatives with respect to 
their spectral, thermal and emission properties including single crystal 
determination. Also, this manuscript focuses on identifying the sec
ondary antioxidant and antimicrobial studies of these materials, and 
have been compared with free acids and base. For clarity, the structures 
of the isoelectronic acids, base and detailed reaction conditions of the 
salts are shown in Scheme 1. 

2. Experimental section 

2.1. Materials and physical measures 

All of the chemicals were of A.R. grade (AgunH.HCO3: CAS No.- 
2582-30-1; PAHNO: CAS No.- 824-40-8 & 3-HPAH: CAS No.- 874-24-8) 
and were utilized directly without further purification. The hydrazine 
content of the synthesized compounds was determined volumetrically 
using a 0.025 M KIO3 solution under Andrews’ conditions [23]. A 
Vario-ELIII elemental analyzer was employed to perform the elemental 
analyses for C, H, N, and S. The IR spectra were recorded using a 
JACSO-4100 spectrophotometer as KBr pellets in the range of 4000–400 
cm− 1. Melting points were determined using the MR–VIS, LABINDIA 
visual melting range apparatus and are uncorrected. On a PerkinElmer 
SII thermal analyzer, the simultaneous TG-DTA studies were carried out. 
The curves were obtained in air using platinum cup sample holders 
containing 5–10 mg of the sample at a heating rate of 10 ◦C per minute. 

Using Mo-Kα radiation at room temperature, the single crystal data 
for compound 1 were collected using a Bruker APEX CCD diffractom
eter. Data was collected with the use of the SMART software [24], in
tegrated using SAINT [25], and corrected for absorption using SADABS 
[26]. The structure was solved using direct methods, and the 

Scheme 1. The structure of starting compounds (free acids and base), detailed experimental procedure and reaction conditions are shown in Scheme.  
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SHELXL-2014/7 programme [27] was used to do full least-squares 
refinement against F2. N-H bond constraints and a riding model for 
their Uiso were used to refine the coordinates of the H atoms in subse
quent difference maps. Using Mo-Kα radiation at room temperature 
(298 K), the single crystal X-ray data for compound 2 were collected 
using a Bruker APEX-II CCD diffractometer. Data was collected with the 
use of the APEX-II software [28], integrated using SAINT [25], and 
corrected for absorption using SADABS [26]. SIR-92 was used to solve 
the structures [29], and full least-squares refinement undertaken against 
F2 refined using SHELXL-2014/7 program [27]. CCDC deposit numbers: 
2067481 and 2067482. Table 1 summarizes the crystallographic data as 
well as the specifics of the final refinement parameters. The powder XRD 
pattern of the prepared salts in present study was recorded on a JEOL 
JDX 8030 and Phillips X-ray diffractometer using Cu-Kα radiation with 
nickel filters. The JASCO-FP-6600 spectrophotometer was used to re
cord the solid-state luminescence spectra of the free acid and its salts; the 
excitation and emission slit widths were 2.5 and 5 nm, respectively. 

2.2. Preparation of Guanylhydrazinium pyridine-2-carboxylate N-oxide 
{[AgunH]+[PANO]-} (1) 

The title salt was prepared by mixing the equimolar ratios of 
commercially available picolinic acid N-oxide (0.139 g, 0.001 mol) and 
guanyl hydrazine bicarbonate (0.136 g, 0.001 mol) in aqueous medium 
under laboratory conditions. The resulting mixture was mechanically 
stirred well till the effervescence ceased, and the solution kept over 
water bath for a few minutes to afford a clear solution (pH = 4.0), and 
continued to concentrate the solution over a water-bath to reduce one- 
fourth of its initial volume. After a day, the crystalline compound 
began to appear and the crystallization process sustained for another 
two days. Finally, the transparent light-yellow crystals were then sepa
rated, washed with ethanol, and allowed to dry in the air. After this 
process, the good quality single crystals were selected by naked-eye 

using a lens for SCXRD analysis; the remaining crystals were used for 
powder XRD study to verify the formation of a new phase and compare 
the polymorphic nature of the compound. 

Micro-analysis for the crystalline solid [AgunH]+[PANO]-. Yield: 
75%. m.p. 160–162 ◦C. aΛm: 121 Ω− 1cm2mol− 1. Anal. calcd. for 
C7H11N5O3 (Mr = 213.21): C, 39.44%; H, 5.20%; N, 32.85%. Found: C, 
39.45%; H, 5.22%; N, 32.85%. By titration of the hydrazinic part of 
AgunH: calcd. 15.01%, found 15.05%. FT-IR (KBr, cm− 1): 3450(br, s), 
1640(s), 1613(m), 1512(s), 1479(m), 1385(s), 1240(m), 1119(s), 1054 
(w), 956(m), 860(m), 730(m), 741(m), 663(m), 630(m), 562(m), 535 
(m), 440(m). 

2.3. Preparation of Guanylhydrazinium 3-Hydroxy-pyridine-2-carbox
ylate {[AgunH]+[3-HPA]-} (2) 

Here, the same procedure was followed as in the preparation of salt 1 
described above. The isoelectronic species of 3-hydroxy picolinic acid is 
used (0.139 g, 0.001 mol) instead of picolinic acid N-oxide. Irrespective 
of the mole ratios (1:1, 1:2, 2:1), pale yellow square-shaped crystals of 
[AgunH]+[3-HPA]- (2) were isolated after 2 days and air dried. Whereas 
in salt 1, among the three ratios (1:1, 1:2, 2:1), the 1:1 ratio alone affords 
single crystal as a product, remaining ratios also yield the same product 
but polycrystalline in nature. 

Micro-analysis for the crystalline solid [AgunH]+[3-HPA]-. Yield: 
75%. m.p. 162–165 ◦C. aΛm: 122 Ω− 1cm2mol− 1. Anal. calcd. for 
C7H11N5O3 (Mr = 213.21): C, 39.44%; H, 5.20%; N, 32.85%. Found: C, 
39.43%; H, 5.21%; N, 32.84%. By titration of the hydrazinic part of 
AgunH: calcd. 15.01%, found 15.06%. FT-IR (KBr, cm− 1): 3450(br, s), 
1645(s), 1611(m), 1515(s), 1480(m), 1381(s), 1244(m), 1120(s), 1054 
(w), 957(m), 862(m), 730(m), 745(m), 665(m), 632(m), 562(m), 530 
(m), 441(m). 

2.4. Antimicrobial activity 

The Clinical Laboratory at the PSG Institute of Medical Science and 
Research provided gram positive and gram-negative pathogenic strains 
of E. coli, Shigella dysenteriae, Staphylococcus aureus and B. Substilis, 
which were sub-cultured in nutrient agar slants at 37 ◦C for 24 h and 
stored in a refrigerator. Nutrient agar media was sterilized before being 
put into a sterile petri dish and allowed to set up at room temperature 
[18,30,31]. A saline suspension of bacteria with an absorbance of 0.1 at 
600 nm in a spectrophotometer was swiped across the surface of the 
solution and left too dry for a short time. The agar plates were punctured 
with 5 mm holes using a sterile gel puncher, and salt solutions were then 
applied to the wells at varying concentrations. The zones of inhibition 
were then looked at after the plates had been incubated for 24 h at 37 ◦C. 
The minimal inhibitory concentration (MIC) was established as the 
lowest concentration of a compound solution that inhibited the corre
sponding strains’ plates from displaying any evidence of noticeable 
growth [18,30,31]. 

2.5. Total antioxidant activity 

The assay is based on the reduction of MoVI to MoV through extrac
tion and the subsequent formation of a green phosphate/MoV complex at 
an acidic pH [32]. The samples were mixed with 3 mL of reagent solu
tion (0.6 M sulphuric acid, 28 mM sodium phosphate and 4 mM 
ammonium molybdate) at various concentrations ranging from 50 to 
250 g/mL. The reaction solution-filled tubes underwent a 90-min in
cubation period at 90 ◦C. After the solution had cooled to room tem
perature, its absorbance was measured at 695 nm in comparison to a 
blank methanol solution. A standard graph of ascorbic acid was used to 
compute the equivalents of ascorbic acid. Values are reported as 
equivalents of ascorbic acid in g per mg of sample for all tests, which 
were carried out in triplicate. 

Table 1 
Crystal data and structure refinement parameters for salts 1 and 2.  

Compounds Name [AgunH]+[PANO]- 1 [AgunH]+[3-HPA]- 2 

Empirical formula C7H11N5O3 C7H11N5O3 

Formula weight 213.21 213.21 
Temperature/K 296(2) 296(2) 
Crystal system monoclinic orthorhombic 
Space group P21/n Pca21 

a/Å 7.4194(7) 19.003(7) 
b/Å 10.3401(12) 6.357(2) 
c/Å 12.9840(16) 7.943(3) 
α/◦ 90 90 
β/◦ 103.280(4) 90 
γ/◦ 90 90 
Volume/Å3 969.46(19) 959.531 
Z 4 1 
ρcalcg/cm3 1.461 1.462 
μ/mm− 1 0.117 0.138 
F(000) 448 252 
Crystal size/mm3 0.5 × 0.35 × 0.3 0.35 × 0.25 × 0.25 
2Θ range for data 

collection/◦
5.1 to 56.96 3.48 to 56.44o 

Index ranges − 9 ≤ h ≤ 9, − 13 ≤ k ≤ 13, 
− 17 ≤ l ≤ 17 

− 8 ≤ h ≤ 9, − 9 ≤ k ≤ 9, 
− 10 ≤ l ≤ 15 

Reflections collected 11394 3024 
Independent 

reflections 
2394 [Rint = 0.0300, 
Rsigma = 0.0213] 

2392 [Rint = 0.0132, 
Rsigma = 0.0215] 

Data/restraints/ 
parameters 

2394/3/153 2392/8/140 

Goodness-of-fit on 
F2 

1.039 1.043 

Final R indexes 
[I ≥ 2σ (I)] 

R1 = 0.0358, wR2 = 0.0951 R1 = 0.0379, wR2 = 0.1123 

Final R indexes [all 
data] 

R1 = 0.0487, wR2 = 0.1037 R1 = 0.0477, wR2 = 0.1187 

Largest diff. peak/ 
hole/e Å− 3 

0.26/-0.20 0.30/-0.22  
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2.6. 1,1-Diphenyl-2-picrylhydrazyl (DPPH) radical scavenging activity 

In order to assess how well different antioxidant compounds, scav
enge free radicals, DPPH has been employed extensively. The antioxi
dants were able to convert the stable radical DPPH in the DPPH assay 
into the yellow-colored diphenyl-picryl hydrazine. The approach is 
based on the reduction of DPPH in an alcoholic solution in the presence 
of an antioxidant that donates hydrogen because of the reaction’s pro
duction of the non-radical form of DPPH-H [33]. DPPH is typically used 
as a reagent to assess the ability of antioxidants to scavenge free radicals. 
A stable free radical called DPPH can accept an electron or a hydrogen 
radical to transform into a stable diamagnetic molecule. It is believed 
that antioxidants’ capacity to donate hydrogen accounts for their impact 
on DPPH. The study revealed that the materials are the better 
proton-donating ability and it could act as free radical inhibitors or 
scavengers, and its potentially acting as secondary antioxidants [18,19], 
even though the DPPH radical scavenging abilities of the samples were 
lower than those of ascorbic acid at 100 μg/ml. The following equation 
was used to calculate the DPPH radical scavenging activity:  

DPPH scavenging activity (%) = (A0 - A1)/A1 X 100                                  

Where, A0 was the absorbance of the control and A1 was the absorbance 
in the presence of the test sample. 

2.7. Results and Discussion 

The isoelectronic species of picolinic acid N-oxide and/or 3-hydroxy 
picolinic acid coupled with guanyl hydrazine in equimolar ratio under 
aqueous medium afforded the 1:1 salt, [AgunH]+[PANO]- and 
[AgunH]+[3-HPA]-, respectively. The pKa value of guanyl hydrazine is 
11.5 [14,17], while the picolinic acid derivatives (pKa) lie in the range 
2.5–5.5, a pKa difference is more than 3 [pKa(base)-pKa(acid)]. As ex
pected, this lifts proton transfer from the acid to the base, which favors 
the formation of salt rather than a co-crystal [18,19]. Electrolytic 

behavior of the free acids and its salts were obtained in aqueous medium 
at ambient conditions. The free acids, being a slowly soluble substance, 
afford a value around 118 Ω− 1cm2mol− 1 which corresponds to 1:1 
electrolyte. The poor solubility of acids in water may be the reason for 
these slight lower conductance values as expected [19]. The 
[AgunH]+[PANO]- and [AgunH]+[3-HPA]- salts, which is completely 
dissociated in aqueous medium and show a molar conductance value at 
121 Ω− 1cm2mol− 1 for salt 1 and 122 Ω− 1cm2mol− 1 for salt 2, respec
tively, indicating 1:1 electrolytic nature [18,19]. 

2.8. Infrared spectra 

FT-IR spectra have been recorded to identify the molecular interac
tion of guanyl hydrazine bicarbonate with isoelectronic picolinic acids 
[PAHNO or 3-HPAH]. The spectra of the free acids [PAHNO & 3-HPAH] 
and their salts [[AgunH]+[PANO]- (1) and [AgunH]+[3-HPA]- (2)] are 
depicted in ESI (Fig. 1), and their characteristic band assignments are 
given in the preparation part. The IR spectra of the free acids show a 
peak in the region of 3480 to 3380 cm− 1. Here, the picolinic acid N- 
oxide shows a strong and distinct peak at 3380 cm− 1 corresponds to 
hydroxyl group in –COOH [34], whereas 3-hydroxy picolinic acid ex
hibits a broad peak is due to overlapping of hydroxyl and carboxyl 
groups [35]. By examining the carbonyl stretching mode (C––O) of the 
free acid, it is possible to confirm the proton transfer from acid to base or 
co-crystal [18,19]. As expected, the free carbonyl group (C––O) shows a 
strong stretching frequency at 1690 cm− 1 [18,19]. This stretching vi
bration mode totally disappeared from the ionized forms of salts 1 and 2, 
and formation of two new peaks appeared in the range of 1640–1645 
cm− 1 (vasym. (COO-)) and 1475-1480 cm− 1 (vsym. (COO-)), respectively 
(ESI, Fig. 1), which clearly indicates the formation of salt rather than 
co-crystal [18,19]. A sharp peak at 1230 cm− 1 along with two additional 
peaks at 1238 and 1250 cm− 1 is assigned to the N-O stretching vibra
tions of the PAHNO acid [36]. These vibrations are accompanied by a 
significant change in dipole moment and polarizability of the nitrogen & 
oxygen atoms. In the case of 3-HPAH acid, the above peaks are markedly 

Fig. 1. Simultaneous TG-DTA of free acids [PAHNO & 3-HPAH] and its slats {[AgunH]+[PANO]- (1) & [AgunH]+[3-HPA]- (2)}.  

S. Packiaraj et al.                                                                                                                                                                                                                               



Journal of Solid State Chemistry 325 (2023) 124158

5

absent, which infers the absence of the N-O group. 
In salt 1, the strong blue shifted IR band at 1258 cm− 1 supports ν(N- 

O) stretching vibration and the existence of N-H⋯O hydrogen bond 

contacts with [AgunH]+ cation [36], which is further confirmed by 
single-crystal XRD. The salts 1 and 2 show a broad peak in the range of 
3400–3350 cm− 1 is attributed to the combined vibrations of the amine 
(NH2) and imine (NH) groups in the AgunH+ cation [17–19]. Also, the 
hydrogen atoms in the pyridine ring of picolinic acids show three 
different vibrations for =C-H stretching, in plane bending and out of 
plane deformation which enhances the broad peak in the above region 
[36]. The intense peak that appears at 1600-1550 cm− 1 infers that the 
ring vibration and C––N in the pyridine ring [17–19]. The sharp peak 
observed around 1112 cm− 1, is due to hydrazine moiety (-NH-NH2) in 
guanyl hydrazinium cation, confirming the presence of cation in these 
salts [17–19,37]. 

2.9. Thermal decomposition studies 

Thermal analysis is one of the most valid analytical techniques un
dergone to predict the purity, stability, molecular composition, and 
possible intermediates including physical changes of the substance are 
measured as the function of temperature [17–19]. The absorption 
(endothermic) or emission (exothermic) of energy levels in thermo
grams leads to the change in weight of the substance [17–19]. The en
ergy change is not always accompanied by gain or loss in weight, 
indicating the phase transition (i.e., melting/crystallization) of com
pounds [17–19]. To understand the thermal stability of the prepared 
compounds, the simultaneous TG-DTA analysis was carried out from 50 
to 750 ◦C in air. The thermograms and thermal data are given in Fig. 1 
and Table 2 respectively. The thermogravimetric results are in good 
agreement with the DTA data. 

In TG, 2-picolinic acid N-oxide (PAHNO) shows horizontal plateau 
up-to 175 ◦C without change in weight, corresponding to a sharp 
endothermic peak at 165 ◦C in DTA. This infers that the compound 
undergoing melting is best fit with experimental value given in the 
preparation part. After melting, the compound completely decomposes 
to give gaseous products. Unlike PAHNO, the 3-hydroxy picolinic acid 
(3-HPAH) experiences single step endothermic decomposition in the 
temperature range of 190–500 ◦C along with melting as seen in Fig. 1. 
Thermograms of the free acids are entirely differ from its isolated salts. 
Salt 1 displays three step decomposition patterns, whereas the salt 2 
shows melting (185 ◦C) followed by complete decomposition as shown 
in Fig. 1. 

The former salt, [AgunH]+[PANO]- (1), undergoes melting (0% 
weight loss) in the first step with a sharp endothermic peak in DTA at 

Table 2 
Thermal data for free acids [PAHNO & 3-HPAH] and its salts {[AgunH]+[PANO]- (1) & [AgunH]+[3-HPA]- (2)}. 

Fig. 2. Asymmetric units and atom labelling schemes for the salts 1 & 2 with 
thermal ellipsoids for non-H atoms drawn at 50% probability. Intramolecular 
H-bonded interactions between cation and anion are highlighted in yellow 
dashed lines. 
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185 ◦C. The value of melting shows slightly higher temperature than free 
acid (PAHNO) and is deducing that the salt involving strong H-bond 
contacts between the [AgunH]+ cation and [PANO]- anion is confirmed 
by single crystal study. In the second step, the formation of a stable 
intermediate carbodiimide (NH––C––NH) [38,39] with weight loss of 
80.20% in TG and is in good agreement with calculated value (80.30%). 
The corresponding endothermic peak in DTA shows at 280 ◦C. In the last 
step, the stable intermediate completely decomposes and shows an 
intense exothermic peak at 500 ◦C along with a shoulder peak in DTA to 
release the gaseous products. In contrast, the salt 2 shows a similar 
melting point followed by complete rupture of the whole molecule with 
exothermic peaks (doublet) is observed in DTA to form the gaseous 
products. The rapid breakdown of molecules is due to the presence of 

multiple strong N-H⋯O and N-H⋯N hydrogen bond contacts between 
[AgunH]+ cation and [3-HPA]- anion, and these contacts are noticed 
from SCXRD. 

2.10. Structural description 

The nitrogen-rich organic base, namely, guanyl hydrazine readily 
forms salt rather than co-crystal with mono- and di-carboxylic systems, 
due to large pKa difference (>3) in between organic base and acid, 
which favours proton transfer [18,19]. During crystallization, the suit
able crystals were isolated from compounds 1 and 2 and determined by 
X-ray diffraction analysis. Most of the salts are crystallized in centric 
space groups rather than non-centric depending on the temperature, 
solvents effect, pH and starting compounds, etc,. In the present study, 
salt 1 is crystallized in a centric space group (P21/n) whereas salt 2 is 
non-centric (Pca21) even though the same experimental conditions are 
maintained. The molecular structure of [AgunH]+[PANO]- (1) and 
[AgunH]+[3-HPA]- (2) are depicted in Fig. 2. Crystal data refinement 
details and bond parameters (bond lengths and bond angles) including 
hydrogen bonding contacts observed from the X-ray analysis are given in 
Tables 1, 3–5. 

The anhydrous 1:1 salt [AgunH]+[PANO]- is crystallized in a 
monoclinic crystal system with centric (P21/n) space group. The asym
metric unit consists of one each of guanyl hydrazinium cation and pi
colinate N-oxide anion (Fig. 2). The lengths of the C-N bonds on the 
[AgunH]+ cation and the C-O bonds on the carboxylate group in the 
[PANO]-/[3-HPA]- anion are crucial in determining a salt or co-crystal 
formation [18,19]. The standard C-N bond lengths of the imine (NH) 
and amine (NH2) groups in a free guanyl hydrazine molecule are 1.28 Å 
and 1.47 Å, respectively [18,19]. The length of the imine C-N bond 
shows a minor variation after the protonation of the guanidinic core, 
which was precisely observed from the structural analysis. 

The guanidine core (CN3) of the guanyl hydrazinium moiety seems 
to have the following observed C-N bond lengths: C7-N2 = 1.313(18); 
C7-N3 = 1.319(2); C7-N4 = 1.312(19) for 1 and C7-N2 = 1.321(2); C7- 
N3 = 1.325(3); C7-N4 = 1.336(3) for 2, respectively. The fact that the 
bond lengths of C7-N2 and C7-N4 are nearly identical to those of C7-N3 
implies that protonation can take place at either C7-N2 or C7-N4. Since 
the C7-N4 bond is just slightly shorter than the C7-N2 bond, it may be 
concluded that N4 has the protonation site. Whereas, in salt 2, the bond 
lengths of C7-N2 and C7-N3 have almost equal values than C7-N4 in
dicates that protonation can occur either at C7-N2 or C7-N3. Therefore, 
it may be inferred that N2 has the protonation site and N4 extends the 
hydrazinic end (–NH–NH2), since the C7-N2 bond is just a little bit 
shorter than the C7-N3 bond. The aforementioned statements are in 
good agreement with our previously reported works [18,19]. 

The C-O bond lengths of anions [PANO- and 3-HPA-] are 1.233(17) & 
1.241(15) Å for 1; 1.265(2) & 1.259(2) Å for 2, respectively, which is 
used to determine the deprotonation site. In most cases, the free car
boxylic group of C-O is longer than C––O by at least 0.08 Å [18,19]. 
Bond length is reduced by deprotonation of a carboxyl group (-COOH), 
and the difference is ~ 0.02 Å or less. In the present study, the difference 
d(C-O) is 0.008 Å for 1 and 0.006 Å for 2, respectively, showing that the 
formation of a salt is implied by the deprotonation of the carboxyl 
(PANO- or 3-HPA-) group. Additionally, the hydrogen atoms in the 
electron-density difference map shows that proton transfer from the 
carboxyl group of PAHNO /3-HPAH to the guanyl hydrazine moiety has 
occurred, indicating the formation of a salt rather than a co-crystal 
[17–19]. The guanidinium core (CN3) present in the [AgunH]+ cation 
appears to be conjugated, even though the terminal NH2 group of the 
hydrazinic portion (-NH-NH2) of the guanyl hydrazine cation possesses 
sp3 character [14,15,17–19]. The conjugate structure of the guanidi
nium core and it being a basic prevents the N lone pair for the further 
protonation, but the terminal NH2 groups might still act as bases. 

Furthermore, the AgunH + cations in salts 1 & 2 have almost planar 
structure with a slight deviation from planarity due to the terminal 

Table 3 
Selected bond lengths [Å] for salts 1 and 2.  

Compounds 1  2 

Atom Atom Length/Å Atom Atom Length/Å 

C1 C2 1.359(2) N1 C1 1.343(3) 
C1 C5 1.375(2) N1 C5 1.337(3) 
C2 N1 1.344(17) C1 C2 1.408(3) 
C3 C4 1.509(17) C1 C6 1.506(3) 
C3 C6 1.373(17) C2 C3 1.398(3) 
C3 N1 1.344(15) C2 O1 1.348(2) 
C4 O1 1.233(17) C3 C4 1.373(3) 
C4 O2 1.241(15) C4 C5 1.391(3) 
C5 C6 1.372(2) C6 O2 1.265(2) 
C7 N2 1.313(18) C6 O3 1.259(2) 
C7 N3 1.319(2) C7 N2 1.321(2) 
C7 N4 1.312(19) C7 N3 1.325(3) 
N1 O3 1.323(13) C7 N4 1.336(3) 
N2 N5 1.405(17) N4 N5 1.405(2)  

Table 4 
Selected bond angles [o] for salts 1 and 2.  

Compounds 1  2 

Atom Atom Atom Angle/◦ Atom Atom Atom Angle/◦

C2 C1 C5 120.25 
(14) 

N1 C1 C2 121.79 
(11) 

N1 C2 C1 120.14 
(13) 

C1 C2 C3 119.43 
(10) 

C6 C3 C4 124.46 
(11) 

C2 C3 C4 118.05 
(9) 

N1 C3 C4 115.98 
(10) 

C5 C4 C3 119.21 
(13) 

N1 C3 C6 119.56 
(11) 

C4 C5 N1 123.67 
(15) 

O1 C4 C3 117.21 
(11) 

N1 C1 C6 117.05 
(10) 

O1 C4 O2 127.58 
(12) 

C6 C1 C2 121.16 
(12) 

O2 C4 C3 115.20 
(11) 

C1 C2 O1 121.89 
(12) 

C6 C5 C1 118.64 
(13) 

O1 C2 C3 118.68 
(14) 

C5 C6 C3 120.22 
(13) 

O2 C6 O3 123.84 
(16) 

N2 C7 N3 119.95 
(12) 

C5 N1 C1 117.82 
(13) 

N4 C7 N2 119.22 
(15) 

N2 C7 N3 120.68 
(14) 

N4 C7 N3 120.83 
(15) 

N3 C7 N4 121.47 
(15) 

C2 N1 C3 121.18 
(11) 

N2 C7 N4 117.82 
(11) 

O3 N1 C2 119.86 
(10) 

C6 N4 N5 118.17 
(13) 

O3 N1 C3 118.96 
(10) 

C1 C6 O2 119.82 
(10) 

C7 N2 N5 118.34 
(11) 

C1 C6 O3 116.34 
(11)  
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hydrogen atoms of the hydrazine (-NH2) entity of guanyl hydrazine 
(Fig. 2). Meanwhile, the deprotonated carboxylate group in PANO- 

anion is twisted out of the molecular plane (angle between -COO- and 
pyridyl ring planes is 84.44o) in order to form hydrogen bonds to 
[AgunH]+ cation and PANO- anion is illustrated in Fig. 3a. Conversely, 

in 3-HPA- anion, the deprotonated carboxylate (-COO-) and hydroxyl 
groups (-OH) are lie in the same plane with pyridyl ring permitting 
π-conjugation and forming on intramolecular O1-H1⋯O2 (d(H … A) =

Table 5 
Hydrogen bonding for [AgunH]+[PANO]- (1) and [AgunH]+[3-HPA]- (2).  

[AgunH]+[PANO]- (1) [AgunH]+[3-HPA]- (2) 

D-H…A D-H (Å) H…A (Å) D-H…A (Å) D-H…A (o) D-H…A D-H (Å) H…A (Å) D-H…A (Å) D-H…A (o) 

N3–H3A…O2i 0.860 2.132 2.958 160.70 O1–H1⋯O2i 0.918 1.633 2.528 164.00 
N4–H4A…O2i 0.811 2.629 3.301 141.31 N2–H2A…O3i 0.872 1.995 2.844 164.24 
N4–H4A…O3i 0.811 2.273 2.864 130.15 N4–H4A…N1i 0.865 2.116 2.979 175.10 
N5–H5A…O2ii 0.837 2.238 3.014 163.70 C4–H4⋯N3ii 1.008 2.733 3.476 130.70 
N5–H5B⋯O1 iii 0.936 2.167 3.076 154.09 N2–H2B⋯O3iii 0.871 2.040 2.890 165.10 
C2–H2⋯O2ii 0.930 2.321 3.216 161.42 N3–H3A…O2iii 0.869 2.109 2.960 166.02 
C6–H6⋯O3iii 0.930 2.686 3.527 150.73 N3–H3B⋯O3iv 0.861 2.320 3.128 156.38 
N2–H2N2⋯O3iv 0.860 1.849 2.699 169.63 N5–H5A…O1v 0.882 2.292 3.158 167.11 
N3–H3B⋯O1iv 0.860 2.139 2.959 159.25 N5–H5B⋯O3 vi 0.870 2.425 3.210 150.24 

Symmetry code: (i) 1 + x, y, z (ii) 1/2 + x, 1/2-y, 1/2 + z (iii) 1.5-x, 1/2 + y, 1/2-z 
(iv) x, y, z. 

Symmetry code: (i) x, y, z (ii) 1/2 + x, -y, z (iii) -x, 1-y, 1/2 + z (iv) -x, -y, 1/2 + z (v) 1/2-x, 1 
+ y, 1/2 + z (vi) x, − 1+y, z.  

Fig. 3. (a) View of salt 1 revealing hydrogen bonding networks between 
[AgunH]+ and [PANO]- [Symmetry Code: (i) 1+x, y, z; (ii) ½+x, ½-y, ½+z; (iii) 
1.5-x, ½+y, ½-z]; (b & c) Wave-like 1D structure is created by weak C2-H2⋯O2 
and C6-H6⋯O3 hydrogen bonding interactions between the [PANO]- anions 
[Symmetry Code: (i) ½+x, ½-y, ½+z, (ii) 1.5-x, -½+y, ½-z]. 

Fig. 4. (a) Tetrafurcated (C4-O2) acceptor and bifurcated (N4A-H4A) donor 
hydrogen bonding interactions via [PANO]- anions and [AgunH]+ cations 
[Symmetry operation: (i) 1-x, y, z; (ii) 1.5-x, -½+y, ½-z; (iii) -½+x, ½-y, -½+z]; 
(b) Trifurcate hydrogen bonding acceptor (O3) atom in [PANO]- anion and 
shown in yellow dashed lines [Symmetry operation: (i) 1.5-x, ½+y, ½-z; (ii) 
-1+x, y, z; (iii) x, y, z]. 
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1.633 Å) contact to the hydroxyl group as shown in Fig. 2. 
As shown in Fig. 3, all N-H hydrogen bond donors (6 N-H) in the 

cationic moiety of salt 1 apart from N4-H4B are actively established with 
acceptors moiety (PANO- anion) through various symmetrical contacts 
and are showed in yellow dashed lines. The one dimensional wave like 
structures is formed by weak C2-H2⋯O2 (d(H … A) = 2.321 Å) and C6- 
H6⋯O3 (d(H … A) = 2.686 Å) hydrogen bonds as shown in Fig. 3b & c. 
Notably, the picolinate N-oxide (PANO-) anion has three oxygen atoms: 
one N-Oxide oxygen (O3), and two carboxylate oxygens (O1, O2) atoms. 
Fig. 4a and b shows how the tetrafurcated and trifurcated N-H⋯O 
hydrogen bonding contacts have been achieved by the carboxylate (O2) 
and N-oxide oxygen atoms (O3) connecting with two molecules of 
AgunH cations and a PANO- anion. Two dimensional sheet is achieved 
by weak C-H⋯O [C2-H2⋯O2 (d(H … A) = 2.321 Å) and C6-H6⋯O3 (d 
(H … A) = 2.686 Å)] hydrogen bond contacts between the PANO- an
ions. Further, the centroid-centroid distance between the two planar 
heterocycles of PANO- anions (seen in Fig. 5; 3.75 Å) is significantly 
longer than the inter-layer contacts in graphite (3.35 Å) [17]. This 
stacking motif appears to result from an extensive array of hydrogen 
bonds where anions are strongly held together by bridging AgunH+ units 

and pi-pi interactions to generate third-dimensionality as depicted in 
Fig. 5. 

Contrary to salt 1, anhydrous 1:1 salt 2 crystallizes in an ortho
rhombic crystal system with a non-centric (Pca21) space group even 
under the same experimental conditions. Guanyl hydrazinium cation 
and 3-hydroxy picolinate anion are both present in the asymmetric unit 
in 1:1 ratio as shown in Fig. 2. The 3-HPA- anion, which has the same 
structural formula as in 1, with –OH group in the third position, 
resulting more complex packing motif than that observed in 1. In 1, the 
[AgunH]+ cation with 6 hydrogen bond donors [6 N-H] can only 
partially fulfill the six H-bond acceptors [6 O lone pairs] from the PANO- 

anion as shown in Fig. 3a. While in 2, there are more hydrogen bond 
donors [7 N-H and 1 O-H groups] than potential acceptors [6 O lone 
pairs and 1 N lone pair on the 3-HPA-anion] to form seven 

Fig. 5. View of H-bonded interactions between the sheets forming a bilayer 
structure by weak C-H⋯O hydrogen bonding networks, and Sandwich π-π 
stacking interaction (3.75 Å) by adjacent [PANO]- anions [Symmetry operation: 
(i) 1.5-x, -½+y, ½-z; (ii) -½+x, ½-y, -½+z]. 

Fig. 6. Detail of the hydrogen bonds involving the tetrafurcated carboxylate- 
O3 atom as acceptor in 3-HPA- anion and donor atoms (N2-H2A, N2-H2B, 
N3-H3B and N5-H5B) in [AgunH]+ cations [Symmetry operation: (i) 1-x, -y, 
-½+z; (ii) x, -1+y, z; (iii) 1-x, 2-y, -½+z]. 

Fig. 7. Tetrafurcated and bifurcated carboxylate (O3 & O2) oxygen atoms in 3- 
HPA-anion and act as acceptor hydrogen bonding contacts with [AgunH]+

cations, and viewing homo- and hetero-ring motifs [R1
1(6), R2

2(8) & R2
2(9)] are 

highlighted in yellow dashed lines [Symmetry operation: (i) ½-x, -1+y, -1/2z; 
(ii) -½+x, 2-y, z; (iii) 1-x, 2-y, -½+z; (iv) 1-x, 1-y, -½+z; (v) x, -1+y, z]. 

Fig. 8. View of versatile hydrogen bonding contacts in [AgunH]+ cation, i.e., 
all the donor atoms in [AgunH]+ cation involving H-bonding interactions with 
3-HPA- anions, and showing hetero-ring motifs [R2

2(8) and R2
2(9)] [Symmetry 

operation: (i) x, 1+y, z; (ii) ½-x, 1/2+y, ½+z; (iii) 1-x, 1-y, ½+z; (iv) ½+x, 2-y, 
z; (v) 1-x, 2-y, ½+z]. 
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intermolecular H-bonds as shown in Fig. 7. 
Multiple N-H-O and N-H-N hydrogen bonding contacts between the 

cations and anions are employed to form a stable crystal. This stability is 
reflected in thermograms of TG-DTA analysis without showing distinct 
step for melting and continuous rapture of whole molecule is observed. 
The 3-hydroxy picolinate (3-HPA-) anion is notable for having four 
electronegative atoms: one hydroxyl oxygen (O1), two carboxylate ox
ygens (O2, O3), and one pyridine N-atom involving in strong hydrogen 

bonding. In Figs. 6 and 7, it is seen how the carboxylate oxygens (O2 & 
O3) connected with AgunH+ cations to form bifurcated and tetrafur
cated N-H⋯O hydrogen bonding contacts, respectively. Another note
worthy characteristic of this crystal system is the formation of different 

Fig. 9. View of hydrogen bonding contacts in [AgunH]+ cationic molecules and π-π stacking between adjacent 3-HPA- anions [Symmetry operation: (i) ½-x, -1+y, -1/ 
2+z; (ii) 1-x, 2-y, -½+z; (iii) ½-x, -1+y, -1/2+z]. 

Fig. 10. Experimental and simulated PXRD patterns (derived from single- 
crystal XRD) of salts [AgunH]+[PANO]- (1) & [AgunH]+[3-HPA]- (2), are 
shown for comparison. 

Fig. 11. Photoluminescent spectra of free acids [PAHNO & 3-HPAH] and its 
salts {[AgunH]+[PANO]- (1) & [AgunH]+[3-HPA]-} (2). The excitation wave
length of free acids (PAHNO & 3-HPAH) and its salts is 330 nm in solid state at 
room temperature." 
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homo- and hetero-ring motifs [two R2
2 (8), R1

1 (6), and two R2
2 (9)] that 

were observed using the graph set tool and are depicted in Figs. 7 and 8. 
These ring motifs formed by hydrogen bond interactions are essential for 
stabilizing the supramolecular architecture between the cations and 
anions. The two planar 3-HPA- heterocycles have a significantly longer 
(centroid⋯centroid distance is 3.996 Å) π–π stacking interactions than 
salt 1 (3.747 Å; seen in Fig. 5) is depicted in Fig. 9. This stacked motif 
appears to result from a complex hydrogen-bonded network in which 
anions are held together via bridging AgunH + units (Fig. 9): the one of 
the [AgunH]+ molecule creates two N-H⋯O hydrogen bonds between 
anions with O⋯H contacts of 2.292 and 2.425 Å. The other AgunH+

cation joins with weak C4-H4⋯N3 at 2.733 Å and N3-H3B⋯O3 at 2.320 
Å contacts to create the second bridge (Fig. 9). 

One more remarkable finding was noticed from these structures, 
especially in the strong N-H⋯O and N-H⋯N hydrogen bonds [very 
strong N2-H2⋯O3 (N1-O3 oxide) hydrogen bonds in 1, d(H … A) =
1.846 Å, seen in Fig. 3a & Table 5, and N-H⋯N in 2; d(H … A) = 2.094 Å, 
seen in Fig. 7 & Table 5]; this was due to the pyridine N atom being free 
in the ring and readily forming N-H⋯N hydrogen bonds with guanyl 
hydrazinium cation. As a whole, N-H⋯O, N-H⋯N, weak C-H⋯N 
hydrogen bonds, and other non-covalent weak forces like π-π interaction 
(π-π = 3.996 Å, Fig. 9) between two planar 3-HPA- anions (all of the N-H 
atoms in the AgunH+ cation operate as donors and the carboxylate ox
ygen and ring nitrogen atoms in the 3-HPA- anion act as acceptors) to 
create three-dimensional supramolecular networks. 

2.11. Powder X-ray diffraction studies 

The main X-ray diffraction applications of powder X-ray (PXRD) and 
single-crystal X-ray diffraction (SCXRD) methods is to explore the 
structural analysis for the prepared compounds [18,19]. Powder X-ray 
diffraction is used to characterize bulk materials is a quick and efficient 
approach for identifying polymorphs or polymorphic mixture of the 
compounds. Whereas the precise structural and molecular conformation 
of the prepared crystalline compounds are determined by single-crystal 
X-ray diffraction method. Fig. 10 correlates the simulated XRD patterns 
derived from SCXRD and the experimental powder XRD patterns for the 
synthesized crystalline compounds. The XRD patterns show sharp lines 
with a slight change in peak position/intensity of the 2θ values, indi
cating a typically crystalline, polymorphic nature of the products and 
free from impurities [18,19,37]. The bulk nature or particle size of the 
crystalline compounds could be responsible for the small variation in the 
peak position of the 2θ values in the experimental powder pattern. 

2.12. Photoluminescence studies 

In general, pyridine derivatives, particularly pyridine substituted 
mono- and dicarboxylic systems are well known to exhibit luminescent 
properties and have been extensively studied by various groups [40–43], 
including our reports [17,44]. In this present study, we compare and 
focus on the photoluminescent properties of isoelectronic acids (PAHNO 
& 3-HPAH) and their salts, [AgunH]+[PANO]- (1) and 

Fig. 12. Antibacterial activity of picolinic acid N-oxide (FA) and [AgunH]+[PANO]- (1) [‘S’ stands for Solvent/Control; ‘FA’ stands for Free acid (PAHNO); 1 
= [AgunH]+[PANO]-]. 
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[AgunH]+[3-HPA]- (2), have been studied in solid state at room tem
perature. The emission spectra of free acids and their salts are illustrated 
in Fig. 11. The free acids exhibit weak luminescence with an emission 
maximum at 398 nm (excitation wavelength at 330 nm), which is 
attributed to the intra-ligand π* - n transition [17–19,44]. When excited 

at the same wavelength as free acids (330 nm), the isoelectronic salts (1 
& 2) differ in the emission intensity and exhibit a slightly broad red shift 
at 403 nm for 1 and 412 nm for 2, respectively. The enhancement of red 
shift and intensity variation of emission peaks in [PANO]- and [3-HPA]- 

anions compared to that of the free acids is attributed to the 

Fig. 13. Antibacterial activity of 3-hydroxy picolinic acid (FA) and [AgunH]+[3-HPA]- (2) [‘S’ stands for Solvent/Control; ‘FA’ stands for Free acid (3-HPAH); 2 =
[AgunH]+[3-HPA]-]. 

Table 6 
The range of inhibitory concentration (MIC) values of the free acids [PAHNO & 3-HPAH], base [AgunH.HCO3] and its salts 
{[AgunH]+[PANO]- (1) & [AgunH]+[3-HPA]- (2)}. 
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deprotonation of the carboxylic group leading to a conjugation between 
carboxylate group (-COO-) and pyridine ring [17–19]. The solid-state 
structure of the ligands [[PANO]- or [3-HPA]-] also exhibit 
non-covalent contacts, namely, hydrogen bonding and π-π stacking in
teractions further inducing the red shift (Fig. 11). As expected, the 
emission of free acids caused by the π*–n transition is very weak when 
compared to the π*–π transition of the carboxylate anions {[PANO]- & 
[3-HPA]-} [17–19]. From our earlier reports [17–19], we conclude the 
free guanyl hydrazine bicarbonate and protonated [AgunH]+ molecules 
do not exhibit emission spectra emphasizing the luminescent property is 
only due to free acids and its anions. Finally, the preliminary emission 
spectral results show that the salts (1 & 2) exhibit relatively strong 
emission bands (red shift) at room temperature, indicating that they may 
be good candidates for photoactive materials. 

3. Biological studies 

3.1. Antibacterial activity 

Four pathogenic microbes namely (i) Escherichia Coli (E.C) (ii) 
Shigella Dysenteriae (S.D) (iii) Staphylococcus Aureus (S.A) and (iv) Ba
cillus Substilis (B.S) were used to assess the antibacterial potential of the 
picolinic acid N-oxide, 3-hydroxy picolinic acid and their salts via., in 
vitro using disc diffusion method [18,19,30,31]. Among the four path
ogenic strains two are gram negative (E.C and S.D) and two are gram 
positive (S.A and B.S). The zone of inhibition is provided in Figs. 12 and 
13. Further the Minimum Inhibitory Concentration (MIC) values of the 
salts were compared with the standard Ciprofloxacin by using 10% 
DMSO as control and the metrics are displayed in Table 6. Salts 1 and 2 
revealed superior inhibitory effects than free acids (MIC ≤180 μg/mL) 
against S. Dysenteriae, S. aureus and B. subtilis with MIC values around or 
between 65 and 80 μg/mL. From the results, the activity appears to 
strongly correlate with the presence of the hydrazine moiety in the 
guanyl hydrazinium cation, which is consistent with our previous re
ports [18,19]. In contrast, the bacterial activity of the free base is 
diminished may be due to poor solubility of guanyl hydrazine 
bicarbonate. 

3.2. Antioxidant activity 

Radical scavenging research is the emerging trend in science. The 
total antioxidant and DPPH scavenging activity of the free acids, PAHNO 
& 3-HPAH, and its salts (1 & 2) of different concentrations have been 
determined and are displayed in Figs. 14 and 15. DPPH is the one of the 
commercially available common probes to analyze the radical scav
enging process in antioxidants. Our research group proposed a mecha
nistic model [18,19] by Hydrogen Atom Transfer (HAT) reaction from 
an antioxidant or oxidant to DPPH▪ radical. Here we propose the similar 
path of mechanism for the precursors [free acids (FA) & base (Agun)] 
and are elucidated in Scheme 2. Based on our proposed model, it appears 
that there are three mechanistic pathways for free acids (FA) and base 
(Agun) with DPPH▪ radical. In the first step (a) the free Agun/FA moiety 
is transformed into Agun▪/FA▪ radical after donation of H-atom. In the 
second step (b) one each of Agun▪ and FA▪ radicals combined to give a 
combination product. Further in step (c) involves unstable complex re
action between Agun▪/FA▪ with DPPH▪ to form Agun-DPPH/FA-DPPH 
as shown in Scheme 2. 

According to the reaction sequence, each one species of Agun▪ and 
FA▪ are required to form combination products leading to better scav
enging activity. Furthermore, the experimental results show that the 
total antioxidant activity can be attributed to the increasing number of 
amine groups appended to the guanidine core. Thus, the present pro
posed model and experimental results show that the total antioxidant 
and DPPH scavenging activity was obtained in the following order: 
PAHNO < 3-HPAH < [AgunH]+[PANO]- (1) < [AgunH]+[3-HPA]- (2). 
The salt 2 appears to have better total antioxidant and DPPH scavenging 
activities than the salt 1 and starting compounds, which could be 
attributed to the presence of one free –OH group in the third position of 
the pyridine ring in [3-HPA]- anion, as shown in Figs. 14 and 15. This 
enhanced activity of these salts seems to be similar to our earlier reports 
[18,19]. Finally, we concluded that the order of radical scavenging ef
ficiency is more likely to be in the antibacterial study. 

4. Conclusions 

The reaction mixture of isoelectronic picolinic acids, namely, pico
linic acid N-oxide and 3-hydroxy picolinic acid with guanyl hydrazine 
bicarbonate in equimolar ratio has yielded 1:1 salt of [AgunH]+[PANO]- 

(1) and [AgunH]+[3-HPA]- (2) respectively. The literature survey shows 
three reports related to salts of 3-hydroxy picolinic acid with N6-Ben
zyladeninium [20], N6-benzoyladenine [21] and 

Fig. 14. Total antioxidant activity of standard (Ascorbic acid), starting com
pounds (PAHNO, 3-HPAH & AgunH.HCO3) and its salts 1 & 2 at different 
concentrations (50–250 μg/ml). The experiments were performed in triplicates. 

Fig. 15. DPPH scavenging activity of free acids (PAHNO & 3-HPAH), base 
(AgunH.HCO3) and its salts 1 & 2 at different concentrations. Ascorbic acid was 
taken as the standard. Sample was taken from the range of 50–250 μg/ml. Assay 
was done in triplicates. 
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6-Amino-5-fluoro-1H-pyrimidin-2-one [22] bases using a mixture of 
solvents by slow evaporation method. Meanwhile, there is no report on 
salts of picolinic acid N-oxide with organic bases. Based on the literature 
reports, our work on the salt forming ability of isoelectronic picolinic 
acid derivatives with organic bases, in particular, nitrogen rich guanyl 
hydrazine has been taken. First time, we successfully synthesized the 
title salts in aqueous medium under template method and structurally 
characterized. The structural result reveals that salt 1 crystallized in 
centric (P21/n), whereas, 2 is in non-centric (Pca21) space group, even 
though in the same reaction conditions. This may be due to the presence 
of hydroxyl group in 3rd position of 3-HPA- anion. Different hydrogen 
bonded features, such as intra- and intermolecular hydrogen bonds and 
π-π stacking interactions, as well as homo- and hetero ring motifs [two 

R2
2 (8), R1

1 (6), and two R2
2 (9)], acting as a main driving force to stabilize 

the crystal packing of salts 1 and 2. These observations emphasize the 
significance of anions [PANO- & 3-HPA-] and AgunH+ cation, which 
potentially acting as a suitable acid-base ion pair in the formation of 
robust hydrogen bonded supramolecular synthons [17–19]. In terms of 
properties, the emission spectra of the parent acids have shown rela
tively low luminescence behavior than the salts, whereas the antibac
terial and antioxidant properties are in the following order: 
[AgunH]+[3-HPA]- > [AgunH]+[PANO]- > AgunH.HCO3 > 3-HPAH >
PAHNO, which is consistent with the presence of hydrazine function
alities paving for the dominant antibacterial and antioxidant activities. 
Overall, it is expected that the results of this investigation will be useful 
in the development of new potent water-soluble guanyl hydrazinium 

Scheme-2. Proposed mechanism for free acids (PAHNO & 3-HPAH), base (Agun) and its salts {[AgunH]+[PANO]- & [AgunH]+[3-HPA]-} with DPPḢ
radical reaction. 
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salts with effective antibacterial and antioxidant materials using a 
simple in-situ method. With these acids, single crystals of higher ana
logues of guanidinium salts are being grown and will be reported in due 
course. 
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Abstract: In this study, we biosynthesized the stable silver nanoparticles (AgNPs) from Momordica
cymbalaria leaves to evaluate their antioxidant, antibacterial, cytotoxic, and photocatalytic properties.
Initially, we screened the bioactive compounds from M. cymbalaria extract using GC-MS. The biosyn-
thesis of Mc-AgNPs was confirmed using instruments, such as UV-visible spectroscopy FT-IR, XRD,
SEM with EDX, and HR-TEM analyses. The UV-visible spectrum indicated absorbance at 425 nm.
The crystallite size of the M. cymbalaria-stabilized nanoparticles was determined to be 20.14 nm. The
morphology and size of the synthesized Mc-AgNPs were confirmed via SEM-EDX and HR-TEM
analyses, with a size range from 16 to 22 nm. The synthesized Mc-AgNPs exhibited a photocat-
alytic yield of 60%. The biosynthesized Mc-AgNPs demonstrated strong antioxidant properties and
prominent antibacterial activity against human pathogenic bacteria. The cytotoxicity study revealed
that Mc-AgNPs were effective against MCF-7 cells in a dose-dependent manner. The recognized
bioactivities confirm that the synthesized Mc-AgNPs act as effective catalysts in oxidation and serve
as potent antioxidant, anticancer, and antibacterial agents.

Keywords: M. cymbalaria; silver nanoparticle; antioxidant; antibacterial; anticancer and photocatalytic
activity

1. Introduction

Nanotechnology has evolved into a significant and intriguing field of research due
to its unique characteristics and wide range of applications in sectors, such as agriculture,
food, and health [1]. A different approach to addressing some of the most urgent issues
facing the world today, such as cancer and multi-drug resistance (MDR), is Nanotherapy.
When a microbe naturally becomes resistant to an antibiotic that was once useful for
treating infections it caused, this is known as multi-drug resistance (MDR) [2]. With
the few antimicrobial drugs now on the market, treating these drug-resistant bacterial
strains, also known as “superbugs”, is quite challenging. According to Shankar (2016),
if appropriate measures are not taken to address this problem, multi-drug resistance
(MDR) is predicted to claim up to 10 million lives by 2050, with over 4 million of those
fatalities occurring in Asia [3]. Therefore, the World Health Organization (WHO) has
asked researchers worldwide to perform research and create innovative anti-MDR agents,
particularly antibacterial medications, to solve this exceedingly worrisome topic [4].
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Cancer is another serious illness that has long plagued humanity and stands out as
one of the deadliest diseases in the contemporary world. Among women, breast cancer has
consistently ranked as a prominent contributor to mortality. According to their report, the
World Health Organization (WHO) anticipates a staggering 16.3 million fatalities from these
ailments by 2040 [5]. Most cancer treatments and controls include surgery, chemotherapy,
targeted therapy, immunotherapy, radiation therapy, and hormone therapy. Traditional
therapy may cause drug resistance, recurrence, metastasis, and toxicity. Nanotechnology
in medicine has offered hope to biological and therapeutic fields [6–8]. While surgery,
radiation, and chemotherapy are effective conventional cancer treatments, their severe side
effects lower patients’ quality of life. In addition, the patient might potentially acquire
resistance to MDR strains posing severe hurdles in treating cancer [9]. The development of
novel treatments utilizing nanotechnology has the potential to enhance the inadequacies of
existing cancer treatments.

Due to their intense color and persistent breakdown, synthetic dyes used in plastic,
food, paper, paint, and cosmetics pollute the environment [10]. Most of the standard proce-
dures to address this contamination, including reverse osmosis, coagulation, adsorption
and ultra-filtration, etc., fail to decolorize and mineralize these dyes due to their high
stability and complicated aromatic structures [11]. Thus, a new treatment approach is
needed to destroy and deprive these crucial hazardous chemicals or convert them into
environmentally friendly products [12]. Metal nanoparticles act as catalysts in several
chemical processes in nano-catalysis, a fast-growing nanotechnology field [13].

Nanoparticles exhibit potential as antibiotics, antioxidants, and anticancer agents
due to their small size, large surface-area-to-volume ratio, and diverse optical, chemical,
magnetic, and mechanical properties [14]. Noble metal nanoparticles, such as those made
from zinc, silver, copper, gold, platinum, magnesium, and titanium, have received con-
siderable attention in biological applications due to their multifunctional diagnostics [15].
While recent advances in nanotechnology and the increasing use of nanoparticles have
brought attention to previously untapped natural resources, they have also highlighted
cutting-edge methods for exploiting them. The physical and chemical processes for synthe-
sizing nanoparticles are widely known [16]. However, these techniques often produce toxic
by-products during synthesis. Consequently, researchers are exploring natural biological
resources, such as microbes, amino acids, polymers, sugars, vitamins, and plant extracts, to
rapidly and efficiently fabricate metal nanoparticles [17,18].

Plant-mediated nanoparticle synthesis is gaining importance due to its low toxicity,
efficiency, eco-friendliness, and shorter processing times [19]. This exploration into plant-
based nano-synthesis delves into the diverse range of plants employed, highlighting their
unique phytochemical compositions and properties. Medicinal plants’ leaves, stems, and
roots and the seeds and fruits of crops are harnessed to create a sustainable platform
for nanomaterial synthesis. These green-synthesized nanoparticles show promise across
multiple applications, driven by their biocompatibility, tunable physicochemical properties,
and renewable sources [20,21]. Plants provide a rich source of bioactive compounds
that can reduce, stabilize, and cap metabolites, converting metal ions into nanoparticles.
This can lead to the synthesis of nanoparticles with predefined characteristics, such as
flaviolin, polysaccharides, alkaloid amines, proteins, terpenoids, polyphenols, tannins, and
aldehydes [22].

M. cymbalaria has been used in various Asian herbal medicine systems for an extended
duration [23]. Momordica plants are known for their biologically active compounds [24].
The identified alkaloids, flavonoids, and saponins are particularly noteworthy, as these
compounds have been associated with a range of beneficial biological activities. Alkaloids,
for instance, are known for their antimicrobial and anticancer properties [25]. Flavonoids
are recognized for their antioxidant and anti-inflammatory effects, contributing to potential
health benefits [26]. Saponins, on the other hand, have demonstrated antidiabetic prop-
erties in various studies [26]. The potential biological benefits of phytochemicals found
in Momordica have attracted significant interest in recent studies, focusing on compounds
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related to diabetes mellitus, cardioprotective properties, cancer, ulcers, and diabetic neu-
ropathy [27–30]. It has also been documented that the herb possesses wound-healing,
hypoglycemic, hypolipidemic, anti-infertility, nephroprotective, hepatoprotective, and
antioxidant properties [31–35].

Silver nanoparticles (AgNPs) have emerged as a leading type among biosynthesized
metal nanoparticles over the past two decades due to their distinct physical, chemical,
and biological properties [36]. While AgNO3 can be toxic at high concentrations, studies
have demonstrated increased catalytic activity, chemical stability, biocompatibility, and
therapeutic potential at lower concentrations of AgNO3 [37]. The potential anti-cancer and
antibacterial actions of silver nanoparticles are well-documented [38], with the controlled re-
lease of silver being a notable advantage over bulk metals and their salts [39]. The concept of
new-age bio-nano formulations espouses nanotechnology with traditional medicine [40,41].
Many studies have highlighted the green synthesis of AgNPs with plant leaves, but there
has been limited exploration of green synthesis using wild and native plant species with
biomedical applications [42–45]. Silver nanoparticles have shown considerable promise
in counteracting reactive oxygen species, indicating a potential role in reducing oxidative
stress [46]. Their selective cytotoxicity against cancer cells also ignites interest in their anti-
cancer mechanisms, leading to the development of novel, targeted cancer treatments [47,48].
Moreover, the broad-spectrum antimicrobial effectiveness of silver nanoparticles against
a variety of pathogens underscores their importance in tackling infectious diseases and
antibiotic resistance [49]. This extensive study aims to decipher the complex molecular
mechanisms underlying these critical aspects, offering a comprehensive view of silver
nanoparticles’ therapeutic prospects and aiding progress in nanomedicine [50]. The afore-
mentioned points indicate that synthesizing metal nanoparticles using a green chemical
approach is an intriguing and underexplored opportunity, which has sparked interest in
the current study.

This research examines the antibacterial, cytotoxic, and photocatalytic potential of
M. cymbalaria-mediated silver nanoparticle synthesis. By integrating the properties of the
Momordica genus with nanotechnology, this study seeks to demonstrate the potential appli-
cations of these nanoparticles in various medicinal and environmental contexts. Exploring
green synthesis using wild species and native plants, particularly those with anti-cancer
and antibacterial activities, represents a novel and underexplored opportunity, potentially
leading to new insights and applications in nanomedicine and environmental sustainability.

2. Materials and Methods

Most of the chemicals utilized in this investigation were procured from various sup-
pliers. All analytical-grade experimental chemicals were obtained from HI Media, located
in Mumbai, India. These included Muller Hinton agar, Nutrient broth, Modified Ea-
gle Medium (MEM), fetal bovine serum (FBS), trypsin, silver nitrate (AgNO3), iodine,
potassium iodide, magnesium ribbon, lead acetate, chloroform, concentrated sulfuric acid
(Conc. H2SO4), potassium sodium tartrate, sodium hydroxide (NaOH), methanol, glacial
acetic acid, ferric chloride (FeCl3), dimethyl sulfoxide (DMSO), and hydrochloric acid
(HCl). Additionally, two specific chemicals, 2,2 diphenyl 1 picrylhydrazyl (DPPH) and
3-(4,5-dimethylthiazol-2-yl)-2,5-diphenyl tetrazolium bromide (MTT), were purchased from
Sigma Aldrich in Bangalore, India.

2.1. Preparation of Plant Extract

M. cymbalaria plant leaves were collected from Srivilliputtur, Tamil Nadu, India. Upon
collection, the plants were immediately placed in sterilized Ziplock bags and transported
to the laboratory. The specimens were authenticated by taxonomists at the Centre for
Research and Postgraduate Studies in Botany, Ayya Nadar Janaki Ammal College, Sivakasi,
Tamil Nadu, India. The leaves were then selected for further processing. To prepare the
leaf samples, they were initially rinsed with water and subsequently left to dry under
a sunshade. Once dried, the leaves were ground into a fine powder. For the extraction
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process, 10 g of this powdered M. cymbalaria leaves was steeped in conical flasks containing
100 mL of double-distilled water. The mixture was agitated thoroughly and left undisturbed
for five hours to ensure sufficient extraction. Following the extraction, the solution was
filtered through a Whatman No. 1 filter paper to obtain a clear filtrate, which was then
used to synthesize the Mc-AgNPs.

2.2. Phytochemical Analysis

The crude leaf extracts of M. cymbalaria were subjected to qualitative analysis to detect
the presence of phytochemicals. Phytoconstituents, such as alkaloids [51], flavonoids [52],
carbohydrates [53], phenols, and tannins [54], along with steroids, cardiac glycosides [55],
terpenoids, and phlobatannins [56], were analyzed using the following established
standard procedures.

2.3. Gas Chromatography-Mass Spectrometry (GC-MS) Analysis

Chemical analysis of the M. cymbalaria leaf extract was performed using a Gas
Chromatography-Mass Spectrometry (GC-MS, Shimadzu, Tokyo, Japan) system equipped
with a Thermal Desorption (TD) unit. The GC-MS apparatus featured an Rtx-5 capillary
column (30 m × 0.25 mm, with a film thickness of 0.25 µm) and employed helium as the
carrier gas at a constant flow rate of 1.21 mL/min. The oven temperature was programmed
to rise from 60 ◦C to 200 ◦C at a rate of 5 ◦C per minute before a final ramp to 280 ◦C. Scans
were carried out at m/z values ranging from 50 to 450. The mass fragmentation patterns
of the compounds were identified using the NIST library, with the mass spectrometer
operating at 70 eV.

2.4. Synthesis of AgNPs from M. cymbalaria

Silver nitrate served as the precursor for the synthesis of AgNPs. As detailed in a
previous report, a 1 mM AgNO3 solution (100 mL) was prepared by dissolving the silver
nitrate in deionized water. This solution was then combined with the M. cymbalaria leaf
extract at a 2:10 ratio and incubated in a dark area. After incubation, the sample was
centrifuged at 10,000× g rpm for 15 min at 4 ◦C to obtain a clear supernatant. The resulting
pellet was washed three times with deionized water [57].

2.5. Characterization of Mc-AgNPs
2.5.1. UV-Vis Spectroscopy

A noticeable color change occurred after incubating the M. cymbalaria (Mc) aqueous
extract with the AgNO3 solution. UV-visible spectroscopy (Shimadzu, Japan) was utilized
to analyze the peaks of Mc-AgNPs within the wavelength range of 200 to 800 nm.

2.5.2. Fourier-Transform Infrared Spectroscopy (FT-IR) Analysis

The functional groups present in the green-synthesized Mc-AgNPs were characterized
using Fourier Transform Infrared (FT-IR) spectroscopy to investigate the plant compounds
responsible for the reduction of silver ions. The dried nanoparticle powders and the plant
extract were mixed with KBr to form pellets, which were then analyzed with an FT-IR
spectrometer (Spectrum 65, PerkinElmer, WA, USA).

2.5.3. X-ray Diffraction (XRD) Analysis

XRD analysis was conducted to determine the crystallinity, phase, and average crys-
tallite size of the Mc-AgNPs. The synthesized nanoparticles were dispersed in ethanol and
deposited onto a glass substrate for XRD analysis. The analysis was carried out using an
Ultima IV-Rigaku diffractometer equipped with CuKα radiation (λ = 1.540 Å) at 45 kV and
30 mA, in Tokyo, Japan.
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2.5.4. SEM and EDX Analysis

The dimensions and morphology of the Mc-AgNPs were analyzed using a Scanning
Electron Microscope (SEM), specifically the Carl Zeiss Microscopy GmbH, EVO18 model
from the Jena, Germany. To prepare the samples, the Mc-AgNPs were dispersed in 100%
ethanol through ultrasonication. The solution was then deposited onto a glass slide and
left to air-dry, allowing the solvent to evaporate completely. Subsequently, a thin layer of
gold, approximately 3 nm in thickness, was sputtered onto the sample using a vacuum
sputter coater. The SEM was equipped with an integrated Energy-Dispersive X-ray (EDX)
analysis system (Quantax 200 with X Flash® 6130) to determine the elemental composition.

2.5.5. HR-TEM and SAED Analysis

The research utilized a high-resolution transmission electron microscope (HR-TEM)
and the selected area diffraction pattern (SAED), specifically the JEOL-2100 model from
JEOL India Pvt. Ltd., in New Delhi, India, with a magnification capability of 46,000×. Sam-
ples were prepared using the Formvar resin grid technique: a suspension of the synthesized
nanoparticles at a weight-to-volume ratio of 0.5% was deposited onto a TEM grid coated with
Formvar resin. The grid was air-dried for ten minutes before being examined. Photographs
were captured to document the morphology of the nanoparticle aggregates.

2.6. DPPH-Radical-Scavenging Assay

A DPPH-radical-scavenging assay was developed to evaluate antioxidant properties
by measuring the free-radical-scavenging activity. Mc-AgNPs were dissolved in deionized
water at concentrations ranging from 200 to 1000 µg/mL. Ascorbic acid was used as a
positive control. The assay commenced by mixing 0.1 mL of the Mc-AgNPs solution with
1 mL of a freshly prepared 0.1 mM DPPH solution in ethanol. After 20 min of vigorous
shaking at room temperature, the absorbance at a wavelength of 517 nm was measured.
A control sample, devoid of silver nanoparticles, was also prepared [58]. The radical-
scavenging activity was calculated by measuring the reduction in DPPH absorbance using
the following formula (Equation (1)):

Scavenging e f f ect (%) =

[
Ac − As

Ac

]
× 100 (1)

where, Ac is the abs of the control, and As is the abs of the sample or standard.

2.7. Cytotoxicity Assay

The MCF-7 (breast cancer) and Vero cell line (non-cancerous) were cultured in DEME
medium supplemented with 10% fetal bovine serum, 100 units/mL of penicillin, and
streptomycin at 37 ◦C with 5% CO2 and 95% relative humidity. The culture media were
replaced twice a week. The in vitro cytotoxicity activity Mc-AgNPs was evaluated against
the MCF-7 human breast cancer cell line and Vero cell lines using the 3-(4,5-dimethylthiazol-
2-yl)-2,5-diphenyl tetrazolium bromide (MTT) assay [59]. Initially, 1 × 105 cells were
seeded in a 96-well plate and allowed to attach for 24 h. The previous culture medium
was then replaced with a medium containing various concentrations of Mc-AgNPs (1.95 to
1000 µg/mL), and the assay was triplicated. Doxorubicin was used as the reference drug
(0.1 g/mL). After a 24 h incubation, the cells were washed three times with 1× PBS buffer,
and MTT solution (5 mg/mL) was added. Following a 2 h incubation at 37 ◦C, the formed
formazan crystals were diluted in 1 mL of dimethylsulfoxide (DMSO), and the absorbance
was measured at 570 nm using a microplate reader (BMG Labtech in Ortenberg, Germany).
The percentage of viability was calculated using the following formula [60] (Equation (2)).

Cell viability(%) = [(ODsample − O.D.blank)/O.D.conrtol]× 100 (2)
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2.8. Antibacterial Activity

The bacterial strains, such as methicillin-resistant Staphylococcus aureus ATCC-43300
(MRSA), vancomycin-resistant Enterococcus faecium ATCC 49624 (VREF), Escherichia coli
ATCC-25922, and Serratia marcescens ATCC-27137, were obtained from the American Type
Culture Collection (ATCC). Muller Hinton Agar (MHA) was used as the medium to test
the antibacterial efficacy of Mc-AgNPs via the Kirby-Bauer well-diffusion methods. The
process involved pouring sterilized MHA onto sterile Petri plates and waiting for it to
solidify. After the medium was ready, bacteria were inoculated onto the surface using
a sterile cotton swab. In the well-diffusion method, wells were punched into the agar
using a cork borer 15 min later. Mc-AgNPs were introduced into three separate wells at
concentrations of 50 µg/mL, 100 µg/mL, and 150 µg/mL, which were made from a stock
solution dissolved in 50% DMSO. The plates were incubated at 37 ◦C, and the inhibition
zones were measured 24 h later to evaluate the antibacterial activity of Mc-AgNPs [61].

Microbial Growth Assay

The assessment of the antibacterial efficacy of Mc-AgNPs against bacterial pathogens
was conducted by subjecting 107 colony-forming units (CFUs) of bacterial isolates to
individual treatments with varying concentrations of Mc-AgNPs (100, 80, 60, 40, and
20 µg/mL). Following an initial incubation period of 1 h at 30 ◦C, bacterial colonies were
quantified using an automated colony counter [62].

2.9. Photocatalytic Activity

The photodegradation of methylene blue dye solution was investigated under sunlight
in a batch reactor system, utilizing the synthesized Mc-AgNPs as the catalyst [63]. An
open-type rectangular tray measuring 16 × 15 × 5 cm and made of borosilicate glass was
employed as a reactor to sustain the dye solution in sunlight-mediated photocatalysis.
Methylene blue dye (0.159 g) was dissolved in distilled water to produce a 1 molar solution
of 1 L. From this, 50 mL was taken and diluted to a 250 mL solution (500 ppm). This
prepared solution was transferred to the rectangular tray and Mc-AgNPs (50 mg or 0.05 g)
were added. One molar NaOH/HCl was used to maintain a neutral pH. The mixture
of the 250 mL dye solution with a known concentration and the synthesized Mc-AgNPs
nanocomposite was stirred vigorously using a magnetic stirrer at a medium rotation to
attain equilibrium. After allowing the adsorption process to equilibrate, the mixture was
exposed to sunlight for 30 min. UV-visible spectroscopy was used to analyze the solution
to obtain the maximum absorption range. Then, the solution was irradiated in sunlight
for 180 min with continuous stirring. Initially, the irradiated dye solution was collected
within 10 min, and the remaining dye solution was collected at intervals every 20 min
and then analyzed using a UV-Visible spectrophotometer. The ideal conditions for the
photodegradation investigation were maintained under direct sunlight. Every 30 min, the
amount of solar light was monitored, and the average amount of light over the course of
each experiment was computed. The UV-Vis spectrophotometer measured the residual
concentration of the dye solution at 665 nm. A digital lux meter was used to measure the
intensity of light and sunshine throughout the reaction time, which was around 820 lux.
Throughout the studies, the intensity remained almost constant.

The formula below was used for calculating the degradation percentage (Equation (3)).

% of degradation = ((C0 − Ct)/(C0))× 100 (3)

Where C0 was the initial absorbance of the dye solution and Ct was the absorbance at
time intervals.

2.10. Statistical Analysis

All experiments were conducted in triplicate to ensure reproducibility. Statistical
analyses were performed to assess the significance of differences between the measured
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mean values using a two-tailed Student’s t-test. A p-value of less than 0.05 was deemed
to indicate statistical significance. All statistical calculations were performed using SPSS
software (version 21.0; I.B.M. Corp., New York, NY, USA).

3. Results and Discussion

The presence of diverse phytochemicals in M. cymbalaria underscores its potential as a
valuable source of bioactive compounds in Table 1. While our results support the potential
pharmacological relevance of M. cymbalaria extracts, it is crucial to highlight the need for
further investigations, including detailed chemical isolation and mechanistic studies. Iden-
tifying the compounds responsible for the observed bioactivities would provide a more
comprehensive understanding of the plant’s therapeutic potential. Moreover, contrary to
some previous studies, the absence of tannins in the extract warrants additional exploration
to elucidate the variability in the phytoconstituent compositions among different plant
samples. The phytochemical profile of M. cymbalaria showcases its richness in bioactive
compounds, opening avenues for future research on its medicinal and therapeutic applica-
tions. However, further studies are necessary to unravel the mechanisms underlying its
observed pharmacological activities.

Table 1. Preliminary phytochemical analysis of M. cymbalaria extract.

S.No. Phytochemical Class M. cymbalaria Leaf Extract

1 Alkaloids ++

2 Flavonoids ++

3 Tannins −
4 Phenols +

5 Steroids +

6 Saponin ++

7 Terpenoids +

8 Carbohydrates +

9 Phlobatannins −
++ Indicates the presence of a high amount; + indicates the presence; − indicates the absence of the phytochemical.

3.1. GC-MS Analysis

The GC-MS analysis of the leaf extract of M. cymbalaria leaves provided valuable insights
into the composition of phytocompounds present in the plant (Figure 1 and Table 2). Oleic
acid emerged as the predominant compound, constituting 39.37% of the total composi-
tion. This finding aligns with previous studies highlighting the prevalence of oleic acid
in various plant extracts, showcasing its significance in plant metabolism and potential
health benefits [64–66]. n-Hexadecanoic acid (20.86%) and octadecanoic acid (11.26%)
further contributed to the fatty acid profile of the extract. Fatty acids play crucial roles
in plant development and are known for their diverse physiological functions [67,68].
Additionally, the presence of 5-hydroxymethylfurfural (8.49%), known for its antioxidant
properties, adds another layer of potential health benefits associated with the extract [69].
The diverse classes of compounds, including esters, steroids, fatty acids, terpenes, aliphatic
alcohols, and flavonoids, suggest the complex chemical composition of Momordica cym-
balaria, contributing to its pharmacological significance [70]. It is noteworthy that while the
identified compounds provide valuable information, further research is essential to explore
the specific biological activities and potential synergistic effects of these phytocompounds.
Comparative studies with other Momordica species may reveal unique chemical signatures
and therapeutic potentials. Future studies should delve into the bioactivities associated
with these compounds and their practical applications in medicine and nutrition.
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Table 2. GC-MS profile of phytocompounds in M. cymbalaria extract.

Peak R. Time Area Area% Name

1 6.409 4,709,431 1.66 S-Methyl-L-cysteine, N-(ethoxyca. . .

2 6.602 3,217,202 1.14 S-Methyl-L-cysteine, N-(ethoxyca. . .

3 8.523 2,997,683 1.06 4H-Pyran-4-one, 2, 3-dihydro-3,5-. . .

4 9.764 24,034,843 8.49 5-Hydroxymethylfurfural

5 13.094 13,332,417 4.71 2-Isopropoxyethyl propionate

6 13.422 10,307,348 3.64 1,3-Dioxane, 4,4-dimethyl-

7 15.066 3,657,786 1.29 Humulenol-II

8 16.374 5,827,800 2.06 Tetradecanoic acid

9 17.096 2,281,005 0.81 Cyclohexanol, 3-ethenyl-3-methyl. . .

10 17.834 3,981,804 1.41 (3S,3aS,6R,7R,9aS)-1, 1, 7-Trimeth. . .

11 18.237 2,697,462 0.95 Palmitoleic acid

12 18.514 59,065,176 20.86 n-Hexadecanoic acid

13 20.208 111,488,797 39.37 Oleic Acid

14 20.393 31,876,258 11.26 Octadecanoic acid

15 22.800 3,678,672 1.30 Dehydroabietic acid



Separations 2024, 11, 61 9 of 23

3.2. Green Synthesis of Mc-AgNPs

The silver nitrate was mixed with the plant extract, the silver ions from AgNO3
bound to the plant proteins, and water-soluble compounds using –OH and –COOH groups,
leading to conformational changes in the protein molecule, which contributed to the
captured metal ion transformation into a silver nanoparticle [71]. In general, a metal
nanoparticle synthesis mechanism using plants and plant extracts contains three main steps:
(1) the phase of activation wherein metal ions are reduced and reduced metal atoms are
nucleated; (2) the growth phase that is characterized by an increase in the thermodynamic
stability of nanoparticles and the spontaneous coalescence of small adjacent nanoparticles
into larger particles (direct formation of nanoparticles through heterogeneous nucleation
and growth, and further metal ion reduction; a process referred to as an Ostwald ripening);
(3) the final shape of the nanoparticles is determined at the process termination step.

3.3. Characterization of Mc-AgNPs
3.3.1. UV-Vis Spectroscopic Analysis

The aqueous leaf extract of M. cymbalaria was mixed with an AgNO3 solution and
initially turned into a pale yellow color. Then, after incubation at 8 h, the solution turned
dark brown, indicating the synthesis of Mc-AgNPs. Similar observations were reported by
other investigators who used plant extracts as a reducing agent [72,73]. Further, the UV-Vis
spectroscopy, widely employed for identifying the structural properties of nanoparticles,
revealed a distinct peak at 425 nm, indicating the broad size distribution and presence
of AgNPs on the surface of the nanoparticles in the solution (Figure 2). This peak is
attributed to the surface plasmon resonance of electrons [74]. The transformation of silver
ions into silver nanoparticles began as soon as the reaction was initiated, with the complete
reduction occurring within about two minutes at ambient conditions, which signifies the
quick biosynthesis of the silver nanoparticles [75].
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Figure 2. UV analysis of synthesized Mc-AgNPs. A peak of 425 nm demonstrates the production of
AgNPs on the surface of nanoparticles in the solution due to the surface-plasma resonance (SPR) electrons.

3.3.2. FT-IR Analysis

The chemical composition and functional groups present in Mc-AgNPs were investi-
gated using FT-IR spectroscopy. The probable biomolecules responsible for the capping
and reduction of silver nanoparticles were determined using FT-IR spectroscopy. Figure 3
displays the FT-IR spectrum for the Mc aqueous extract and Mc-AgNPs. The strong and
broad absorption peak observed at 3412.13 cm−1 represents the O-H stretching of water
molecules. The characteristic peaks at 2930.79 cm−1 and 2854.58 cm−1 are attributed to
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C-H stretching vibrations [14]. The peak at 2923.79 cm−1 corresponds to the medium C-H
stretching of alkanes. The absorption at 2164.07 cm−1 is indicative of the strong C-N stretch-
ing of thiocyanate. The peaks at 2387.24 cm−1, 2059.09 cm−1, and 1745.72 cm−1 correspond
to strong C=O stretching in the compound. The smaller peaks at 1626.27, 1403.57 cm−1,
and 1654.74 cm−1 are credited to the medium C=C stretching of disubstituted alkenes (cis)
and medium O-H bending and medium C=N stretching of imines/oximes. The functional
group C=C stretching of cyclic alkenes was observed at 1563.54 cm−1. The minor peaks at
1250.38 and 1118.19 cm−1 were strongly related to the C-O stretching of aromatic esters
and aliphatic/aryl ethers, respectively. The C-N stretching of amine groups was recorded
at 1160.18 cm−1. The sharp peaks at 1076.20 cm−1 correspond to the strong C-O stretching
of primary alcohols. The presence of flavanones and terpenoids in the plants are evidenced
by the absorption by AgNPs, confirmed by the presence of carbonyl (C=O) groups. These
carbonyl groups strongly bind to AgNPs and act as stabilizing molecules [76].
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3.3.3. XRD Analysis

The crystallographic characteristics of the Mc-AgNPs were determined through X-ray
diffraction (XRD) analysis. The XRD spectrum highlighted several distinct peaks corre-
sponding to the Bragg reflections, notably at 2θ angles of 38.15◦, 44.48◦, 64.56◦, and 77.64◦.
These peaks were attributed to the (111), (200), (220), and (311) lattice planes, respectively,
as shown in Figure 4. These lattice planes indicate the face-centered cubic (F.C.C.) structure,
confirming the crystalline nature of the Mc-AgNPs, which is in alignment with the standard
JCPDS card no: 84-0713. The presence of these peaks suggests that the plant-based synthesis
approach yields well-defined crystalline nanoparticles, likely due to the presence of natural
stabilizing compounds in the plant extracts that aid in maintaining the structural integrity
of the nanoparticles. Comparative analysis suggests that the diffraction patterns of the
Mc-AgNPs show remarkable similarity to those reported for nanoparticles synthesized
using Euphorbia antiquorum and Corallocarpus epigaeus, which exhibit analogous diffraction
features corresponding to the same indexed planes [77,78]. This similarity underscores a
consistent crystalline structure among plant-mediated synthesized silver nanoparticles [79].
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using the M. cymbalaria leaf extract.

3.3.4. SEM and E.D.X. Analysis

The SEM analysis was used to determine the size and shape of the Mc-AgNPs. Ac-
cording to the SEM analysis, the synthesized Mc-AgNPs had a cluster-like shape and
significantly agglomerated. The SEM analysis of Mc-AgNPs is shown in Figure 5. Addi-
tionally, the dehydration that occurred during sample preparation for SEM analysis most
likely contributed to the substantial aggregation of the biosynthesized AgNPs [80]. E.D.X.
analysis determined the elemental makeup, atomic composition and weight percentage of
the Mc-AgNPs. The E.D.X. analysis of Mc-AgNPs is shown in Figure 5. The study revealed
certain contaminants, including carbon, oxygen, silicon, and very minute amounts of cal-
cium and sodium. Oxygen and carbon were also present in the spectra. These elements
were found to be essential for stabilizing and reducing biosynthesized AgNPs and were
associated with the organic substances of the leaf extract on the surfaces of Mc-AgNPs [81].
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3.3.5. HR-TEM with SAED Analysis

Figure 6A displays the HR-TEM analysis of Mc-AgNPs. Most of the nanoparticles had
a spherical shape in their morphology. It was discovered that some of the nanoparticles had
an oval or elliptical shape. It is uncommon for biological systems to produce nanoparticles
with varying degrees of sphericity and dimensionality. The noticeable distinction of lighter
edges compared to the centers of the particles led researchers to hypothesize that proteins
or other biomolecules enveloped the Ag nanoparticles [82]. HR-TEM examination revealed
that most particles had a size of around 16 to 22 nm. Figure 6B presents an overview of the
SAED pattern for the Mc-AgNPs. The synthesized silver nanoparticle (AgNP) crystallinity
was confirmed through selected area electron diffraction (SAED) pattern analysis. The
diffraction rings observed in the SAED patterns corresponded to the (111), (200), (220),
and (311) planes, which are indicative of the fcc lattice structure commonly associated
with Mc-AgNPs. This observation perfectly correlated with the XRD results, underscoring
the spherical and crystalline nature of the NPs. High-resolution SAED images further
substantiated the crystalline structure of the AgNPs, as demonstrated by the clear and
consistent diffraction patterns across multiple magnifications [83].
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3.4. DPPH Assay

The antioxidant capacities of Mc-AgNPs were assessed using the DPPH assay. It is
understood that DPPH-scavenging activities are related to hydrogen’s ability to donate
to different antioxidant molecules. Figure 7 depicts how the behavior of DPPH in radical
scavenging is affected by various Mc-AgNP concentrations. Mc-AgNPs and ascorbic acid
produced a potent inhibitory activity against DPPH radicals, a source of antioxidants.
With higher concentrations, Mc-AgNPs’ free radical scavenging ability seems to improve.
Notably, at 1000 µg/mL, Mc-AgNPs showed more decisive antioxidant action, with a 67.77%
inhibition rate, compared to ascorbic acid at 73.31%. Previous research has also indicated
that as treatment doses are increased, antioxidant activity progressively rises [84–86]. As
a result, the potential antioxidant capability of our synthesized Mc-AgNPs was evident.
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Examining the ability of nanoparticles to quench neutrals revealed that Mc-AgNPs could
produce free, stable neutral radicals from DPPH. Different facets of the antioxidant process
were highlighted in the experimental investigations used. The DPPH assay showed that
AgNPs donate electrons to neutralize the free radicals of unstable DPPH within the reaction
medium [87].
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3.5. Cytotoxicity Activity

The cytotoxic effects of Mc-AgNPs were investigated on both MCF-7 cells and Vero
cells. Mc-AgNPs had a dose-dependent cytotoxic impact on breast cancer cells. The IC50
values were 54.89 µg/mL for MCF-7 breast cancer cells and 160.74 µg/mL for the non-
malignant Vero cells. Cytotoxicity assays indicated that Mc-AgNPs are more cytotoxic to
cancer cells than to non-tumorigenic cells. Doxorubicin, used as a comparative standard,
exhibited IC50 values of 2.04 µg/mL for MCF-7 cells and 3.08 µg/mL for Vero cells, as
depicted in Figures 8 and 9 [88,89]. Likewise, the leaf extract of the A. vulgaris-mediated
synthesis of AgNPs (AV-AgNPs) demonstrated an IC50 value of approximately 60 µg/mL
for MCF-7 cells [87]. Due to improved cellular uptake and the retention of nanoparticles,
Cp-AgNPs demonstrated a cytotoxicity gap in MCF-7 cell lines [90]. Despite their small
size, nanoparticles resist P-glycoprotein efflux and can enter cells via endocytosis [91].
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treated with doxorubicin; (F) Vero cell line treated with Mc-AgNPs.
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3.6. Antibacterial Activity

Multi-drug resistance has been a significant obstacle to promising antibiotic therapeu-
tics and necessitates the development of a medication with nanoforumulations to tackle
resistant bacterial strains [92]. In this study, the antibacterial activity of biosynthesized
Mc-AgNPs was evaluated by using the well-diffusion method, against a selection of four
bacterial pathogens: Gram-positive (E. coli ATCC-25922, and S. marcescens ATCC-27137)
and Gram-negative (MRSA ATCC-43300, and VREF ATCC-49624). Concerning the zone
of inhibition for each strain of bacteria, Mc-AgNPs exhibited a significant level of inhibi-
tion of E. coli, followed by S. marcescens, MRSA, and VREF, respectively. The maximum
zone of inhibition observed for E. coli at the highest dose of Mc-AgNPs was 17.33 mm
(Figure 10). Mc-AgNPs exhibited dose-dependent antibacterial efficacy against all the bacte-
rial pathogens. In the present study, the inhibitory action of Mc-AgNPs was comparatively
low for Gram-negative bacteria. This difference in susceptibility is often attributed to the
structural variations in the cell walls of these two types of bacteria [93]. Gram-positive
bacteria have a thick peptidoglycan layer in their cell walls, making them more susceptible
to the action of nanoparticles. On the other hand, Gram-negative bacteria have a thinner
peptidoglycan layer and an outer membrane made up of LPS, lipoproteins, and phospho-
lipids that act as a penetration barrier and only permit the entry of macromolecules [94].
The silver ions from the nanoparticles are attracted to the negative charge of the bacterial
cell wall. When they encounter electrostatic attraction, they migrate and bind to the bac-
terial cell wall, influencing the permeability of the cell wall and altering its structure [75].
The DNA of microorganisms loses its ability to replicate and to produce cellular proteins,
such as ribosome subunits. After exposure to Ag+ ions, most of the enzymes necessary to
produce ATP become inactive [95]. In our study, chloramphenicol was used as a positive
control. The synthesized Mc-AgNPs had low antibacterial efficacy, when compared to
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chloramphenicol. Contreras and Vazquez (1977) reported that chloramphenicol inhibited
translation by preventing the peptidyl transferase reaction or translocation step on the 50S
component of the bacterial ribosome [96].
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bacteria.

Microbial Growth Assay

Microbial growth assays were conducted to evaluate the bactericidal activity of Mc-
AgNPs against MRSA, VREF, E. coli, and S. marcescens. Bacterial isolates, numbering
approximately 107 colony-forming units (CFUs), were exposed to varying concentrations of
Ag-NPs (100, 80, 60, 40, and 20 µg/mL) and cultured on Mueller-Hinton agar (MHA) plates.
Following treatment, a notable reduction in the colony count was observed for all four
pathogens after 24 h, particularly with concentrations of 60 and 80 µg/mL of Mc-AgNPs.
The observed reduction in colony numbers suggests the bactericidal efficacy of AgNPs
against the tested microbial strains (Figure 11). The mechanism of action of Mc-AgNPs
involves anchoring to the bacterial cell wall at multiple sites, followed by penetration and
the induction of structural changes. This process leads to cell wall perforations, resulting
in intracellular substance leakage [97]. Dizaj et al. (2014) suggested that AgNPs interact
with the cell wall, causing disruptive effects [98]. Moreover, upon penetration, Mc-AgNPs
release silver ions, which, in turn, generate reactive oxygen species. This oxidative stress
affects membrane proteins and disrupts the electron transport chain [99]. The cumulative
effect of these processes contributes to the observed bactericidal activity of Mc-AgNPs
against bacteria, providing insights into their potential as antibacterial agents.
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3.7. Photocatalytic Studies

For the past several years, the photocatalytic degradation of hazardous organic pol-
lutants has drawn significant interest from researchers worldwide. Particularly toxic and
non-biodegradable, colored organic dyes from the textile and paper industries harm the
environment. Seventy percent of the dye material, sourced from azo dyes, severely pollutes
the environment by dispersing potentially harmful particles into the aquatic system [100].
However, the conventional bio-treatment methods for degrading dye wastewater have
recently been costly and ineffective due to the stability and aromatic complex structures
of these organic dyes [101]. As a photocatalyst, metal oxide nanoparticles have shown
remarkable effectiveness in mineralizing various environmental contaminants, including
detergents, dyes, and volatile organic compounds [102]. Various metal oxides, such as
Ag2O, TiO2, ZnO, WO3, Fe2O3, and CuO, have recently been used as essential photocata-
lysts for degrading organic dye pollutants in water and air [103].

The environmental concern of the photocatalytic nature and efficiency of the synthe-
sized nanocomposite was evaluated effectively. Figure 12A shows the UV-Vis absorption
spectra of an organic dye molecule, like methylene blue, when exposed to sunlight with
a maximum light intensity of approximately 860–980 lux from 11.30 am to 2.30 pm. The
sample solutions were collected at several time intervals, such as 0, 10, 30, 50, 70, 90, 120,
and 180 min, in the presence of Mc-AgNPs nanocomposites as the photocatalysts. Decol-
orization was observed during the degradation study and may be due to damage to the
sulfur-nitrogen bonds in the MB solution. After the degradation study, CO2 and H2O were
formed along with degraded products. From the studies, the maximum photodegradation
percentage obtained for methylene blue for each sample in the presence of the synthesized
catalyst, Mc-AgNPs, was found to be around 60%. The photodegradation percentage values
of MB dye in the presence of the Mc-AgNPs nanocomposites after 180 min of exposure are
shown in Figure 12B. From Table 3, Mc-AgNPs have higher photocatalytic activity against
M.B. dye than some other reported plant-mediated silver nanoparticles.



Separations 2024, 11, 61 17 of 23

Separations 2024, 11, x FOR PEER REVIEW 17 of 24 
 

 

such as Ag2O, TiO2, ZnO, WO3, Fe2O3, and CuO, have recently been used as essential pho-
tocatalysts for degrading organic dye pollutants in water and air [103]. 

The environmental concern of the photocatalytic nature and efficiency of the synthe-
sized nanocomposite was evaluated effectively. Figure 12A shows the UV-Vis absorption 
spectra of an organic dye molecule, like methylene blue, when exposed to sunlight with a 
maximum light intensity of approximately 860–980 lux from 11.30 am to 2.30 pm. The 
sample solutions were collected at several time intervals, such as 0, 10, 30, 50, 70, 90, 120, 
and 180 min, in the presence of Mc-AgNPs nanocomposites as the photocatalysts. Decol-
orization was observed during the degradation study and may be due to damage to the 
sulfur-nitrogen bonds in the MB solution. After the degradation study, CO2 and H2O were 
formed along with degraded products. From the studies, the maximum photodegradation 
percentage obtained for methylene blue for each sample in the presence of the synthesized 
catalyst, Mc-AgNPs, was found to be around 60%. The photodegradation percentage val-
ues of MB dye in the presence of the Mc-AgNPs nanocomposites after 180 min of exposure 
are shown in Figure 12B. From Table 3, Mc-AgNPs have higher photocatalytic activity 
against M.B. dye than some other reported plant-mediated silver nanoparticles. 

 
Figure 12. (A) Photocatalytic activity of green synthesized Mc-AgNPs; (B) Photodegradation of 
methylene blue dye in the presence of the green synthesized Mc-AgNPs. 

Table 3. Comparison of photocatalytic activity of some silver nanoparticles against MB dye. 

S.No Catalyst Pollutant 
Degradation Efficiency (%) and 

Time 
References 

1 Morinda tinctoria-Ag MB 95.3% & 72 h [104] 
2 Honey-Ag MB 92% & 72 h [105] 
3 Imperata cylindrical-Ag MB 92.06% & 14 min [106] 
4 Gymnema sylvestre-Ag MB 95% & 7 h [107] 
5 Peltophorum pterocarpum-Ag MB 82% & 6 min [108] 
6 Camellia sinensis-Ag MB 95% & 72 h [109] 
7 Momordica cymbalaria-Ag MB 60% & 3 h Present work 

The photocatalytic degradation process induces the degradation of MB. The destruction of MB was probable ow-
ing to the production of an electron and hole pair on the catalyst surface during light-source radiation. The electron and 
hole pair intermingled with a water molecule, generating hydroxyl radicals. This is accountable for breaking the harmful 
MB components. Electrons in the conduction band on the catalyst�s surface alter the molecular oxygen to superoxide 
ions and ultimately form hydrogen peroxide. The hole generates a hydroxyl radical, which plays an important role in 
the breakage of MB molecules [110]. 

Figure 12. (A) Photocatalytic activity of green synthesized Mc-AgNPs; (B) Photodegradation of
methylene blue dye in the presence of the green synthesized Mc-AgNPs.

Table 3. Comparison of photocatalytic activity of some silver nanoparticles against MB dye.

S.No Catalyst Pollutant Degradation Efficiency (%) and Time References

1 Morinda tinctoria-Ag MB 95.3% & 72 h [104]

2 Honey-Ag MB 92% & 72 h [105]

3 Imperata cylindrical-Ag MB 92.06% & 14 min [106]

4 Gymnema sylvestre-Ag MB 95% & 7 h [107]

5 Peltophorum pterocarpum-Ag MB 82% & 6 min [108]

6 Camellia sinensis-Ag MB 95% & 72 h [109]

7 Momordica cymbalaria-Ag MB 60% & 3 h Present work

The photocatalytic degradation process induces the degradation of MB. The destruc-
tion of MB was probable owing to the production of an electron and hole pair on the catalyst
surface during light-source radiation. The electron and hole pair intermingled with a water
molecule, generating hydroxyl radicals. This is accountable for breaking the harmful MB
components. Electrons in the conduction band on the catalyst’s surface alter the molecular
oxygen to superoxide ions and ultimately form hydrogen peroxide. The hole generates a
hydroxyl radical, which plays an important role in the breakage of MB molecules [110].

Mc − AgNPS + hν → Mc − AgNPS
(
e−CB + h+

VB
)

h+
VB + MB → MB+ → Oxidation of MB

h+
VB + H2O

(
OH−) → OH + H+

OH + MB dye → CO2 + H2O

Reusability Test and Stability Analysis of Mc-AgNPs

Regeneration and reusability are significant factors in the field of catalysis for an
environmental friendly and cost-effective point of view. To evaluate the stability of the
Mc-AgNPs, a reusability study was performed on the degradation of methylene blue dye.
The catalyst was collected after the completion of the degradation study and washed, dried,
and used for the reusability study. The degradation efficiency was slightly decreased during
the degradation study and may be due to the loss of catalyst weight while washing and
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drying. The degradation efficiency was found to be 60% in cycle I and gradually decreased
after cycle IV, which was found to be 51%. Figure 13A shows the reusability study of the
Mc-AgNPs against MB dye.
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The Mc-AgNPs are moderately stable up to the IV cycle in the degradation of MB.
However, the stability of the catalyst after the degradation process was investigated using
XRD (Figure 13B). The results confirmed that the crystallinity of the Mc-AgNPs became
lower, and impurity peaks appeared after the 4th cycle. This may be due to the catalyst’s
photo corrosion and photo dissolution.

4. Conclusions

In this study, an aqueous leaf extract from M. cymbalaria was successfully utilized to
synthesize silver nanoparticles, where the extract plays an important role as a capping
agent. In addition, the synthesized Mc-AgNPs show bacterial-inhibitory effects against
MDR bacterial strains. The synthesized Mc-AgNPs exhibit potent scavenging properties
and act as a defense activator against MCF-7 cells while exhibiting lower toxicity to Mc-
AgNP-treated Vero cells. According to the results of the photocatalytic analysis, Mc-AgNPs
were effective at degrading methylene blue dye when exposed to sunlight. As a result, the
textile and water purification industries stand to gain a great deal from this. Our findings
unequivocally corroborate the theory that plant-mediated nanoparticles will soon be able
to be used as potent therapeutic agents against human pathogens to treat diseases brought
on by free radicals and purify wastewater by eliminating harmful dyes.
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ABSTRACT 

The present research work was made to formulate and evaluate natural jelly from Beetroot 

peel. Beet root (Beta vulgaris) is a vegetable with high amount of biologically active substances and 

inorganic nitrogen. Ultra sonication assisted aqueous extraction of pigment from beetroot peel was 

done and total betalain pigments were measured by pH differential method. FTIR results confirm 

the presence of amine and carboxyl group which indicates the medicinal and nutritive value of 

beetroot peel. In this study two different formulations (FI and FII) were prepared by using agar agar 

(Food grade), brown sugar, honey, citric acid and salt. Stability of the betalain pigment was 

analyzed at various temperature (5, 10, 15, 20, 25 and 30°C) also evaluated antimicrobial and 

antioxidant property. The results of the storage properties revealed that the developed jelly can be 

stored under refrigerated and ambient conditions for a period of 15days respectively without 

addition of any artificial preservative. Based on the sensory quality characteristics viz., color, 

texture, shape, flavor and overall acceptability FI can be used in development of jelly successfully. 
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INTRODUCTION 

Beetroot (B. vulgaris) is biennial plant grown in temperate countries and it is an alkaline 

food with pH in range of 7.5 to 8.0 [33]. Beet root are the excellent source of beta carotene, calcium 

ion and nitrogen. In India it is mainly grown for its juice and vegetable value which contains 

vitamin A, B1, B2, B6 and C also it is the good source of various minerals [24]. Recent report 

indicates that beet root extract possesses anti-hypertensive, hypoglycemic, anti-oxidant, anti-

inflammatory, and hepatic protective activity additionally beetroot is the natural source of dye and 

it is used for many food processing unit. The pigment present in the beet root is betalain, an alkaline 

pigment and is a glucoside that hydrolyzes into sugar glucose and betanidin [42]. Generally, 

betalain has excellent stability at various pH, light and temperature.   

Most of the beet products are made from sugar beet and most importantly beet cellulose 

works as a bulk residue, increasing peristalsis and making stool passage easier, hence constipation 

is prevented by using it on a regular basis also, lowers blood pressure in hypertensive persons. 

Gastric ulcer can be treated with beetroot wine. It increases the urinary output due to its rich 

potassium content and cures hypo-glycaemia. It is also helpful in various treatment of piles, 

tuberculosis, cholera, diarrhea, dysentery and lowered state of body resistant after major surgical 

operation etc [41]. The beet root juice is a natural cure for erectile dysfunction and the removal of 

kidney and bladder stones [37]. 

Waste material of beet root peel high concentration of phenolic compounds, it is a rich 

source of phytochemicals and antioxidants. [15]. Vulgaxanthin I, Vulgaxanthin II, indicaxanthin, 

betanin, prebetanin, isobetanin, and neobetanin were among the betalains discovered in beetroot 

peel extract. cyclodopa glucoside, V-formylcyclodopa glucoside, dihydroxyindolcarboxylic acid 

glucoside, betalamic acid, L-tryptophan, p-coumaric acid, ferulic acid, and quantities of 

unidentified flavonoids are also present. [21]. In the recent report, green synthesis of nanoplates 

from aqueous extract of beet root peel was investigated for anisotropic noble metal research 

(Deokar and Ingale, 2018).  Due to higher antioxidant level and nitrogen is used as a good quality 

fertilizer than that of standard antioxidants [3]. 

Tomato pastes, soups, sauces, desserts, jams, jellies, candies, and morning cereals all benefit 

from beet root peel extract.  Jellies are made by cooking fruit juice with sugar. It is made from juice 

or aqueous extract of one or more fruits or vegetables with sweetening properties with or without 
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the addition of water [13].  Kids of all ages like jelly but commercial jellies containing high 

amounts of artificial colorants, sugar or high fructose corn syrup can be detrimental to one’s health.  

The purpose of this research was to develop and assess natural jelly from beet root peel with 

the help of sweeting agent and gelling agent and thereby sensory analysis carried out. 

 

MATERIALS AND METHODS 

Collection and Storage of Samples 

Beetroot (Vitamin A, C and B6), Agar agar (Gelling agent), citric acid or lemon, brown 

sugar and Honey (Sweetening agent) procured from Reliance fresh Mart, Coimbatore, Tamilnadu, 

India. The peel was removed and dried under hot air oven at 75ºC for 2 days. The dried peel was 

finely powdered in a grinder and stored in a container for further studies [12]. 

Pigment Extraction 

In a conical flask, ten grams of powder were concentrated with 50 ml of deionized water. 

The mixture was then processed under sonicator for about 6 hrs under proper conditions and 

observed in proper intervals of time.  The aqueous extract was then centrifuged for 10 minutes at 

5000 rpm and the supernatant is collected and stored in refrigerator [1]. 

Phytochemical analysis 

Phytochemical analysis of the beetroot peel extract was carried out in accordance with 

standard Protocol [18]. 

Total pigment content Estimation 

Total amount of Betalain pigment was measured by the [8] method with modified dilution. 

Total pigment content (𝒎𝒈
𝒈

) = 𝑨×𝑫𝑭×𝑴𝑾×𝟏𝟎𝟎𝟎
𝜺×𝑳

 

Chemical Structure Analysis 

FTIR (Fourier Transform Infrared Spectroscopy) 

The extracted pigments' Fourier transform-infrared spectrum was obtained from pellets 

made with 1 mg of sample and 100 mg of dry potassium bromide (KBr). The spectra were taken 

with a Perkin Elmer FT-IR Spectrum GX (USA) infrared spectrophotometer between 700 and 4000 

cm-1. [9]. 
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Antimicrobial Activity 

The agar well diffusion method was used to test the antimicrobial activity of the peel extract 

(1.0 mg). The activity was evaluated against two Gram- Negative bacteria (Escherichia coli MTCC 

1687, Serratia marcescens MTCC 4822), two Gram-positive bacteria (Bacillus cereus MTCC 6840 

and Staphylococcus aureus MTCC 96), two microscopic filamentous fungi (Aspergillus flavus 

MTCC 535 and A. versicolor MTCC 698). The Bacteria and fungi were collected from Microbial 

Type Culture Collection, Chandigarh. Microbial growth inhibition was measured around the 

impregnated discs. When the zone diameter is > 10 mm, 5–10 mm, or 2–5 mm, antimicrobial 

activity is termed high, moderate, or trace, respectively, and minimal effect when the value is less 

than 2 mm and % of inhibition was computed. [9]. 

 

Anti-oxidant Property 

DPPH Radical Scavenging Method 

DPPH scavenging activity of Betalain pigment was tested by the method of Sanchéz-

Moréno et al., (1998). For anti-oxidant study, dried extract was used and the method was described 

in [19]. DPPH solution in methanol (0.1mM) was mixed with different concentration of extract (20 

to 100mg/l) and read the absorbance at 518 nm. The standard utilized in this investigation was 1, 4-

dithioerythritol, and the results were given in milligrams per liter. [16]. 

 

Thin Layer Chromatography 

Separation of Betalain pigment was done by cellulose coated TLC plate with the sequential use of 

two different polar system (Less PS I - Ethanol: Acetic acid: Isopropanol: water: 20:5:55:20 ml) 

and More PS II - Isopropanol: Ethanol: Water: HCl: 55: 20: 24: 1 ml). A hundred milliliters of 

beetroot extract were combined with two milliliters of water. and applied on the TLC plate and 

allowed the solvents moved 10cm then dried under atmosphere and run twice in two different 

solvents in the same direction. This method was done with modified procedure of [6]. 

Preparation of Formulation for organoleptic evaluation 

Two different formulations were prepared with various concentrations of the ingredients for 

organoleptic evaluation studies (Tab 1). 
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Table 1. Formulation based various combination of the extract 

 

S.No Sample FI FII 

1. Beet root extract 

(ml) 

5  10 

2. Agar agar (g) 2 2 

3. Honey (ml) 10 5 

4. Brown Sugar 10 5 

5.  Water (ml) 3 3 

 Total 20 20 

 

Preparation of Jelly 

Based on organoleptic evaluation the selected formulation was heated and filled in small 

cups (preferably used for jelly preparation) and stored in refrigerator for 1 hr. The prepared jellies 

can be scooped from the cups and can be consumed directly [10]. 

Stability and Storage Study 

The selected formulation was checked for stability at various temperatures (5, 10, 15, 20, 25 

and 30˚C) samples were placed in capped glass vials wrapped with aluminium foil and sealed with 

parafilm during the storage test for 30 days by measuring the samples in colorimeter at 535nm. The 

reading was taken at the interval of 5 days once until 30 days. 

Statistical Analysis 

For significant differences at p˂0.05, the data were subjected to one-way ANOVA followed 

by post hoc Duncan's Multiple Range Test (DMRT) using SPSS 17. 

 

RESULTS AND DISCUSSION 

Sample Extraction & Preliminary Screening 

The beetroot peel was finely powdered and extracted with d.H2O under ultrasonicator for 

6h, centrifuged and stored the supernatant under refrigeration (Plate 1). The Extract was subjected 

for different chemical analysis for preliminary screening and the results indicated the presence of 

various compounds and shown in table 2. It has been reported extensively, that betalain pigment 
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was extracted from beetroot peel by ultra-sonication method with the extraction time of 3h and 

stored at low temperature [38]. Similarly, ultrasonication assisted distilled water extraction was 

carried out and reported as this method was not significantly influence on pH, soluble solids and 

total solids but       yield of pigment was significantly higher [27]. According to the method of [39] 

ultrasound-assisted extraction showed better results in betalain extraction than orbital shaking 

extraction. Our report is extensively correlated with the results of [18, 30] for the presence of 

flavonoids, saponins, sterols and triterpenes in beetroot extracts after phyto-chemical screening. 

This type of biochemical profile has been observed in another study using GC-MS that dealt with 

Satureja khuzistanica for preserving vegetable oils [4]. Phytochemicals of different beetroot’s 

vegetation extract were analyzed and reported [5]. 

                               
                            Plate 1: Ultrasonicated Aqueous Extract 

 

 

Phytoconstituents Qualitative 

Analysis 

Tannins + 

Saponins + 

Flavonoid + 

Reducing sugars + 

Terpenoids 

Triterpenes 

Anthraquinones 

+ 

+ 

- 
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                        Table 2: Phytochemical analysis of the extract 

 

Chemical structural analysis 

The FTIR images showed two strong bands at 3309.39 cm-1, and 1635.40 cm-1corresponding to N-

H stretch for 1º, 2ºamines and C=O stretch for carboxyl group respectively were observed. (Figure 

1). 

 
Figure 1. FTIR analysis 

 

From figure 1, amines & carboxyl groups present in the extract possessed the use of 

medicines, food product preparation and source of good preservatives respectively. Also, the 

incidence of nitrogen functional groups confirmed the existence of betalains which is similar to the 

findings of [11] at 1,415 cm−1. The transmittance results at 3319 and 1637 cm1 were consistent with 

our findings, indicating asymmetric and symmetric stretching vibrations of OH groups and H-O-H 

due to moisture content [26].  In beet juice lyophilization study, show the stretching of -OH group 

and NH at 3300 and 1620 cm-1. The same method was used to detect the vibration frequencies of 

betalain functional groups, which revealed that the band at 3359 cm-1 was caused by the stretching 

vibration of the N-H bond. [22]. 

Anti-microbial activity 

The antimicrobial effect of is shown in table 3. E. coli exhibited the maximum antimicrobial 

activity with inhibition of about 90.2±0.2 compared with the standard disc of Chloramphenicol 

(100%). S. marcescens, B. cereus, A. flavus and A. versicolor of fungi showed clear zone formation 
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of growth inhibition, the percentage was calculated with standard fluconazole. The extract showed 

trace amount of inhibition on S. aureus compared to other strains. The antimicrobial activity of one 

of the major ingredients for jelly preparation was quantified in terms of their ability to restrict the 

growth of the test strains. Beetroots' antibacterial action has been linked to the presence of phenolic 

chemicals, which prevent the growth of undesirable microbes. There have been a few researches on 

the antibacterial effectiveness of beetroot. [13] suggested that beetroot extracts showed excellent 

activity against tested microbes E. coli, P. vulgaris, S. aureus, K. pneumonia and P. mirabilis. The 

extract of 100 µl demonstrated inhibitory efficacy against all Gram–negative bacteria tested, with 

Salmonella typhimurium and Citrobacter freundii being the most vulnerable strains, with 50 µl of 

the extract inhibiting their growth [42]. Endometabolites of sugarbeet seed residues, such as 

phenols, flavonoids, and their glycosides, have antibacterial properties in some circumstances and 

can be exploited as natural biologically active chemicals. [28]. 

 

Microorganism Inhibition 

Zone (mm) 

Inhibition (%) 

Bacteria   

Escherichia coli H 90.2±0.2 

Serratia marcescens M 52.3±0.4 

Bacillus cereus M 58.3±0.3 

Staphylococcus aureus T 35.4±0.2 

Fungi   

Aspergillus flavus M 49.1±0.2 

A. versicolor M 47.2±0.4 

Values are mean±standard of the three replicates 

Legend: H > than 10 mm, M > 5–10 mm, T > 2–5 mm.   

Table 3 Antimicrobial effect of Beetroot peel extract 

 

DPPH Radical Scavenging Method 

Aqueous extract of beetroot peel exhibited potent free radical scavenging activity by increasing the 

concentration from 20 to 100mg/l. It showed similar potential as standard 1, 4-dithioerythritol (20 

to 100mg/l). IC50 value of the beetroot peel extract was 80 mg/l and for standard 91 mg/l 
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concentration. DPPH is dark purple color changes into yellow color by accepting hydrogen from 

donor and becomes a non-radical form (Figure 2). Similar to our study [34] reported, Methanol and 

ethanol beetroot extract displayed increasing DPPH scavenging activity when the concentration was 

increased and its IC50 values were 0.129 and 0.254 mg/ml. According to [23], increasing the 

concentration of beetroot peel extract boosted scavenging activity (4 to 20%). 

 

                                     
     Legend: SD-Standard 

                       Figure 2: DPPH scavenging property of Extract 

Thin Layer Chromatography 

TLC was used to validate the presence of betalain throughout the separation process. The separated 

pigment bands seen on a TLC plate by running with PS I and their corresponding visible spectra 

were identified as betacyanin pigment with identified red spot chromatogram by calculating the Rf 

value 0.80 and pink spot chromatogram identified as anthocyanin, Rf value found as 0.44.  For PS 

II pink spot was identified with Rf value 0.82. By Interpreting the result with [18] the compound 

was confirmed to be betacyanin, Rf value was 0.98. Similar work was conducted on dragon fruit, 

different fraction has been shown, two have not been identified due to unavailable information. 

Known colored pigments betacyanin and anthocyanin was obtained with Rf value of 0.45 and 0.85 

[31]. 

Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

Volume 24, Issue 8, August - 2022 343



 

 

                          

              Legend:    PS - Polar Systems 

                Plate 2: TLC of aqueous extract of beet root peel extract 

 

Preparation of Jelly and Sensory Analysis 

Two different formulations of jelly were prepared mentioned above in the method section. Mixed 

the ingredients and heated for 100°C 4 min or desired consistency was reached. Jelly was prepared 

and filled in small cups (preferably used for jelly preparation) and stored in refrigerator for 1 hr and 

illustrated in figure 3. Previously, jelly preparation was done with beet root juice, pectin, citric acid 

and sugar and the highest evaluation score was 8.3 [10]. According to [38] natural jelly was 

prepared from citrus waste and analyzed carotenoid content. In another study, natural jellies were 

prepared with carrot, papaya and beet root with different ratios and its nutritive values were 

analyzed [17]. Different Sensory attributes like appearance, color, flavor, shape, texture and overall 

acceptability was analyzed by panel of 5 trained members having experience in sensory evaluations 

of the product with 9-point hedonic scale. Based on the average score formulation I was selected for 

further studies (Figure 4).  

 

PS II PS I 

Rf=0.44

 

Rf = 0.82 

Rf=0.80
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                     F1                                                               F2 

                              Figure 3 Jelly Preparation 

         

                             Legend: F1- Formulation I; F2- Formulation II 

                           Figure 4: Sensory Analysis of the formulations 

 

Stability and Storage Test 

Stability test of betalain for formulation I was performed at various temperatures and read the 

absorbance at 535nm for every 5th day until 30 days. Based on the report, the pigment was found to 

be stable up to 15ºC for 15 days and the stability decreases when the temperature and days increases 

above 15ºC and 15th day respectively. The hypochromic shifts occurs when the other components of 
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the sample react to the temperatures. The absorbance of samples stored at room temperature 

decreased gradually as the day increased but the jellies stored in refrigerator showed degradation of 

pigment after 15th day. Hence natural extract can be recommended to be used at or below 25ºC with 

minimum loss in pigments for 20 days (Figure 5). Previously the stability was tested with sugar free 

grape jelly for 60days at 4°C for diabetic patients or for individuals who desire to reduce their body 

weight [20]. The impacts of storage temperature and time of jam and juice from two varieties of 

monkey kola stored at different temperatures 29 to 32°C, there were no significant changes in 

specific gravity of the jam and juice samples stored for four weeks (p>0.05) [29]. 

 

     
     Figure 5: Stability study of the sample at various temperatures 

PATENT DETAILS 

B Vishnupriya, V Agalya “Fiber to Sugar free Jelly from By - Product of Beetroot”, 

“202141025316”, June 7, 2021. 

Available: https://ipindiaservices.gov.in/PublicSearch/PublicationSearch/PatentDetails, 

Accessed on: June 11, 2021. 
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CONCLUSION 

The focus of this research was on making jelly from beetroot peel. Because of the high 

concentration of phenolic compounds, the by-product of beet root peel contains rich source of 

phytochemicals and antioxidants. For the successful preparation of jelly, the formulation I was 

standardized as beetroot extract (5 ml), agar agar (2 g), honey (10 ml) and brown sugar (10 ml). The 

stability was checked at different temperature. The jellies stored in refrigerator and ambient 

condition showed pigment stability until 15th and 5th day respectively without addition of any 

artificial preservative. In sensory examination, the beetroot jelly formulation received the maximum 

score of 8.0 overall acceptance. The nutritional properties of the formulation will be analyzed in 

future.  
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A B S T R A C T

Photocatalytic degradation is an excellent method for removing pharmaceutical residues due to their simplicity,
ecological benignity, high efficiency, and exceptional stability. Herein, we demonstrate the chitosan biopolymer
functionalized copper oxide nanoparticles as an efficient photocatalyst synthesized by the facile sonochemical
method. The X-ray diffraction Rietveld refinement revealed the formation of single-phase copper oxide with a
monoclinic structure. The presence of biopolymer functionalization was corroborated by Fourier Transform In-
frared spectroscopy by observing the -NH2 and -OH functional groups. The high-resolution transmission electron
microscopic images inferred that Chitosan functionalized copper oxide particles are nano-sized with a smooth
texture and aggregation-free particles. The strong absorbance and the broad photoluminescence emission in the
ultraviolet-visible region confirm the suitability of copper oxide (CuO) and Chitosan functionalized (C-CuO)
nanoparticles for photocatalytic applications. The catalytic activity was studied against fluoroquinolone-based
antibiotics such as ciprofloxacin and norfloxacin under direct sunlight illumination. Interestingly, the C-CuO cat-
alyst demonstrated 71.07 % and 71.9 % degradation for ciprofloxacin and norfloxacin, respectively. The ob-
tained photocatalytic activity of the prepared CuO and C-CuO catalysts was superior to the CuO particles pre-
pared by the coprecipitation method (CC-CuO).

1. Introduction

Rapid industrialization and urbanization have increased environ-
mental pollution in the past few decades. Out of three basic pollutions,
water pollution is more significant due to the release of untreated/in-
completely treated wastewater from the industries [1–4]. Apart from
industrial waste like dyes and heavy metal-containing slags, the amount
of pharmaceutical residues found in water sources has exceeded the
threshold limits worldwide [5]. Most of the time, antibiotics are im-
properly released from medical lines, and partially metabolized antibi-
otics taken by humans and animals are excreted into water bodies
[6–8]. So, they can create detrimental effects on aquatic ecosystems, in-
cluding disrupting microorganisms that help the nitrogen cycle [9,10],
promoting the growth of antibiotic-resistant bacteria in the human
body [11], blocking sewage through the development of bacterial
biofilms [12], bioaccumulation in the food chain [13] and other ecolog-

ical processes [14]. Available antibiotic residues mainly observed in
wastewater are fluoroquinolones, carbapenems, and cephalosporins
[15]. Ciprofloxacin (CIP) and norfloxacin (NOR) are fluoroquinolone
antibiotics that are routinely used to treat a variety of bacterial diseases
[15]. Hence, there is a pressing need to remediate this wastewater to
avoid high environmental risk.

Physical, chemical, and biological approaches are commonly used
to remove pollutants from wastewater [9,10]. The physical (sorption
and membrane filtration) and the chemical methods, such as coagula-
tion/flocculation along with filtration, floatation, and precipitation, de-
crease the concentration of the antibiotics instead of degradation [17].
Therefore, the sludge produced from the above processes has to be sub-
jected to further treatment for safe disposal [17]. On the other hand, bi-
ological methods are slow and must maintain certain external condi-
tions for occurring reactions. Through some of the organic molecules
degraded by the microorganisms, some are recalcitrant due to the com-

⁎ Corresponding authors.
E-mail addresses: shankarnh@gmail.com (H. Shankar), selvankram@buc.edu.in (R.K. Selvan).

https://doi.org/10.1016/j.ijbiomac.2023.127027
Received 14 May 2023; Received in revised form 31 August 2023; Accepted 20 September 2023
0141-8130/© 20XX

Note: Low-resolution images were used to create this PDF. The original images will be used in the final composition.

https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://www.sciencedirect.com/science/journal/01418130
https://www.elsevier.com/locate/ijbiomac
mailto:shankarnh@gmail.com
mailto:selvankram@buc.edu.in
https://doi.org/10.1016/j.ijbiomac.2023.127027
https://doi.org/10.1016/j.ijbiomac.2023.127027
IHUB
Rectangle



CO
RR

EC
TE

D
PR

OO
F

M. Ganeshbabu et al. International Journal of Biological Macromolecules xxx (xxxx) 127027

plexity of their chemical structure and resistant to degradation under
aerobic conditions [18].

Interestingly, photocatalytic degradation is one of the versatile tech-
niques to degrade toxic pollutants under visible regions. In this method,
the photocatalyst absorbs the light quanta and mediates the chemical
transformation of the reactants by photoreaction [19]. Among the ho-
mogeneous and heterogeneous catalysts [20,21], the heterogenous cat-
alysts completely mineralize the dye/antibiotics molecules into CO2and other harmless by-products [22–24]. Further, the advantages of
heterogeneous photocatalysts are chemical stability, non-toxicity, recy-
clability, and easy separation [25]. Various simple metal oxides, includ-
ing TiO2, ZnO, CeO2, SnO2, Bi2O3, V2O5, Fe2O3, and WO3, have beenused as photocatalysts for antibiotic and synthetic dye degradation
[26]. Metal oxides are suitable photocatalysts due to their favorable
electronic structure, capacity to create charge carriers, charge transport
characteristics, and light absorption properties [27,28]. Moreover, they
are biocompatible and have a simple composition with stoichiometric
diversity.

The current study focused on the fabrication of copper oxide (CuO)
nanoparticles and chitosan-functionalized CuO for the degradation of
ciprofloxacin (CIP) and norfloxacin (NOR) in the presence of sunlight. It
is well known that CuO is a p-type semiconductor with a bandgap of
~1.2 eV, and its absorption lies in the visible light region. Since 43% of
the solar spectrum is made up of visible light, the CuO photocatalyst re-
mains active under sunlight irradiation [29–32]. CuO NPs tend to ab-
sorb molecular oxygen and scavenge photoelectrons that restrict the
electron-hole recombination at the interface [33]. However, they have
been combined with metals, nonmetals, and polymers to further im-
prove the light absorption capabilities of metal oxide nanoparticles via
the synergistic effect [34]. Significantly, when metal oxides are com-
posited/functionalized with macromolecules, the particle size is re-
duced, allowing the produced photoelectrons and holes to be trapped
on the particle surface and reducing the chance of electron-hole recom-
bination [35]. Polymers like polyethylene glycol, polyvinyl pyrroli-
done, polyvinyl alcohol, polypyrrole (PPy), etc., have been used to en-
hance the photocatalytic properties of metal oxide like TiO2, ZnO, and
associated nanocomposites [36]. Since Chitosan is the second-most
prevalent biopolymer after cellulose and is a non-toxic biopolymer
made from chitin, it was chosen for functionalization in this study [37].
Recently, chitosan composites with TiO2, ZnO, and CdS have been used
for the degradation of dye present in aqueous solution [38–40]. Be-
cause of the unique properties of CuO and Chitosan, the chitosan-CuO
system has been investigated for a variety of applications, including an-
tifouling coatings, oxidative degradation of azoic dye, microbial-
resistant nanocomposite films for antimicrobial application, and non-
enzymatic (electrochemical sensing) hydrogen peroxide sensing
[41–44].

The CuO NPs have been prepared using a variety of approaches, in-
cluding chemical precipitation, hydrothermal, solution combustion,
sonochemical, and electrochemical procedures [45]. Among these, the
sonochemical process is an efficient and fast technique that offers good
control over the morphology and crystallite size of the nanostructures
in comparison to other methods [46]. Ultrasound is regarded as a better
tool for promoting mass transport during synthesis using acoustic
streaming and turbulent mixing. The improved mass transport favors
the desired reaction conditions for nanomaterial synthesis. The micro-
jets and shockwaves generate defects or damage to the solid surface
when they impinge on it. These defects can capture photoelectrons and
decrease the bandgap energy, which enhances the photocatalytic
process [47]. Nanoparticles produced by ultrasonic irradiation exhib-
ited better photocatalytic efficiency over the nanoparticles prepared by
other methods due to larger specific surface area and smaller crystallite
size [48,49].

Hence, to achieve the aforementioned benefits, photodegradation of
ciprofloxacin and norfloxacin antibiotic drugs (fluoroquinolone class

drugs) by chitosan-functionalized CuO nanoparticles, synthesized by
sonochemical method was studied under direct sunlight irradiation in
the present work. To determine the benefits of chitosan functionaliza-
tion, the pristine CuO is likewise synthesized using the same sonochem-
ical process, and the results are compared. Similarly, to assess the influ-
ence of the sonochemical approach, the coprecipitation method is em-
ployed to synthesize and study the characteristics of chitosan-
functionalized CuO.

2. Materials and methods

Copper acetate monohydrate (Cu(CH3COO)2.H2O) (Merck), sodium
hydroxide (NaOH) (HiMedia), Chitosan (C56H103N9O) (low molecular
weight), ciprofloxacin (C17H18FN3O3HCl), and Norfloxacin
(C16H18FN3O3) (Sigma-Aldrich) were of analytical grade and were used
without any further purification. All the solutions were prepared using
double distilled water.

To synthesize CuO NPs, 1 M Cu (CH3COO)2.H2O was dissolved in
10 ml of double distilled water under constant agitation using a mag-
netic stirrer (500 rpm at room temperature). 2 M NaOH solution was
added dropwise to the above solution under ultrasound irradiation for
1 h. (9 s on and 1 s off) until a black precipitate was formed. The tem-
perature was constantly monitored using a thermostat during the soni-
cation process. The obtained precipitate was washed with distilled wa-
ter and ethanol and dried in a hot air oven. Later, the brown precipitate
was ground using mortar and pestle. The resulting powder was calcined
for 3 h at 500 °C under an argon atmosphere to get CuO nanoparticles.
The sample thus prepared was labeled CuO. The same procedure was
followed for synthesizing chitosan-functionalized CuO NPs except for
the first step. 1 M Cu(CH3COO)2.H2O was added to 10 ml chitosan solu-
tion (1 g of chitosan in 1 % glacial acetic acid) instead of water. All the
other steps were the same as mentioned in the above process. The
biopolymer chitosan is composed of glucosamine and N-
acetylglucosamine units. At about 270 °C, Chitosan starts to degrade
thermally. The N-acetylglucosamine and glucosamine units disintegrate
at the above temperature, producing carbon dioxide, water, and ammo-
nia. As the temperature rises, the degradation rate accelerates until the
Chitosan is totally broken down at about 500 °C. In the meantime, the
surfaces of the CuO nanoparticles were grafted with the amine and hy-
droxyl functional groups [50–52]. The Chitosan functionalized CuO
thus obtained was labeled C-CuO.

The X-ray diffraction technique was used to analyze the crystallo-
graphic structure and phase of the nanoparticles (D8 Advance diffrac-
tometer, BRUKER). The functional groups or bending and stretching of
bonds were determined from the Fourier Transform Infrared (FTIR)
spectra using JASCO FT-IR-6600 instruments. UV–visible absorption
spectra were measured on a JASCO V-650 spectrophotometer. Photolu-
minescence spectra were obtained using FluoroMax Plus (HORIBA) in-
strument. HRTEM was performed by JEOL JEM 2100 plus a High-
resolution transmission microscope for the assessment of the morphol-
ogy of nanoparticles.

The photocatalytic activity of the samples was evaluated by the pho-
todegradation of fluoroquinolone antibiotics (Ciprofloxacin and Nor-
floxacin) for 140 and 60 min. For the experiment, 40 mg of the pre-
pared samples (CuO and C-CuO) was added with 50 ml of aqueous solu-
tion of antibiotics (25 mg/L). The solutions were kept in the dark and
constantly stirred for 60 min to obtain the absorption-desorption equi-
librium. The blank solution (Without photocatalyst) was also exposed
to direct sunlight. Aliquots of 5 ml from each beaker were collected at
an interval of 20 min and centrifuged to remove the photocatalyst. The
concentration of dye present in each sample is evaluated using a UV–vis
absorption spectrometer. The degradation percentage was calculated
using the following equation.
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(1)

where C0 is the initial dye concentration, and C is the concentration
of antibiotics at time t. The concentration of the CIP/NOR in the solu-
tion is found from the absorbance as it is directly proportional to the
concentration.

3. Results and discussion

3.1. Structural and optical properties

The crystallinity and the phase formation of the synthesized pristine
and Chitosan functionalized CuO nanoparticles are analysed using the
XRD technique. Fig. 1 (a,b) shows the corresponding XRD Rietveld re-
finement pattern using the FullProf program. The observed sharp, in-
tense, well-defined peaks indicate the high crystalline nature of the ma-
terials. The absence of characteristic peaks related to impurities shows
that the synthesized samples are highly phase-pure. The Rietveld refine-
ment revealed that the measured pattern and the predicted values
agreed well based on the low values of the residuals for the weighted
pattern Rwp, Rp, and the structural factor Rf (Table 1). The XRD patterns
are indexed in the monoclinic system with the lattice parameters of
a = 4.686 Å, b = 3.428 Å, c = 5.131 Å, and β = 99.4 for C-CuO and
a = 4.684 Å, b = 3.428 Å, c = 5.131 Å, and β = 99.39 . The
peak positions and lattice parameters are comparable with the JCPDS
(PDF No. 89–5899) and the reported pristine CuO [53]. However, the

peak intensity of C-CuO is higher than the pristine CuO, which reveals
the high crystallinity. This suggests that the decomposition of the poly-
mer over calcination enhances the crystalline formation and hence im-
proves the crystallinity of the nanoparticles [54]. Usually, the polymers
are organic compounds, which provide additional thermal energy for
compound formation through the exothermic reaction during the calci-
nation. The decomposition of the polymer removes any impurities,
residual solvents, etc., [55]. Additionally, the high-temperature calci-
nation promotes the diffusion and rearrangement of atoms, forming
more ordered and crystalline structures [55,56]. It is believed that the
high crystallinity of the photocatalyst favors the catalytic process
[57,58].

Subsequently, the grain size, lattice strain, lattice density, disloca-
tion density, and surface area were calculated using the following equa-
tions and are given in Table 1.

(2)

(3)

(4)

(5)

where D is the grain size, is the full-width half maximum, ρ is the
lattice density, Z is the number of atoms present in the cell, M is the
molecular weight, N is the Avagadros number, V is the cell volume, and
s is the surface area. The peaks broadening indicates that the grains are

Fig. 1. XRD Rietveld refinement pattern of (a) CuO and (b) C-CuO.

Table 1
XRD Rietveld refinement lattice parameters.
Sample Lattice

Constants
Cell volume
(

Rp Rwp χ2 Grain size
(nm)

Lattice
strain

Lattice Density
(g/cm3)

Dislocation density (×1015
lines/m2)

Surface area (m2/
g)

CuO a = 4.686 Å
b = 3.428 Å
c = 5.131 Å
β = 99.42

81.34 18.1 14.1 5.49 26 0.001298 6.55 1.338 34

C-CuO a = 4.684 Å
b = 3.428 Å
c = 5.131 Å
β = 99.39

81.29 17.2 12.4 4.69 21 0.001195 6.52 1.038 42
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in the nanoscale dimensions. Usually, grain size and lattice defects in-
fluence peak broadening significantly. The grain size calculated using
the Scherrer equation (Eq. (2)) is 26 nm for CuO and 21 nm for the C-
CuO catalysts, respectively. Lattice strain for CuO and C-CuO is
0.001298 and 0.001195, respectively. From the lattice strain and grain
size values, it is evident that grain size is directly proportional to lattice
strain [59]. These relations correlated with Previous reports by Avinash
et al. 2019, prepared aloe vera latex-assisted CuO particles, and Badri et
al. 2021, obtained from prickly pear leaf extract gaped CuO nanoparti-
cles [60,61]. The obtained lattice density [62] matches the JCPDS (PDF
No. 89–5899). Similarly, the calculated specific surface area of CuO and
Chitosan functionalized CuO is 34 and 42 m2/g. M. P. Geetha et al.
2020 made a similar observation of higher surface area while function-
alizing CuO nanoparticles (CuO NPs) with carboxylic acid and silane
functional groups using the reagents EDTA (Ethylenediamine
tetraacetic acid) and APTES (Aminopropyl triethoxysilane) [62]. A sig-
nificantly higher surface area implies that the Chitosan functionalized
CuO can be a suitable catalyst.

Fig. 2a shows the FTIR spectra of CuO and C-CuO samples. For
the C-CuO catalyst, the peaks observed at 2973 cm−1 and 2887 cm−1

correspond to C H stretching vibration [63], and the band at
1625 cm−1 indicates the C O stretching along with N H deforma-
tion [64]. The band confirms the presence of carboxylic acid at
1398 cm−1 [65]. The band at 1152 cm−1 indicates the asymmetric
stretching of C-O-C that corresponds to the β(1–4) glycosidic linkage of
Chitosan [66]. All of these functional groups support the existence of
chitosan residues in the CuO nanoparticles. It is widely assumed that
the presence of -NH2 and -OH functional groups in the catalyst aids in
anchoring dye molecules. The observed band between 900 cm−1 and
600 cm−1 represents the elongation vibrations of the transition
metal‑oxygen bond corresponding to CuO. The characteristic peaks of
Cu O occurred at 546 cm−1, 593 cm−1, and 700 cm−1 [57,67,68]. Sta-
bilization of CuO nanoparticles by Chitosan is evident from the increase
in the intensity of peaks in the fingerprint region of the spectra.

UV–visible absorbance spectra are collected to elucidate the optical
properties of CuO and C-CuO nanoparticles. Fig. 2b shows that the pre-
pared CuO and C-CuO catalysts have strong absorbance characteristics
in UV and the entire visible region. The absorbance peak of C-CuO is
slightly blue-shifted than that of the CuO nanoparticles due to the quan-
tum confinement effect [69]. Using a Tauc plot (Fig. 2b inset), the cal-
culated band gap for CuO and C-CuO are 1.58 eV and 1.75 eV, respec-
tively. The minor enhancement of the band energy gap is due to the
lowering of particle size, which will be discussed later in the HRTEM
analysis [70,71]. However, the obtained band gap value of Chitosan

functionalized CuO is most favorable for photocatalytic application un-
der visible light conditions.

3.2. Morphological and particle size analysis

The morphology and size of the nanoparticles are visualized using
High-Resolution Transmission Electron Microscopic (HRTEM) images.
Fig. 3 shows the TEM/HRTEM images and SAED pattern of CuO and C-
CuO catalysts. The TEM images (Fig. 3a and d) revealed that CuO ex-
hibits more agglomeration than C-CuO particles. C-CuO samples have
spherical and rod-like particle morphologies with particle sizes ranging
from 70 to 110 nm. The surface of functionalized CuO has a smooth tex-
ture, and the addition of Chitosan regulates particle aggregation. The
obtained well-defined parallel lattice fringes show that the synthesized
crystals are highly crystalline (Fig. 3b and e). The lattice spacing for
CuO (CuO) and functionalized CuO (C-CuO) is calculated as 0.2680 nm
and 0.2528 nm, respectively. The lattice spacing of the latter is in good
agreement with the (0 0 2) plane of monoclinic CuO, which is in accor-
dance with the XRD results. The selective area diffraction (SAED) pat-
tern reveals the polycrystalline nature of the synthesized catalysts. The
lattice planes obtained from the pattern are consistent with the XRD
data (Fig. 3c and f).

Further, the size distribution of the prepared CuO and C-CuO
nanoparticles was investigated using the dynamic light scattering (DLS)
method (Fig. 4). The DLS spectra show that the Sonochmeically made
Chitosan functionalized CuO (C-CuO) particle size is smaller. The aver-
age particle size of CuO and C-CuO particles are 383 nm and 150 nm,
respectively. It further substantiates the larger active surface area of C-
CuO for catalytic applications.

3.3. Photocatalytic activity of CuO and C-CuO catalysts

The photocatalytic activity of the prepared CuO and C-CuO catalysts
is determined by monitoring the degradation of ciprofloxacin (CIP) and
norfloxacin (NOR) for a reaction time of 140 min and 60 min under the
irradiation of sunlight at an interval of 20 min. The characteristic ab-
sorption band of CIP (Fig. 5) and NOR (Fig. 6) at 275 and 272 nm grad-
ually decreases as a function of irradiation time. Figs. 5a and 6a show
the photolysis of the blank solution (without catalyst) as well as Fig. 5
(b, c) and Fig. 6(b, c) elucidate the degradation activity of CuO and C-
CuO catalysts for CIP and NOR degradation, respectively. In both cases,
as the reaction time increases, the peak intensity decreases, i.e., the
concentration of the fluoroquinolone antibiotics decreases in the aque-
ous solution. Comparatively, the C-CuO catalyst provides higher photo-
catalytic activity than the CuO catalyst in both antibiotics degradation.

Fig. 2. (a) FTIR and (b) UV–Vis spectra of CuO and C-CuO catalyst (inset: Tauc Plot).
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Fig. 3. TEM, HRTEM, and SAED patterns of (a-c) CuO and (d-f) C-CuO nanoparticles, respectively.

Fig. 4. DLS spectra of (a) CuO and (b) C-CuO.

The CIP degradation percentage of C-CuO, CuO, and the blank are
71.07 %, 54.37 %, and 8.31 %, respectively. Similarly, the C-CuO cata-
lyst provides the activity of 71.9 % degradation against NOR after
60 min of sunlight illumination, which is 1.24 times larger than CuO
(57.6 %). Fig. 7a provides evidence that the photolysis-induced NOR
degradation is negligible. The photocatalyst-assisted reaction has more
degradation against the pharmaceutical pollutant, indicating that the
photocatalytic process outperforms photolysis than the blank solution.

Antibiotics' photocatalytic degradation mechanism can occur in
three steps. The 1st step is the adsorption of CIP/NOR pollutant mole-
cules by the surface of the C-CuO nanoparticles, as observed in the TEM
images. Since the nanoparticles with a high surface area can adsorb
more CIP/NORmolecules,making the degradation faster [72]. 2nd step

is the production of photoelectrons. The nanoparticles absorb the pho-
tons from the sunlight, and the electrons get excited to the conduction
band from the valence band, leaving behind a hole. The reduced size of
the catalyst nanoparticles prevents the recombination of the electron-
hole pairs [73]. 3rd step is producing reactive oxygen species (ROS) like
superoxide and hydrogen peroxide. Electrons in the conduction band
react with oxygen in the water to form superoxide. The H+ ions with
the superoxide produce H2O2, which decomposes into hydroxyl ionswith good oxidizing properties. These ions break the bonds of the CIP/
NOR pollutant molecules and reduce them to CO2 and other harmlessproducts [74]. The possible reaction equations are given below (Eqs.
(6)–(11)).
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Fig. 5. UV–Vis spectra of the photocatalytic degradation of CIP using (a) without catalyst, (b, c) with catalysts of CuO and C-CuO, and (d) the corresponding Pseudo-
first order kinetics plot.

(6)
(7)
(8)
(9)

(10)
(11)

Subsequently, the reaction kinetics and the rate constant are calcu-
lated using Eq. (12). It reveals that photocatalysis obeys pseudo-first-
order kinetics.

(12)

where k is the rate constant in min−1, Co is the dye concentration att = 0, and C is the dye concentration at time t. Figs. 5d and 6d depict
the rate-constant determination for the photodegradation by CuO, CuO,
and blank solution. It is observed that the rate constants of CuO and C-
CuO are 0.00393 min−1 and 0.00683 min−1, respectively, for CIP disin-
tegration. Similarly, the CuO and C-CuO rate constant is 0.0070 min−1

and 0.0103 min−1 for NOR degradation. From the rate constants, it is
evident that C-CuO exhibits better photocatalytic properties than CuO
catalyst. Subsequently, the obtained parameters are compared with the
reported metal oxide and polymer composites (Tables 2 and 3), which
further confirms the catalytic performance of C-CuO nanoparticles is
relatively high [75–77].

The improved photocatalytic activity of C-CuO may be due to the
following reasons. The biopolymer chitosan used during the sonochem-
ical synthesis of CuO served as a bio-stabilizer, increasing the material's
crystallinity and purity. Also, the sonochemical approach produced
more active sites with an increased surface area. The smaller particle
size observed from TEM images and the wide range of visible light ab-
sorption confirmed by UV and PL play an important role in the photo-
catalytic degradation of CIP and NOR. Furthermore, the presence of
amine and the hydroxyl functional groups generated by chitosan medi-
ation, which was corroborated by FTIR, may have some advantageous
effects on the subsequent processes during photocatalytic degradation.
The amine and hydroxyl functional groups improve the ability of CuO
to absorb light and can facilitate the transfer of electrons between the
nanoparticles and the pollutant. Since amino and hydroxyl functional
groups can serve as electron donors or acceptors, they facilitate the
transport of electrons between the nanoparticles and the contaminants.
In order to enable anchoring/absorbing additional pollutant molecules,
the Chitosan functionalized CuO (C-CuO) comprises more amino and
hydroxyl groups. Moreover, the increased photocatalytic activity of C-
CuO against pharmaceutical pollutants (CIP & NOR) is due to the higher
point contact, surface smoothness, more surface-active sites, and supe-
rior charge separation capability.
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Fig. 6. UV–Vis spectra of the photocatalytic degradation of NOR using (a) without catalyst, (b, c) with CuO and C-CuO catalysts, and (d) the corresponding Pseudo-
first order kinetics plot.

3.4. Analysis of chitosan functionalized CuO synthesized by coprecipitation
method

To identify the role of the sonochemical method in the degradation
of the antibiotic, the C-CuO is prepared by a conventional coprecipita-
tion approach (without sonication), labeled as CC-CuO. Fig. 7 shows the
structural, optical, and morphological properties of the CC-CuO cata-
lyst. The distinctive Braggs peaks correspond to the monoclinic phase of
CuO (JCPDS PDF No. 89-5899) without any additional impurities (Fig.
7a). The presence of Chitosan during the preparation of CC-CuO is the
factor that causes the phase purity and high crystallinity, as observed in
C-CuO nanoparticles. The crystallite size of CC-CuO is 34 nm, which is
larger than the sonochemically synthesized CuO and C-CuO. The unit
cell parameters of CC-CuO are a = 4.7032, b = 3.4225, c = 5.0492,
and = 100.05°. The CC-CuO catalyst has a lattice strain of 0.06064.
The lattice density and surface area of CC-CuO are 6.524 g/cm3 and 34
m2/g, respectively. The FTIR spectrum further infers the presence of
amine and hydroxyl functional groups, substantiating that the prepared
catalyst functionalized with chitosan molecules (Fig. 7b). The CC-CuO
catalyst has random morphologies with an average particle size is
around 170 nm observed from the TEM image (Fig. 7b inset). The
UV–visible absorbance spectrum (Fig. 7c) elucidates the broad range of
visible light responses with the energy gap of 1.54 eV measured using
the Tauc plot (Fig. 7c inset).

Fig. 7d shows the comparative acquired PL emission spectra for C-
CuO and CC-CuO nanoparticles at a 300 nm excitation wavelength. The
broad emission on both catalysts in the visible spectra supports the
UV–Visible results. The observed peak around 330 nm corresponds to
the band edge emission in the UV region. The defect associated with
deep-level emission (DLE) caused by structural defects such as oxygen

vacancies is the leading cause of the peak at 466 nm in C-CuO catalysts.
The trapped electrons at the Cu interstitial site underwent a radiative
transition to the valence band, resulting in the blue emission (DLE)
[69]. However, the difference in PL intensity and peak shift was de-
tected for CC-CuO over C-CuO. The blue shift and enhanced peak inten-
sity of CC-CuO shows better photogenerated charge recombination
[32]. Therefore, these optical characteristics further confirm the suit-
ability of Chitosan functionalized sonochemically prepared CuO (C-
CuO) for photocatalytic application.

Fig. 8 (a,b) shows the photocatalytic degradation properties of CC-
CuO of CIP and NOR antibiotics. The degradation efficiency of CC-
CuO for NOR and CIP antibiotics is 21.05 % and 22.52 % after the
measured reaction time. Similarly, the rate constants of NOR and CIP
degradations are 0.00342 min−1 and 0.00133 min−1, respectively. The
rate constant of CC-CuO for NOR and CIP is roughly 2 and 5.3 times
lower than the value obtained for C-CuO, respectively. Compared to
C-CuO, CC-CuO has a significantly larger size, and its band gap value
of 1.54 eV is located in the near-infrared range. Since the surface-to-
volume ratio is lower and the photoactive zone for CC-CuO is substan-
tially smaller, there is less possibility for the potential photocatalytic
process. Overall, C-CuO outperformed CC-CuO in photocatalytic per-
formance. The main factors contributing to the superiority of the C-
CuO photocatalyst may be the functionalization of CuO by biopoly-
mer, the smaller particle size, the significant number of defect sites
during intense ultrasonic irradiation by the sonochemical process, and
the appropriate bandgap [87].
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Fig. 7. (a) XRD Rietveld refinement, (b) FTIR spectrum (inset: TEM image), and (c) UV- vis spectrum (inset: Tauc Plot) of CC-CuO catalyst. (d) Comparative PL emis-
sion spectra of C-CuO and CC-CuO catalysts.

Table 2
Comparison of ciprofloxin photocatalytic degradation by C-CuO with other reported catalysts.
Catalyst Dose Light source Ciprofloxin concentration Degradation time Percentage of degradation Reference

Ag/Fe2O3/ZnO 30 mg/L Sun light 10 ppm 210 min 76.4 % [78]
Fe-ZnO 150 mg/L Sun light 10 ppm 210 min 66 % [79]
g-C3N4/RGO/WO3 0.1 g/L 500 W Xenon lamp 20 ppm 180 min 85 % [80]
N,S-TiO2 0.05 g 500 W Halogen lamp 30 ppm 150 min 78.7 % [81]
Er-BiOBr 0.01 g 300 W Xe lamp 10 ppm 360 min 61 % [82]
C-CuO 40 mg Sun light 25 ppm 140 min 71.07 % This work

Table 3
Comparison of Norfloxin photocatalytic degradation by C-CuO with other reported catalysts.
Catalyst Dose Light source Norfloxin concentration Degradation time Percentage of degradation Reference

TiO2/Bi2WO6/rGO 50 mg 500 W xenon lamp 20 ppm 60 min 84.13 % [83]
AgBr/LaNiO3/g-C3N4 20 mg 500 W xenon lamp 20 ppm 120 min 87 % [84]
ZnO/ZnS@BC 0.5 g/L UV lamp 25 ppm 3 h 55 % [85]
rGO/Ag2PO4 – 250 W xenon lamp 15 ppm 100 min 83.68 % [86]
C-CuO 40 mg Sun light 25 ppm 60 min 71.9 % This work
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Fig. 8. UV–Vis spectra of the photocatalytic degradation of (a) CIP and (b) NOR using CC-CuO as catalyst (inset: Corresponding pseudo-first-order kinetics plot).

4. Conclusion

This study uses a sonochemical approach to create highly crystalline
chitosan-functionalized CuO nanoparticles. For comparison, the copre-
cipitation method was also employed to prepare Chitosan functional-
ized CuO nanoparticles. The XRD pattern supports the purity and mon-
oclinic structure of the synthesized CuO nanoparticles. Chitosan func-
tionalization is confirmed by the presence of -NH2 and -OH functional
groups in FTIR spectra. Based on the strong UV–visible spectral absorp-
tion and broad PL emission in the UV and visible region, it is confirmed
that CuO and C-CuO are beneficial for photocatalytic applications. Ac-
cording to HRTEM examination, the nanoparticles have a smooth tex-
ture, and adding Chitosan reduces particle aggregation significantly.
Under direct sunlight, the photocatalytic activity of the nanoparticles is
tested against the fluoroquinolone-based drugs Ciprofloxacin and Nor-
floxacin. The first order rate constant for the degradation of CIP and
NOR are 0.00683 min−1 and 0.0103 min−1, respectively. Chitosan func-
tionalized CuO (C-CuO) prepared by the sonochemical method outper-
formed the degradation of antibiotics because of its enriched functional
group, more active sites, and smaller particle size.

Uncited reference

[16]

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influ-
ence the work reported in this paper.

Data availability

Data will be made available on request.

References

[1] K.K. Kesari, R. Soni, Q.M.S. Jamal, P. Tripathi, J.A. Lal, N.K. Jha, M.H. Siddiqui,
P. Kumar, V. Tripathi, J. Ruokolainen,Wastewater treatment and reuse: a review of
its applications and health implications, Water. Air. Soil Pollut. 232 (2021),
https://doi.org/10.1007/s11270-021-05154-8.

[2] Z. Wang, L. Hu, M. Zhao, L. Dai, D. Hrynsphan, S. Tatsiana, J. Chen, Bamboo
charcoal fused with polyurethane foam for efficiently removing organic solvents
from wastewater: experimental and simulation, Biochar. 4 (2022), https://doi.org/
10.1007/s42773-022-00153-2.

[3] B. Guo, Y. Wang, Y. Feng, C. Liang, L. Tang, X. Yao, F. Hu, The effects of
environmental tax reform on urban air pollution: a quasi-natural experiment based
on the Environmental Protection Tax Law, Front. Public Heal. 10 (2022), https://
doi.org/10.3389/fpubh.2022.967524.

[4] G. Zhang, Z. Zhao, X.A. Yin, Y. Zhu, Impacts of biochars on bacterial community
shifts and biodegradation of antibiotics in an agricultural soil during short-term
incubation, Sci. Total Environ. 771 (2021) 144751, https://doi.org/10.1016/
j.scitotenv.2020.144751.

[5] B.H. Schafhauser, L.A. Kristofco, C.M.R. de Oliveira, B.W. Brooks, Global review
and analysis of erythromycin in the environment: occurrence, bioaccumulation and
antibiotic resistance hazards, Environ. Pollut. 238 (2018) 440–451, https://
doi.org/10.1016/j.envpol.2018.03.052.

[6] D.G.J. Larsson, C.F. Flach, Antibiotic resistance in the environment, Nat. Rev.
Microbiol. 20 (2022) 257–269, https://doi.org/10.1038/s41579-021-00649-x.

[7] S. Pang, C. Zhou, Y. Sun, K. Zhang, W. Ye, X. Zhao, L. Cai, B. Hui, Natural wood-
derived charcoal embedded with bimetallic iron/cobalt sites to promote
ciprofloxacin degradation, J. Clean. Prod. 414 (2023) 137569, https://doi.org/
10.1016/j.jclepro.2023.137569.

[8] Z. Liu, B. Fan, J. Zhao, B. Yang, X. Zheng, Benzothiazole derivatives-based
supramolecular assemblies as efficient corrosion inhibitors for copper in artificial
seawater: formation, interfacial release and protective mechanisms, Corros. Sci.
212 (2023) 110957, https://doi.org/10.1016/j.corsci.2022.110957.

[9] A. Alam, W.U. Rahman, Z.U. Rahman, S.A. Khan, Z. Shah, K. Shaheen, H. Suo,
M.N. Qureshi, S.B. Khan, E.M. Bakhsh, K. Akhtar, Photocatalytic degradation of the
antibiotic ciprofloxacin in the aqueous solution using Mn/co oxide photocatalyst, J.
Mater. Sci. Mater. Electron. 33 (2022) 4255–4267, https://doi.org/10.1007/
s10854-021-07619-2.

[10] J.E. Sosa-Hernández, L.I. Rodas-Zuluaga, I.Y. López-Pacheco, E.M. Melchor-
Martínez, Z. Aghalari, D.S. Limón, H.M.N. Iqbal, R. Parra-Saldívar, Sources of
antibiotics pollutants in the aquatic environment under SARS-CoV-2 pandemic
situation, Case Stud. Chem. Environ. Eng. 4 (2021), https://doi.org/10.1016/
j.cscee.2021.100127.

[11] Y. Ben, C. Fu, M. Hu, L. Liu, M.H. Wong, C. Zheng, Human health risk assessment
of antibiotic resistance associated with antibiotic residues in the environment: a
review, Environ. Res. 169 (2019) 483–493, https://doi.org/10.1016/
j.envres.2018.11.040.

[12] I. Chattopadhyay, R.B. J., T.M.M. Usman, S. Varjani, Exploring the role of
microbial biofilm for industrial effluents treatment, Bioengineered. 13 (2022)
6420–6440, https://doi.org/10.1080/21655979.2022.2044250.

[13] Z. Xie, G. Lu, Z. Yan, J. Liu, P. Wang, Y. Wang, Bioaccumulation and trophic
transfer of pharmaceuticals in food webs from a large freshwater lake, Environ.
Pollut. 222 (2017) 356–366, https://doi.org/10.1016/j.envpol.2016.12.026.

[14] A.H. Khan, H.A. Aziz, N.A. Khan, M.A. Hasan, S. Ahmed, I.H. Farooqi, A.
Dhingra, V. Vambol, F. Changani, M. Yousefi, S. Islam, N. Mozaffari, M.S. Mahtab,
Impact, disease outbreak and the eco-hazards associated with pharmaceutical
residues: a critical review, Int. J. Environ. Sci. Technol. 19 (2022) 677–688,
https://doi.org/10.1007/s13762-021-03158-9.

[15] N. Hanna, P. Sun, Q. Sun, X. Li, X. Yang, X. Ji, H. Zou, J. Ottoson, L.E. Nilsson, B.
Berglund, O.J. Dyar, A.J. Tamhankar, C. Stålsby Lundborg, Presence of antibiotic
residues in various environmental compartments of Shandong province in eastern
China: its potential for resistance development and ecological and human risk,
Environ. Int. 114 (2018) 131–142, https://doi.org/10.1016/j.envint.2018.02.003.

[16] K. Sathya, K. Nagarajan, G. Carlin Geor Malar, S. Rajalakshmi, P. Raja Lakshmi, A
comprehensive review on comparison among effluent treatment methods and
modern methods of treatment of industrial wastewater effluent from different
sources, Appl. Water Sci. 12 (2022) 1–27. doi:https://doi.org/10.1007/s13201-
022-01594-7.

9

https://doi.org/10.1007/s11270-021-05154-8
https://doi.org/10.1007/s42773-022-00153-2
https://doi.org/10.1007/s42773-022-00153-2
https://doi.org/10.3389/fpubh.2022.967524
https://doi.org/10.3389/fpubh.2022.967524
https://doi.org/10.1016/j.scitotenv.2020.144751
https://doi.org/10.1016/j.scitotenv.2020.144751
https://doi.org/10.1016/j.envpol.2018.03.052
https://doi.org/10.1016/j.envpol.2018.03.052
https://doi.org/10.1038/s41579-021-00649-x
https://doi.org/10.1016/j.jclepro.2023.137569
https://doi.org/10.1016/j.jclepro.2023.137569
https://doi.org/10.1016/j.corsci.2022.110957
https://doi.org/10.1007/s10854-021-07619-2
https://doi.org/10.1007/s10854-021-07619-2
https://doi.org/10.1016/j.cscee.2021.100127
https://doi.org/10.1016/j.cscee.2021.100127
https://doi.org/10.1016/j.envres.2018.11.040
https://doi.org/10.1016/j.envres.2018.11.040
https://doi.org/10.1080/21655979.2022.2044250
https://doi.org/10.1016/j.envpol.2016.12.026
https://doi.org/10.1007/s13762-021-03158-9
https://doi.org/10.1016/j.envint.2018.02.003
https://doi.org/10.1007/s13201-022-01594-7
https://doi.org/10.1007/s13201-022-01594-7


CO
RR

EC
TE

D
PR

OO
F

M. Ganeshbabu et al. International Journal of Biological Macromolecules xxx (xxxx) 127027

[17] M.P.C. Mora-Gamboa, S.M. Rincón-Gamboa, L.D. Ardila-Leal, R.A. Poutou-
Piñales, A.M. Pedroza-Rodríguez, B.E. Quevedo-Hidalgo, Impact of antibiotics as
waste, physical, chemical, and enzymatical degradation: use of laccases,Molecules.
27 (2022) 1–44, https://doi.org/10.3390/molecules27144436.

[18] A. Fiaz, D. Zhu, J. Sun, Environmental fate of tetracycline antibiotics:
degradation pathway mechanisms, challenges, and perspectives, Environ. Sci. Eur.
33 (2021), https://doi.org/10.1186/s12302-021-00505-y.

[19] V.N. Lad, Z.V.P. Murthy, Advanced Materials for Photocatalytic Applications:
The Challenge Ahead, Inc, 2020, https://doi.org/10.1016/B978-0-12-819051-
7.00001-4.

[20] M. Antonopoulou, C. Kosma, T. Albanis, I. Konstantinou, An overview of
homogeneous and heterogeneous photocatalysis applications for the removal of
pharmaceutical compounds from real or synthetic hospital wastewaters under lab
or pilot scale, Sci. Total Environ. 765 (2021) 144163, https://doi.org/10.1016/
j.scitotenv.2020.144163.

[21] C. Huang, J. Wen, Y. Shen, F. He, L. Mi, Z. Gan, J. Ma, S. Liu, H. Ma, Y. Zhang,
Dissolution and homogeneous photocatalysis of polymeric carbon nitride, Chem.
Sci. 9 (2018) 7912–7915, https://doi.org/10.1039/c8sc03855d.

[22] R. Pelosato, I. Bolognino, F. Fontana, I.N. Sora, Applications of heterogeneous
photocatalysis to the degradation of oxytetracycline in water: a review, Molecules.
27 (2022), https://doi.org/10.3390/molecules27092743.

[23] M. Ganeshbabu, N. Kannan, P.S. Venkatesh, G. Paulraj, K. Jeganathan, Synthesis
and characterization of BiVO4 nanoparticles for environmental applications, RSC
Adv. 10 (2020) 18315–18322, https://doi.org/10.1039/d0ra01065k.

[24] S. Vijayalakshmi, E. Kumar, P.S. Venkatesh, A. Raja, Preparation of zirconium
oxide with polyaniline nanocatalyst for the decomposition of pharmaceutical
industrial wastewater, Ionics (Kiel). 26 (2019) 1507–1513, https://doi.org/
10.1007/s11581-019-03323-8.

[25] F. Silerio-Vázquez, M.T. Alarcón-Herrera, J.B. Proal-Nájera, Solar heterogeneous
photocatalytic degradation of phenol on TiO2/quartz and TiO2/calcite: a statistical
and kinetic approach on comparative efficiencies towards a TiO2/glass system,
Environ. Sci. Pollut. Res. 29 (2022) 42319–42330, https://doi.org/10.1007/
s11356-022-19379-5.

[26] N.M. Izzudin, A.A. Jalil, F.F.A. Aziz, M.S. Azami, M.W. Ali, N.S. Hassan, A.F.A.
Rahman, A.A. Fauzi, D.V.N. Vo, Simultaneous remediation of hexavalent
chromium and organic pollutants in wastewater using period 4 transition metal
oxide-based photocatalysts: a review, Environ. Chem. Lett. 19 (2021) 4489–4517,
https://doi.org/10.1007/s10311-021-01272-1.

[27] C. Karthikeyan, P. Arunachalam, K. Ramachandran, A.M. Al-Mayouf, S.
Karuppuchamy, Recent advances in semiconductor metal oxides with enhanced
methods for solar photocatalytic applications, J. Alloys Compd. 828 (2020)
154281, https://doi.org/10.1016/j.jallcom.2020.154281.

[28] Y. Zheng, Y. Liu, X. Guo, Z. Chen, W. Zhang, Y. Wang, X. Tang, Y. Zhang, Y. Zhao,
Sulfur-doped g-C3N4/rGO porous nanosheets for highly efficient photocatalytic
degradation of refractory contaminants, J.Mater. Sci. Technol. 41 (2020) 117–126,
https://doi.org/10.1016/j.jmst.2019.09.018.

[29] N.A.A. Review, H.G. Attiya, W.J. Fendi, Z.A. Al-dulaimy, A. Farooq, A.M.
Mohammed, Characterization synthesis of copper oxide, J. Pharm. Negat. Results.
14 (2023) 250–256, https://doi.org/10.47750/pnr.202.

[30] A. Waris, M. Din, A. Ali, M. Ali, S. Afridi, A. Baset, A. Ullah Khan, A
comprehensive review of green synthesis of copper oxide nanoparticles and their
diverse biomedical applications, Inorg. Chem. Commun. 123 (2021) 108369,
https://doi.org/10.1016/j.inoche.2020.108369.

[31] N. Verma, N. Kumar, Synthesis and biomedical applications of copper oxide
nanoparticles: an expanding horizon, ACS Biomater Sci. Eng. 5 (2019) 1170–1188,
https://doi.org/10.1021/acsbiomaterials.8b01092.

[32] P. Raizada, A. Sudhaik, S. Patial, V. Hasija, A.A. Parwaz Khan, P. Singh, S.
Gautam, M. Kaur, V.H. Nguyen, Engineering Nanostructures of CuO-Based
Photocatalysts for Water Treatment: Current Progress and Future Challenges, The
Author(s), 2020, https://doi.org/10.1016/j.arabjc.2020.06.031.

[33] M. Rafique, F. Shafiq, S.S. Ali Gillani, M. Shakil, M.B. Tahir, I. Sadaf, Eco-friendly
green and biosynthesis of copper oxide nanoparticles using Citrofortunella
microcarpa leaves extract for efficient photocatalytic degradation of Rhodamin B
dye form textile wastewater, Optik (Stuttg). 208 (2020) https://doi.org/10.1016/
j.ijleo.2019.164053, 164053.

[34] J. Ge, Y. Zhang, Y.J. Heo, S.J. Park, Advanced Design and Synthesis of Composite
Photocatalysts for The Remediation of Wastewater: A Review, 2019, https://
doi.org/10.3390/catal9020122.

[35] T. Borjigin, M. Schmitt, F. Morlet-Savary, P. Xiao, J. Lalevée, Low-cost and
recyclable Photocatalysts: metal oxide/polymer composites applied in the catalytic
breakdown of dyes, Photochem. 2 (2022) 733–751, https://doi.org/10.3390/
photochem2030047.

[36] A.R. Wassel, M.E. El-Naggar, K. Shoueir, Recent advances in polymer/metal/
metal oxide hybrid nanostructures for catalytic applications: a review, J. Environ.
Chem. Eng. 8 (2020) 104175, https://doi.org/10.1016/j.jece.2020.104175.

[37] G. Ali, M. Sharma, E.S. Salama, Z. Ling, X. Li, Applications of chitin and chitosan
as natural biopolymer: potential sources, pretreatments, and degradation
pathways, Biomass Convers. Biorefinery. (2022), https://doi.org/10.1007/s13399-
022-02684-x.

[38] R. Jiang, H.Y. Zhu, Y.Q. Fu, S.T. Jiang, E.M. Zong, J.Q. Zhu, Y.Y. Zhu, L.F. Chen,
Colloidal CdS sensitized nano-ZnO/chitosan hydrogel with fast and efficient
photocatalytic removal of Congo red under solar light irradiation, Int. J. Biol.
Macromol. 174 (2021) 52–60, https://doi.org/10.1016/j.ijbiomac.2021.01.077.

[39] M. Malekkiani, A. Heshmati Jannat Magham, F. Ravari, M. Dadmehr, Facile
fabrication of ternary MWCNTs/ZnO/Chitosan nanocomposite for enhanced
photocatalytic degradation of methylene blue and antibacterial activity, Sci. Rep.

12 (2022) 1–22, https://doi.org/10.1038/s41598-022-09571-5.
[40] A. Spoială, C.I. Ilie, G. Dolete, A.M. Croitoru, V.A. Surdu, R.D. Trușcă, L.

Motelica, O.C. Oprea, D. Ficai, A. Ficai, E. Andronescu, L.M. Dițu, Preparation and
characterization of chitosan/TiO2 composite membranes as adsorbent materials for
water purification, Membranes (Basel). 12 (2022), https://doi.org/10.3390/
membranes12080804.

[41] A. Arena, G. Scandurra, C. Ciofi, Copper oxide chitosan nanocomposite:
characterization and application in non-enzymatic hydrogen peroxide sensing,
Sensors. 17 (2017) 2198, https://doi.org/10.3390/s17102198.

[42] T. Jayaramudu, K. Varaprasad, R.D. Pyarasani, K.K. Reddy, K.D. Kumar, A.
Akbari-Fakhrabadi, R.V. Mangalaraja, J. Amalraj, Chitosan capped copper oxide/
copper nanoparticles encapsulated microbial resistant nanocomposite films, Int. J.
Biol. Macromol. 128 (2019) 499–508, https://doi.org/10.1016/
j.ijbiomac.2019.01.145.

[43] S. Ltaief, M. Jabli, S. Ben Abdessalem, Immobilization of copper oxide
nanoparticles onto chitosan biopolymer: application to the oxidative degradation
of Naphthol blue black, Carbohydr. Polym. 261 (2021) 117908, https://doi.org/
10.1016/j.carbpol.2021.117908.

[44] T. Abiraman, E. Ramanathan, G. Kavitha, R. Rengasamy, S. Balasubramanian,
Synthesis of chitosan capped copper oxide nanoleaves using high intensity (30 kHz)
ultrasound sonication and their application in antifouling coatings, Ultrason.
Sonochem. 34 (2017) 781–791, https://doi.org/10.1016/j.ultsonch.2016.07.013.

[45] M.E. Grigore, E.R. Biscu, A.M. Holban, M.C. Gestal, A.M. Grumezescu, Methods
of synthesis, properties and biomedical applications of CuO nanoparticles,
Pharmaceuticals. 9 (2016) 1–14, https://doi.org/10.3390/ph9040075.

[46] A. Gedanken, I. Perelshtein, Power Ultrasound for the Production of
Nanomaterials, Elsevier Ltd., 2015, https://doi.org/10.1016/B978-1-78242-028-
6.00018-1.

[47] S. Wang, X. Zhang, L. Pan, F.M. Zhao, J.J. Zou, T. Zhang, L. Wang, Controllable
sonochemical synthesis of Cu2O/Cu2(OH)3NO3 composites toward synergy of
adsorption and photocatalysis, Appl. Catal. Environ. 164 (2015) 234–240, https://
doi.org/10.1016/j.apcatb.2014.09.033.

[48] J. Guo, S. Zhu, Z. Chen, Y. Li, Z. Yu, Q. Liu, J. Li, C. Feng, D. Zhang, Ultrasonics
Sonochemistry Sonochemical synthesis of TiO 2 nanoparticles on graphene for use
as photocatalyst, Ultrason. - Sonochemistry. 18 (2011) 1082–1090, https://
doi.org/10.1016/j.ultsonch.2011.03.021.

[49] M.T. Noman, M. Petru, J. Militkỳ, M. Azeem, M.A. Ashraf, One-Pot sonochemical
synthesis of ZnO nanoparticles for photocatalytic applications, modelling and
optimization, Materials (Basel). 13 (2020) 14, https://doi.org/10.3390/
ma13010014.

[50] C. Peniche-Covas, W. Argüelles-Monal, J. San Román, A kinetic study of the
thermal degradation of chitosan and a mercaptan derivative of chitosan, Polym.
Degrad. Stab. 39 (1993) 21–28, https://doi.org/10.1016/0141-3910(93)90120-8.

[51] A. Pellis, G.M. Guebitz, G.S. Nyanhongo, Chitosan: sources, processing and
modification techniques, Gels. 8 (2022) 5–25, https://doi.org/10.3390/
gels8070393.

[52] J. Lu, Y. Chen, M. Ding, X. Fan, J. Hu, Y. Chen, J. Li, Z. Li, W. Liu, A 4arm-
extraction, structure and Immunoregulatory chitosan hydrogels as antibacterial
wound dressing, Carbohydr. Polym. 277 (2022) 118871, https://doi.org/10.1016/
j.carbpol.2021.118871.

[53] V. Jagadeesan, V. Subramaniam, Impact of molarity on structural, optical,
morphological and electrical properties of copper oxide thin films prepared by cost
effective jet nebulizer spray pyrolysis technique, J. Mater. Sci. Mater. Electron. 30
(2019) 1571–1578, https://doi.org/10.1007/s10854-018-0428-8.

[54] A.H. Naseri, M.G. Saion, E.B. Shaari, The amazing effects and role of PVP on the
phase composition and morphology of manganese ferrite nanoparticles prepared by
thermal treatment method, 2nd Int. Conf. Environ. Sci. Biotechnol. 48 (2012)
169–173.

[55] R. Javed, M. Zia, S. Naz, S.O. Aisida, N. Ul Ain, Q. Ao, Role of capping agents in
the application of nanoparticles in biomedicine and environmental remediation:
recent trends and future prospects, J. Nanobiotechnology. 18 (2020) 1–15, https://
doi.org/10.1186/s12951-020-00704-4.

[56] Q.P. Zhang, X.N. Xu, Y.T. Liu, M. Xu, S.H. Deng, Y. Chen, H. Yuan, F. Yu, Y.
Huang, K. Zhao, S. Xu, G. Xiong, A feasible strategy to balance the crystallinity and
specific surface area of metal oxide nanocrystals, Sci. Rep. 7 (2017) 1–12, https://
doi.org/10.1038/srep46424.

[57] J. Akter, K.P. Sapkota, M.A. Hanif, M.A. Islam, H.G. Abbas, J.R. Hahn, Kinetically
controlled selective synthesis of Cu2O and CuO nanoparticles toward enhanced
degradation of methylene blue using ultraviolet and sun light, Mater. Sci.
Semicond. Process. 123 (2021) 105570, https://doi.org/10.1016/
j.mssp.2020.105570.

[58] V.D. Nithya, R.K. Selvan, L. Vasylechko, C. Sanjeeviraja, Effect of carbon coating
on the electrochemical properties of Bi2WO6 nanoparticles by PVP-assisted
sonochemical method, J. Appl. Electrochem. 45 (2015) 473–485, https://doi.org/
10.1007/s10800-015-0822-3.

[59] R. Shashanka, Investigation of optical and thermal properties of CuO and ZnO
nanoparticles prepared by crocus Sativus (saffron) flower extract, J. Iran. Chem.
Soc. 18 (2021) 415–427, https://doi.org/10.1007/s13738-020-02037-3.

[60] B. Avinash, C.R. Ravikumar, M.R.A. Kumar, H.P. Nagaswarupa, M.S. Santosh,
A.S. Bhatt, D. Kuznetsov, Nano CuO: electrochemical sensor for the determination
of paracetamol and D-glucose, J. Phys. Chem. Solid 134 (2019) 193–200, https://
doi.org/10.1016/j.jpcs.2019.06.012.

[61] A. Badri, S. Slimi, M. Guergueb, H. Kahri, X. Mateos, Green synthesis of copper
oxide nanoparticles using prickly pear peel fruit extract: characterization and
catalytic activity, Inorg. Chem. Commun. 134 (2021) 109027, https://doi.org/
10.1016/j.inoche.2021.109027.

10

https://doi.org/10.3390/molecules27144436
https://doi.org/10.1186/s12302-021-00505-y
https://doi.org/10.1016/B978-0-12-819051-7.00001-4
https://doi.org/10.1016/B978-0-12-819051-7.00001-4
https://doi.org/10.1016/j.scitotenv.2020.144163
https://doi.org/10.1016/j.scitotenv.2020.144163
https://doi.org/10.1039/c8sc03855d
https://doi.org/10.3390/molecules27092743
https://doi.org/10.1039/d0ra01065k
https://doi.org/10.1007/s11581-019-03323-8
https://doi.org/10.1007/s11581-019-03323-8
https://doi.org/10.1007/s11356-022-19379-5
https://doi.org/10.1007/s11356-022-19379-5
https://doi.org/10.1007/s10311-021-01272-1
https://doi.org/10.1016/j.jallcom.2020.154281
https://doi.org/10.1016/j.jmst.2019.09.018
https://doi.org/10.47750/pnr.202
https://doi.org/10.1016/j.inoche.2020.108369
https://doi.org/10.1021/acsbiomaterials.8b01092
https://doi.org/10.1016/j.arabjc.2020.06.031
https://doi.org/10.1016/j.ijleo.2019.164053
https://doi.org/10.1016/j.ijleo.2019.164053
https://doi.org/10.3390/catal9020122
https://doi.org/10.3390/catal9020122
https://doi.org/10.3390/photochem2030047
https://doi.org/10.3390/photochem2030047
https://doi.org/10.1016/j.jece.2020.104175
https://doi.org/10.1007/s13399-022-02684-x
https://doi.org/10.1007/s13399-022-02684-x
https://doi.org/10.1016/j.ijbiomac.2021.01.077
https://doi.org/10.1038/s41598-022-09571-5
https://doi.org/10.3390/membranes12080804
https://doi.org/10.3390/membranes12080804
https://doi.org/10.3390/s17102198
https://doi.org/10.1016/j.ijbiomac.2019.01.145
https://doi.org/10.1016/j.ijbiomac.2019.01.145
https://doi.org/10.1016/j.carbpol.2021.117908
https://doi.org/10.1016/j.carbpol.2021.117908
https://doi.org/10.1016/j.ultsonch.2016.07.013
https://doi.org/10.3390/ph9040075
https://doi.org/10.1016/B978-1-78242-028-6.00018-1
https://doi.org/10.1016/B978-1-78242-028-6.00018-1
https://doi.org/10.1016/j.apcatb.2014.09.033
https://doi.org/10.1016/j.apcatb.2014.09.033
https://doi.org/10.1016/j.ultsonch.2011.03.021
https://doi.org/10.1016/j.ultsonch.2011.03.021
https://doi.org/10.3390/ma13010014
https://doi.org/10.3390/ma13010014
https://doi.org/10.1016/0141-3910(93)90120-8
https://doi.org/10.3390/gels8070393
https://doi.org/10.3390/gels8070393
https://doi.org/10.1016/j.carbpol.2021.118871
https://doi.org/10.1016/j.carbpol.2021.118871
https://doi.org/10.1007/s10854-018-0428-8
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0265
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0265
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0265
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0265
https://doi.org/10.1186/s12951-020-00704-4
https://doi.org/10.1186/s12951-020-00704-4
https://doi.org/10.1038/srep46424
https://doi.org/10.1038/srep46424
https://doi.org/10.1016/j.mssp.2020.105570
https://doi.org/10.1016/j.mssp.2020.105570
https://doi.org/10.1007/s10800-015-0822-3
https://doi.org/10.1007/s10800-015-0822-3
https://doi.org/10.1007/s13738-020-02037-3
https://doi.org/10.1016/j.jpcs.2019.06.012
https://doi.org/10.1016/j.jpcs.2019.06.012
https://doi.org/10.1016/j.inoche.2021.109027
https://doi.org/10.1016/j.inoche.2021.109027


CO
RR

EC
TE

D
PR

OO
F

M. Ganeshbabu et al. International Journal of Biological Macromolecules xxx (xxxx) 127027

[62] A. Shanmugavani, S. Gowrimeena, P. Rupa Kasturi, S. Yuvaraj, L. John
Berchmans, R. Kalai Selvan, Effect of zinc precursors on the hydrogen evolution
reaction and electrochemical corrosion studies of ZnWO4 nanoparticles
synthesized by hot injection method, J. Phys. Chem. Solid 119 (2018) 210–219,
https://doi.org/10.1016/j.jpcs.2018.03.005.

[63] S. Dhanavel, E.A.K. Nivethaa, V. Narayanan, A. Stephen, Photocatalytic activity
of chitosan/ZnO nanocomposites for degrading methylene blue, Int. J. ChemTech
Res. 6 (2014) 1880–1882.

[64] K. Araya-Castro, T.C. Chao, B. Durán-Vinet, C. Cisternas, G. Ciudad, O. Rubilar,
Green synthesis of copper oxide nanoparticles using protein fractions from an
aqueous extract of brown algae macrocystis pyrifera, Processes. 9 (2021) 1–10,
https://doi.org/10.3390/pr9010078.

[65] S.C. Boyatzis, A.M. Douvas, V. Argyropoulos, A. Siatou, M. Vlachopoulou,
Characterization of a water-dispersible metal protective coating with fourier
transform infrared spectroscopy, modulated differential scanning calorimetry, and
ellipsometry, Appl. Spectrosc. 66 (2012) 580–590, https://doi.org/10.1366/11-
06371.

[66] M.F. Queiroz, K.R.T. Melo, D.A. Sabry, G.L. Sassaki, H.A.O. Rocha, Does the use
of chitosan contribute to oxalate kidney stone formation? Mar. Drugs 13 (2015)
141–158, https://doi.org/10.3390/md13010141.

[67] D.J. Manasa, K.R. Chandrashekar, D.J. Madhu Kumar, M. Niranjana, K.M.
Navada, Mussaenda frondosa L. mediated facile green synthesis of copper oxide
nanoparticles – characterization, photocatalytic and their biological investigations,
Arab. J. Chem. 14 (2021) https://doi.org/10.1016/j.arabjc.2021.103184, 103184.

[68] S. Sathiyavimal, S. Vasantharaj, V. Veeramani, M. Saravanan, G. Rajalakshmi, T.
Kaliannan, F.A. Al-Misned, A. Pugazhendhi, Green chemistry route of
biosynthesized copper oxide nanoparticles using Psidium guajava leaf extract and
their antibacterial activity and effective removal of industrial dyes, J. Environ.
Chem. Eng. 9 (2021) 105033, https://doi.org/10.1016/j.jece.2021.105033.

[69] E. Bruno, M. Haris, A. Mohan, M. Senthilkumar, Temperature effect on CuO
nanoparticles via facile hydrothermal approach to effective utilization of
UV–visible region for photocatalytic activity, Appl. Phys. A Mater. Sci. Process. 127
(2021) 1–14, https://doi.org/10.1007/s00339-021-05081-9.

[70] M.A. Khan, N. Nayan, M.K. Ahmad Shadiullah, C.F. Soon, Surface study of cuo
nanopetals by advanced nanocharacterization techniques with enhanced optical
and catalytic properties, Nanomaterials. 10 (2020) 1–18, https://doi.org/10.3390/
nano10071298.

[71] R. Nayak, F.A. Ali, D.K. Mishra, D. Ray, V.K. Aswal, S.K. Sahoo, B. Nanda,
Fabrication of CuO nanoparticle: an efficient catalyst utilized for sensing and
degradation of phenol, J. Mater. Res. Technol. 9 (2020) 11045–11059, https://
doi.org/10.1016/j.jmrt.2020.07.100.

[72] M. El-Kemary, H. El-Shamy, I. El-Mehasseb, Photocatalytic degradation of
ciprofloxacin drug in water using ZnO nanoparticles, JOL 130 (2010) 2327–2331,
https://doi.org/10.1016/j.jlumin.2010.07.013.

[73] X. Hu, X. Hu, Q. Peng, L. Zhou, X. Tan, L. Jiang, C. Tang, H. Wang, S. Liu, Y.
Wang, Z. Ning, Mechanisms underlying the photocatalytic degradation pathway of
ciprofloxacin with heterogeneous TiO2, Chem. Eng. J. 380 (2020), https://doi.org/
10.1016/j.cej.2019.122366.

[74] S. Xing, W. Li, B. Liu, Y. Wu, Y. Gao, Removal of ciprofloxacin by persulfate
activation with CuO: a pH-dependent mechanism, Chem. Eng. J. 382 (2020),
https://doi.org/10.1016/j.cej.2019.122837.

[75] R. Kaushik, P.K. Samal, A. Halder, Degradation of fluoroquinolone-based
pollutants and bacterial inactivation by visible-light-active aluminum-doped TiO2
Nanoflakes, ACS Appl. Nano Mater. 2 (2019) 7898–7909, https://doi.org/

10.1021/acsanm.9b01913.
[76] M. Sayed, M. Ismail, S. Khan, S. Tabassum, H.M. Khan, Degradation of

ciprofloxacin in water by advanced oxidation process: kinetics study, influencing
parameters and degradation pathways, Environ. Technol. (United Kingdom). 37
(2016) 590–602, https://doi.org/10.1080/09593330.2015.1075597.

[77] S. Vijayalakshmi, E. Kumar, P.S. Venkatesh, A. Raja, Preparation of zirconium
oxide with polyaniline nanocatalyst for the decomposition of pharmaceutical
industrial wastewater, Ionics (Kiel). 26 (2020) 1507–1513, https://doi.org/
10.1007/s11581-019-03323-8.

[78] A. Kaur, W.A. Anderson, S. Tanvir, S.K. Kansal, Solar light active silver/iron
oxide/zinc oxide heterostructure for photodegradation of ciprofloxacin,
transformation products and antibacterial activity, J. Colloid Interface Sci. 557
(2019) 236–253, https://doi.org/10.1016/j.jcis.2019.09.017.

[79] S. Das, S. Ghosh, A.J. Misra, A.J. Tamhankar, A. Mishra, C.S. Lundborg, S.K.
Tripathy, Sunlight assisted photocatalytic degradation of ciprofloxacin in water
using fe doped zno nanoparticles for potential public health applications, Int. J.
Environ. Res. Public Health 15 (2018) 2240, https://doi.org/10.3390/
ijerph15112440.

[80] N. Lu, P. Wang, Y. Su, H. Yu, N. Liu, X. Quan, Construction of Z-scheme g-C3N4/
RGO/WO3 with in situ photoreduced graphene oxide as electron mediator for
efficient photocatalytic degradation of ciprofloxacin, Chemosphere. 215 (2019)
444–453, https://doi.org/10.1016/j.chemosphere.2018.10.065.

[81] L.T. Nguyen, H.T. Nguyen, T.D. Pham, T.D. Tran, H.T. Chu, H.T. Dang, V.H.
Nguyen, K.M. Nguyen, T.T. Pham, B. Van der Bruggen, UV–visible light driven
photocatalytic degradation of ciprofloxacin by N,S co-doped TiO2: the effect of
operational parameters, Top. Catal. 63 (2020) 985–995, https://doi.org/10.1007/
s11244-020-01319-7.

[82] J. Xia, M. Ji, W. Li, J. Di, H. Xu, M. He, Q. Zhang, H. Li, Synthesis of erbium ions
doped BiOBr via a reactive ionic liquid with improved photocatalytic activity,
Colloids Surfaces A Physicochem. Eng. Asp. 489 (2016) 343–350, https://doi.org/
10.1016/j.colsurfa.2015.10.037.

[83] L. Ma, J. Duan, B. Ji, Y. Liu, C. Li, C. Li, W. Zhao, Z. Yang, Ligand-metal charge
transfer mechanism enhances TiO2/Bi2WO6/rGO nanomaterials photocatalytic
efficient degradation of norfloxacin under visible light, J. Alloys Compd. 869
(2021) 158679, https://doi.org/10.1016/j.jallcom.2021.158679.

[84] J. Zhang, Z. Zhu, J. Jiang, H. Li, Synthesis of novel ternary dual Z-scheme AgBr/
LaNiO3/g-C3N4 composite with boosted visible-light Photodegradation of
Norfloxacin, Molecules. 25 (2020) 3706, https://doi.org/10.3390/
molecules25163706.

[85] W. Liu, T. He, Y. Wang, G. Ning, Z. Xu, X. Chen, X. Hu, Y. Wu, Y. Zhao,
Synergistic adsorption-photocatalytic degradation effect and norfloxacin
mechanism of ZnO/ZnS@BC under UV-light irradiation, Sci. Rep. 10 (2020) 11903,
https://doi.org/10.1038/s41598-020-68517-x.

[86] B. Ji, W. Zhao, J. Duan, L. Fu, L. Ma, Z. Yang, Immobilized Ag3PO4/GO on 3D
nickel foam and its photocatalytic degradation of norfloxacin antibiotic under
visible light, RSC Adv. 10 (2020) 4427–4435, https://doi.org/10.1039/
c9ra08678a.

[87] S.S. Warule, N.S. Chaudhari, B.B. Kale, M.A. More, Novel sonochemical assisted
hydrothermal approach towards the controllable synthesis of ZnO nanorods,
nanocups and nanoneedles and their photocatalytic study, CrystEngComm. 11
(2009) 2776–2783, https://doi.org/10.1039/b909916f.

11

https://doi.org/10.1016/j.jpcs.2018.03.005
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0310
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0310
http://refhub.elsevier.com/S0141-8130(23)03924-7/rf0310
https://doi.org/10.3390/pr9010078
https://doi.org/10.1366/11-06371
https://doi.org/10.1366/11-06371
https://doi.org/10.3390/md13010141
https://doi.org/10.1016/j.arabjc.2021.103184
https://doi.org/10.1016/j.jece.2021.105033
https://doi.org/10.1007/s00339-021-05081-9
https://doi.org/10.3390/nano10071298
https://doi.org/10.3390/nano10071298
https://doi.org/10.1016/j.jmrt.2020.07.100
https://doi.org/10.1016/j.jmrt.2020.07.100
https://doi.org/10.1016/j.jlumin.2010.07.013
https://doi.org/10.1016/j.cej.2019.122366
https://doi.org/10.1016/j.cej.2019.122366
https://doi.org/10.1016/j.cej.2019.122837
https://doi.org/10.1021/acsanm.9b01913
https://doi.org/10.1021/acsanm.9b01913
https://doi.org/10.1080/09593330.2015.1075597
https://doi.org/10.1007/s11581-019-03323-8
https://doi.org/10.1007/s11581-019-03323-8
https://doi.org/10.1016/j.jcis.2019.09.017
https://doi.org/10.3390/ijerph15112440
https://doi.org/10.3390/ijerph15112440
https://doi.org/10.1016/j.chemosphere.2018.10.065
https://doi.org/10.1007/s11244-020-01319-7
https://doi.org/10.1007/s11244-020-01319-7
https://doi.org/10.1016/j.colsurfa.2015.10.037
https://doi.org/10.1016/j.colsurfa.2015.10.037
https://doi.org/10.1016/j.jallcom.2021.158679
https://doi.org/10.3390/molecules25163706
https://doi.org/10.3390/molecules25163706
https://doi.org/10.1038/s41598-020-68517-x
https://doi.org/10.1039/c9ra08678a
https://doi.org/10.1039/c9ra08678a
https://doi.org/10.1039/b909916f


RESEARCH

Thalassas: An International Journal of Marine Sciences
https://doi.org/10.1007/s41208-024-00692-4

(Fricke et al. 2023). In Indian waters, eleven species have 
been reported namely, Sphyraena barracuda (Edwards 
1771), S. forsteri (Cuvier 1829), S. jello (Cuvier 1829), 
S. obtusata (Cuvier 1829), S. flavicauda (Ruppell 1838), 
S. novaehollandiae (Gunther 1860), S. qenie (Klunzinger 
1870), S. acutipinnis (Day 1876), S. chrysotaenia (Klunz-
inger 1870), S. putnamae (Jordan and Seale 1905) and S. 
arabiansis (Abdussamad et al. 2015). Sphyraenidae is the 
foremost largest coastal pelagic piscivore, especially on the 
coral reefs (Rose 1984) and plays a major role in the marine 
food chain. These are commercially important fishes due to 
their delicacy and great flavours (Smith 1956). Sphyraenids 
are commonly referred to as barracuda for their ferocious 
behaviours and predatory habit. They are distributed glob-
ally in tropical and sub-tropical waters of the Indo-Pacific 
region (Ballen 2019). Barracudas commonly occur at the 
depth of 6–300 m (Myers 1991).

Introduction

The family Sphyraenidae (Rafinesque 1815) belongs to the 
order Carangiformes and comprises a single genus Sphy-
raena (Rose 1793). Globally, twenty-seven valid species and 
two new species in the last decade have been documented 
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Abstract
Bigeye barracuda is a commercially valued species as food and game fish in the Indo-Pacific region. The taxonomic 
details of bigeye barracuda Sphyraena forsteri Cuvier, 1829 is poorly reported in the literature from Indian waters. The 
current taxonomic study identifies the S. forsteri based on different sizes of the specimens ranging from 255 to 376 mm 
total length and 83–271 g weight collected from three different landing stations along the Southeast coast of India. Totally, 
forty-five specimens were examined which include 21 males (46.67%) and 24 females (53.33%). Sphyraena forsteri is 
diagnosed with enlarged eyes; covered with very tiny cycloid scales all over the body; 101–120 lateral line scales; cheek 
scales 5–6.5; seven branchiostegal rays. Sphyraena forsteri differs from its congeners by having the gill raker counts; 
upper limb rough with tiny bony setae, 10–20 small tubercle spines on the first-gill arch (in lower limb) uniformly 
arranged with 4 to 5 bony setae in a single group with one large spine, gill raker absent. The genetic confirmation of S. 
forsteri was investigated using 668 bp sequences of mitochondrial cytochrome oxidase subunit I gene. The species S. for-
steri formed a stoutly supported clade against the five other congeneric species within the same family Sphyraenidae. This 
study provides a better taxonomic interpretation of S. forsteri with the molecular and combination of comprehensive mor-
phological with detailed description of scale, otolith, vertebral characters of specimens from the Southeast coast of India.
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The genus Sphyraena (Rose 1793) had been character-
ized by an elongated body; dorsal fins widely separated; 
pointed snout, lower jaw larger; strong and sharp canine 
teeth. According to the gill raker structure and count (one, 
two, or absence of gill raker), Sphyraena is separated into 
three groups: the first group with largest body and absence 
of gill raker reported in six species Sphyraena arabiansis, S. 
barracuda, S. forsteri, S. qenie, S. jello, S. putnamae (Mor-
ishita et al. 2020); the second group with the presence of 
two gill rakers on the first gill arch reported in three spe-
cies viz., S. obtusata, S. chrysotaenia, S. flavicauda and 
the third group with single gill raker on the first gill arch 
noticed in S. accutipinnis and S. novaehollandidae (Aus-
tralian species). Scale and otolith morphology are efficient 
for growth studies, species recognition, age determination, 
migration-related to previous environmental details, genetic 
population, and phylogenetic assessment of species in tax-
onomy (Dapar et al. 2012). Sphyraenids are one of the least 
investigated species in the Southeast Coast of India. Due to 
the lack of taxonomic and molecular information from the 

Indian coast, the present study was carried out to describe 
the detailed taxonomic and molecular record of S. forsteri.

Materials and Methods

Sample Collection

Totally 45 fish samples were collected from the Southeast 
coast of India viz., Gulf of Mannar and Chennai coast land-
ing centres during August 2021 to September 2022. The 
GPS-coordinate point of the sampling places is shown in 
the map (Fig. 1). Fish specimens were trapped by using the 
gillnet (length of 40–45 mm), caught along 15 to 27 nau-
tical miles distance from the depth of 45 to 72  m. Fresh 
specimens were photographed with Nikon P950 camera, 
subjected to external morphological measurement by using 
a digital vernier caliper with a precision length of 0.1 mm 
and weight using a digital weighing balance with a preci-
sion of 0.01  g (Doiuchi and Nakabo 2007; Kannan et al. 

Fig. 1  Map showing the collection site of the specimen Sphyraena forsteri
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2021a, b). The total length (TL) was measured from the 
anterior edge of the snout to the utmost edge of the caudal 
fin and standard length (SL) was measured from the tip of 
the snout to the last vertebra, other measurement charac-
ters are shown (Table 1). The muscle was collected from the 
caudal region on the right side of the fish sample and stored 
in 99.9% ethanol for molecular study and specimens were 
preserved in 10% formalin for taxonomical studies (Diaz-
Viloria et al. 2005). Representative specimen was depos-
ited in the National Repository for Fish Cell lines (NRFC) 
of the ICAR-National Bureau of Fish Genetic Resources 
(NBFGR), Lucknow, India with the accession number-
SPHSFOR/NBFGR (Fig. 2).

Collection and Processing of Scales

The scales were collected from eight different parts of the 
individual fish including head region, lateral line scales 
along the lateral line, Inter-dorsal (between the two dorsal 
fins), insertion points of the pectoral and pelvic fins, mid 
portion of the body, origin of anal fin and caudal peduncle 
region these all are collected from the left portion of the 
fish (Casteel 1976). The scales were washed with distilled 
water by using a fine brush. Then, the scales were put into 
1% Potassium hydroxide solution for 30  min incubation 
for removing the excess tissues on the surface to the root 
region of the scales followed by treatment with 70% ethanol 
(10–20 min) for dehydration. The scales were kept between 
the two hard slides and allowed to dry for 24 h (Lippitsch 

Morphometric parameters (mm)
Total length 255–376
Standard length 202–306
Meristic characters
First dorsal fins/rays V
Second dorsal fins/ rays II + 7–8
Pectoral fins/rays II + 12–13
Pelvic fins/rays I + 5
Anal fins/rays II + 7–8
Branchiostegal rays 7
Scales above lateral line 9.5–17
Scales below the lateral line 14.5–17
Lateral line scales 101–120
Cheek scales 5–6.5
Body band Absent
GR absent but minute bony setae are presents 13–20
Body weight (g) 83–271
Upper (minute) bony setae 16
Lower (minute) spines 14
Morphometric characters Proportion range as SL Proportion range as SL%
Body depth at pelvic fin origin 5.4–7.9 12.6–18.4
Body width 7.4–13.4 7.5–13.5
Interdorsal fin length 5.3–6.3 15.9–18.9
Prepectoral length 2.9–3.3 30.6–34.9
Prepelvic length 2.4–2.6 38.3–41.9
Upper-jaw length 5.8–8.2 12.3–17.4
Lower jaw length 5.3–7.2 13.9–18.8
1st dorsal fin base 8.4–11.1 9.0–11.9
2nd dorsal fin base 9.1–15.1 6.6–10.9
Pectoral fin base 33.9–39.5 2.5–3.0
Pelvic fin base 18.0–20.7 4.8–5.6
Anal fin base 9.6–14.8 6.8–10.4
Length of caudal peduncle 5.5–6.6 15.2–18.1
Distance between D1 origin to anal fin origin 2.7–3.1 31.8–37.5
Pectoral to pelvic insertion 8.1–13.3 7.5–12.3
Pelvic insertion to anal fin origin 2.7–3.0 33.1–37.3
Snout to head dorsal line edge region 3.7–4.5 22.0–27.2
Nostril to snout length 6.1–10.0 10.0–16.4
Nostril to eye diameter 9.1–13.8 7.2–11.0

Table 1  Count and proportional 
measurements of Sphyraena 
forsteri collected from Southeast 
Coast of India (n = 45)
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(Kumar and Aswath 2016). Briefly, 20 mg of tissue sample 
was taken in a 2 ml eppendorf tube, 100 µl lysis buffer and 
400  µl of sodium dodecyl sulphate were mixed well and 
incubated for 15–20 min at room temperature. After incuba-
tion the DNA was extracted by using Phenol: chloroform: 
isoamyl alcohol (25:24:1) solution. Finally, the precipitated 
DNA pellet was washed with 70% ethanol (cold condition). 
The DNA quality and integrity were confirmed by using the 
agarose gel electrophoresis.

For amplification of the mitochondrial COI gene, uni-
versal primer combinations, forward primer (FishF1 5´-​T​
C​A​A​C​C​A​A​C​C​A​C​A​A​A​G​A​C​A​T​T​G​G​C​A​C-3´) and reverse 
primer (FishR1 5´-​T​A​G​A​C​T​T​C​T​G​G​G​T​G​G​C​C​A​A​A 
GAATCA-3´) were used (Ward et al. 2005). Amplifications 
were performed using a prime 96 PLUS Thermal cycler. The 
thermal regime consisted of an initial denaturation step of 
2 min at 94 °C followed by 1 cycle and 35 cycles for 30 s 
at 94 °C, annealing of 40 s at 52 °C and of 1 min at 72 °C, 
followed by a final extension of 10 min at 72 °C followed by 
1 cycle. The PCR products were visualized under gel doc-
umentation on 2% agarose gel by using the stains (Ethid-
ium bromide), the loading dyes contains Xylene cyanol 
and Bromophenol blue and purified for further sequencing 
using PCR purification kit (Sigma Aldrich, Bangalore). The 
amplified COI genes finally resulted with 668 bp fragment, 
respectively.

1995). Thereafter, the sample was observed under the 
QUASMO (Model Name/Number: STAR 4) microscope 
for digital imaging.

Otolith Preparation and Imaging

Both the right and left otolith were dissected and collected 
from the dorsal region of the head, near the brain cavity. 
The collected otolith was cleaned with distilled water and 
treated with 5% Potassium hydroxide solution for 1  h to 
remove the tissues attached to the otolith and washed once 
again with distilled water using a brush. Subsequently, the 
samples were allowed to dry for 30 min (Secor et al. 1992). 
Then the otolith images were taken through the stereomi-
croscope (Stereomicroscope Nikon SMZ1000, Japan). Each 
otoliths rostrum was placed in the vertical (top) direction. 
Depending on the size of the otolith the magnification 
lens was adjusted to focus. Freshly preserved specimens 
(–20 °C) are used for vertebral studies. The vertebral counts 
were observed by using the X-ray radiograph image (Sie-
mens 300 mA X-Ray machine).

Molecular Analysis

Single fish was chosen for molecular studies and the same 
specimen was deposited in the museum (Accession number-
SPHSFOR/NBFGR). DNA extraction was carried out by the 
Phenol-chloroform based protocol with few modifications 

Fig. 2  Fresh specimens of aSphyraena forsteri (Non-type SPHSFOR/
NBFGR, 320 mm TL, Gulf of Mannar) b maxilla quite reaching the 
anterior margin of the eye c very sharp and canine teeth are repre-

sented, lower jaw projecting teeth are directly backwards and size are 
increasing contiguous
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on the suborbital region and needle-like marker is visible 
(in the form of zigzag); tip of pectoral fin does not reaching 
beyond first dorsal fin origin; the pelvic fin origin is situated 
in front of first dorsal fin origin; the last ray of anal fin and 
2nd dorsal fin is well elongated; caudal fin typically forked 
without a pair of lobes; upper and lower tip of caudal fin 
slightly bent; lateral line initiated with end of the head to 
caudal fin region (start with a straight line, slightly curved 
above pectoral fin tip, continuously form a straight line and 
reach the caudal fin), papillae on dorsal region originates 
from the snout and ends behind the inter dorsal cavity. In 
the dorsal region, the upper snout is sharp, and in the ventral 
region, the lower snout is narrowed, scales are very small; 
cycloid type and covered all over the body (except the dor-
sal head and ventral snout). Lower jaw relatively large than 
the upper jaw with the length of 1.7–2.3 in of Head Length 
(HL); orbit diameter 9.8–13.7 in HL; pelvic, pectoral, and 
anal fin base 5.9–6.9, 10.6–12.7 and 3.0–5.0 in HL respec-
tively; length of caudal peduncle 1.7–2.2 in HL; last ray of 
the second dorsal and anal fin 4.6–6.8 and 4.8–7.7 in HL; 
distance between 1st dorsal fin origin to the last ray of the 
2nd dorsal 0.9–1.2 in HL; nostril to eye 2.9–4.7 in HL; max-
illary depth 13.0–16.0 in HL.

Teeth

Compared to the other species, teeth are very sharp and 
canine directly backwards, and size increasing contiguous; 
lower jaw projecting, strong and pointed. In the front of 
upper jaw, two pairs of teeth: the first pair of teeth is smaller 
than the second pair, then a series of widely spaced minute 
teeth was observed. Within the upper jaw 4 pairs of teeth 
are visible, the first pair of teeth is very small, the 2nd pair 
of teeth is slightly larger than the first one then a series of 
the size of the teeth decreasing contiguously (palatine tooth 
patches also present on the roof of the upper jaw). In the 
lower jaw, the teeth are small to moderate, anterior edges of 
the lower jaw contain one canine tooth; sides of the lower 
jaw well spaced started with five pairs of small teeth, after 
25.4  mm, 12–13 pair of teeth are present in the posterior 
region; these are increasing in size; directed backward.

Colouration

Body with no crossbars and marks; black blotch is presented 
underneath the pectoral fin; inside of the jaw is dark grey 
with a brownish colour. The second dorsal fin and pectoral 
fin are black with yellowish dusky colour. The pelvic fin and 
anal fins are whitish (but the tip of the anal fin is blackish 
dusky). The caudal and first dorsal fins are duskish black. 
The inner margin of the upper and lower jaw black with 
brownish dusky. The tongue is oval shaped with black and 

Phylogenetic Analysis

The raw sequence data was aligned and compared with the 
known species to check the genetic affinity and integrity of 
the sequence using Basic Local Alignment Search Tool. The 
analysis was completed using a single out-group (Scomb-
eromorus commerson) and other sequences of voucher 
specimens and aligned with 32 sequences of COI genes col-
lected from the GenBank database. After sequencing, gene 
alignment was done by using the Bio edit version 7.1.3.0 
software (Hall 1999). The evolutionary history was inferred 
using the Neighbour-Joining method (Saitou and Nei 1987). 
The percentage of replicate trees in which the associated taxa 
clustered together in the bootstrap test is shown below the 
branches (Felsenstein 1985). Evolutionary analyses and the 
divergences of the sequence were assessed using MEGAX 
(Kumar et al. 2018; Kannan et al. 2023). The nucleotide 
sequence of the mitochondrial COI gene was deposited in 
the NCBI GenBank with the Accession No: OP024182.

Results

Sphyraena forsteri Cuvier 1829 (type locality: Tahiti Island 
in French Polynesia).

(English name: Big eye barracuda)

Non–type  SPHSFOR/NBFGR forty-five specimens of 
Sphyraena forsteri were measured, males 42.85% and 
females 57.14% in the range of 255–376  mm TL from 
Southeast Coast of India during August 2021- September 
2022.

Diagnosis

Body fusiform with lightly compressed; body lacks distinct 
markings; First dorsal fin with V spines, Second dorsal fin II 
spines with 7–8 rays, Anal fin spines II with 7–8 rays, Pel-
vic fin spine I with 5 rays, Pectoral fin rays 12–13; Lateral 
line scales numbered between 101 and 120; Branchiostegal 
rays 7. Scales above the lateral line 9.5–17; Scales below 
the lateral line 14.5–17; Cheek scales 5–6.5. Gill raker 
absent, but 10–20  min bony setae dispersed on the lower 
arm of the first gill arch; the group of minute short spines 
are present uniformly on the upper gill arm (Fig. 3). Body 
depth 6.9–7.7; Head depth 2.9–3.2 in Standard length. Pre-
operculum rounded; 2 flattened spines on operculum, lower 
angle pointed and reach at the level of pectoral fin insertion. 
Black with yellowish dusky blotch existing underneath the 
pectoral fin region; enlarged eyes, maxilla quite reaching the 
anterior margin of eye; small sensory canal lines are present 
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eleven vertebrates were numbered. Subsequently, the bases 
of the first dorsal fin vertebrae are 4, second dorsal fin ver-
tebrae is six and the anal fin have six vertebrates numbered 
sequentially.

Otoliths were observed under the stereomicroscope. The 
rostrum is well developed, and the anterior and posterior 
rostrum is slightly bent down to the left and right sides of 
the otolith. It represented the 3–4 annular rings (Fig. 4). The 
upper and lower limb of the gill counts were observed under 
the microscope (Fig. 3).

Scale images were observed under the stereomicroscope. 
The most common scale type in the studied species was 
cycloid. The scale demonstrated variations in morphology 
from the different body regions. The shape of the scale was 
of four different types: round shape being the most com-
mon, inter-dorsal, anal, head and caudal scales are round in 
shape except the pelvic scale (oval in shape), centre of the 
body scales are square shape, pectoral scale (semi-rectangle 
shape), with 10–12 radii, lateral line scale (slightly hexagon 
shape) having the large size of focus (Fig. 5).

The molecular analysis of the mtDNA barcoding results 
showed that the species Sphyraena forsteri as valid. The 
pairwise sequence comparison between entire clades of 

greyish spots on the upper region. The dorsal region of the 
body is slightly yellowish black colour, ventral region of the 
body is pure white with silver reflection (seen only in the 
fresh condition), in the preserved condition, these types of 
species are dull white colour; the pre-operculum region has 
silver reflection.

Distribution

S. forsteri is distributed from Micronesia regions to the Gulf 
of Suez. These are widely distributed from the subtropical 
Indo-Pacific and tropical regions of the Marquesas Islands 
(Rose 1984) to East Africa (Fowler 1904) and Southern 
Japan, South to New Caledonia (Rose 1984). In the present 
study, specimens were collected from the two major landing 
centres along the Southeast Coast of India. The first sam-
pling station were collected between the Thoothukudi and 
Mandapam, Gulf of Mannar. The second sampling station 
was reaches to the Kasimedu landing centre from the Chen-
nai Coast.

A total of 24 vertebrae were observed in the X-ray image. 
In the first pre-dorsal region, two vertebrates then the sec-
ond pre-dorsal region ten vertebrates and the pre-anal region 

Fig. 3  a First gill filament b 
upper arm with minute bony 
setae c lower arm with 13–20 
distinct spines are presents 
uniformly
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barracudas (Pisces: Sphyraenidae) was first reported from 
the Indian Ocean as Sphyraena toxeuma (Fowler 1903) 
ranging from 243 to 640  mm in SL. But this name was 
not accepted in the World Register of Marine Species. The 
comparative data for Sphyraena toxeuma was reported mis-
takenly by several authors (Fowler 1903; Jordan and Seale 
1905; Weber and de Beaufort 1922; Fowler 1928; Schultz 
1953; Fourmanoir 1954). Finally, the species was validated 
as Sphyraena forsteri (Smith 1956; Fourmanoir 1957) by 
Eschmeyer’s Catalog of Fishes (Fricke et al. 2023). Sphy-
raena forsteri was remarkable as the absence of gill raker 
in the first gill arch; body markers are absent. S. forsteri 
is distinguished from the closely related species Sphyraena 
qenie by the tiny size of the body scales and comparing to 
the other congeners of the species; eyes are enlarged in size 
and gill raker is absent despite the presence of minute spines 
on the first gill arch.

Discussion

The lack of detailed taxonomy studies of Sphyraena genus 
from Indian waters need detailed study in the area. Further, 
molecular studies are required to resolve the complexity 
in the identification of species, understand the status of 

the same genus Sphyraena clearly elucidate the phylogenic 
analysis with highest bootstrap values 100% and 0.2% K2P 
distance value (Fig. 6).

Comparisons

The morphometric measurements and meristic counts of the 
collected samples confirmed the species S. forsteri and com-
pared based on the earlier reports (Table 2). It is most simi-
lar to Sphyraena qenie with the traits of last ray of the anal 
fin and the second dorsal fin distinctly elongated, caudal fin 
is completely black (Senou 2001). S. forsteri (Cuvier 1829) 
is distinguished from S. qenie by having the four major con-
siderable characters: an inky blotch under the base of the 
pectoral fin vs. absence of inky blotches; Body with 18–20 
lateral bands vs. absence of body markers; absence of gill 
raker on the first gill arch vs. 10–20 small peculiar spines 
present on the first-gill arch respectively; comparing to 
other species S. forsteri have enlarged eyes.

Remarks

The species Sphyraena forsteri was originally described in 
Cuvier’s (1829) report based on Esox sphyraenoides bank 
library followed by Bleeker (1854) and Gunther (1860). The 

Fig. 4  Radiograph image of 
a Sphyraena forsteri, Non-type 
SPHSFOR/NBFGR with 24 
vertebrae (11-abdominal region 
and 13-caudal region) b otolith 
morphology of Sphyraena for-
steri, collected from the left and 
right sides of the dorsal region;1 
rostrum, 2 antirostrum, 3 lobes 4 
sulcus acusticus, 5 Postrostrum
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Western Pacific and Smith (1956) from Western Indian 
Ocean.

Among the 29 extant species more than four have the 
molecular document (Doiuchi and Nakabo 2007) including 
S. barracuda with 630 bp of mt-Cytb gene (Rabosky et al. 
2014), S. obtusata with 800 bp fragments of Cytb (Daly-
Engel et al. 2012), ray – finned fishes of 14 Sphyraena spe-
cies with their megaphylogeny, nevertheless 90% of missing 
data. Currently, no molecular studies are focused on Sphy-
raena forsteri. The molecular approach of the present study 
was fully supported to the monophyletic species, the nuclear 
markers like cytochrome oxidase subunit I (COI) are used 
to analyse the phylogenetic relationship of the species S. 
forsteri. Conventionally barracuda’s are mostly relavent to 
mackerals, allies and tunas for based on their morphological 
characters. Hence, in the present study Scombriformes: sub-
order Scombroidei (Johnson 1986) was considered as a sister 

Sphyraena forsteri diversity. Sphyraena forsteri is one of 
the least morphologically and genetically investigated spe-
cies in Indian waters. Studies on taxonomical and molecular 
approach of the species are not reported. This species was 
initially described by Cuvier in the year 1829. The first mis-
takable description of big eye barracuda was relevant due 
to the wide geographical areas and age and maturity stage 
of the specimen to report (Fowler 1903) in the Museum of 
National d’Histoire Naturelle, Paris. Although, the species 
were discussed by many authors (Weber and de Beaufort 
1922) for certain noticeable corrections, they were desig-
nated as a neotype (Fowler 1928; Schultz 1953; Smith 1956; 
Klausewitz and Bauchot 1967). The species was distributed 
along the West (Kapoor et al. 2022) and east coast (Mostly 
in subareas) abundant from a depth of 50–70 m. Our mea-
surement description closely resembles the descriptions of 
Fowler (1928) from the East African, Schultz (1953) from 

Fig. 5  Body scales of Sphyraena forsteri were collected from various 
parts a Collected from the head region b Lateral line scale-collected on 
the LL c Inter-dorsal scale were collected between the two dorsal fins 
d Pectoral scale -collected from the insertion point of the pectoral fin 

e Pelvic scale -collected from the insertion point of the pelvic region f 
Body scale -collected from the centre region of the trunk g Anal scale 
-collected from the anal origin of anal fin h Caudal scale- collected 
from the caudal peduncle region
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genetic distance value. In the maximum like hood tree the 
species S. forsteri (Cuvier 1829) forms a sister clade of the 
same species S. forsteri (Cuvier 1829) with 0.2% and 3.3% 
distance value collected from USA, Saudi Arabia and China 
respectively. The next clade were formed by other species 
within the genus S. qenie (Klunzinger 1870) with 9.0% dis-
tance value collected from Canada and Mauritius,16.0% 

clade of the evolutionary history. The specimens of S. for-
steri were characterized using mtDNA (COI gene sequenc-
ing). This analysis involved 31 nucleotide sequences and one 
out group (Family: Scombridae). The BLAST result shows 
99.8% sequence similarity with another sequence of Sphy-
raena forsteri (Ac. No- KU499711) collected from Saudi 
Arabia with highest bootstrap value of 0.2% pair wise K2P 

Fig. 6  Sphyraena forsteri is 
related based on phylogenetic 
tree with partial mitochondrial 
COI gene sequences (668 bp) 
Support values indicated along 
branches. Each node labelled 
with GenBank accession number 
and their collected countries
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---------- Forwarded message ---------
From: Rajasekar K <rajasekar@aurcc.ac.in>
Date: Tue, Dec 19, 2023, 10:45 AM
Subject: Acceptance of Laboratory Works Proposal for PG Students
To: <222bc005@kongunaducollege.ac.in>

Dear Dr. Santhosh,
We appreciate your interest in conducting laboratory works in our Nanotechnology Lab at Anna university regional campus, Coimbatore.

After careful consideration, we are pleased to inform you that your proposal has been accepted. Your PG students are welcome to commence their
laboratory works in Nanotechnology Lab starting from December 20, 2023, for a duration of one month.

Please ensure that all necessary arrangements are made, and our team will be available to assist as needed. We look forward to a productive
collaboration.

Best regards,
Rajasekar

Sent from my iPhone

M.Santhoshkumar Assistant Professor <msanthoshkumar_bc@kongunaducollege.ac.in> Tue, Dec 19, 2023 at 12:13 PM
To: rajasekar@aurcc.ac.in

Dear Prof.  Rajasekar Sir,
I am  very much grateful for your kind acceptance. I am sure that my students will work sincerely to synthesize the drug compounds in your
laboratory. I will arrange necessary On-Duty for my students to commence the project work. 
I am hereby acknowledging your email communication. 
[Quoted text hidden]
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